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Heat transfer and cross-diffusion due to a sphere of constant thermal energy and 
concentration embedded in unbounded homogeneous porous medium in a regime 
where the temperature gradient produces mass flux is analytically studied using 
Darcy flow model. Analytical solution is obtained with regular perturbation 
analysis in the limit of small Rayleigh number. Due to cross-diffusion, solute 
front initially shows stronger convection than thermal front, but ultimately reach-
es steady-state at approximately the same time as that of thermal front. Quantity 
of heat necessary to maintain the steady-state is found to be least near the rear 
stagnation point and the mean Nusselt number is found to be unaffected by cross-
diffusion. Nusselt number variation for different cone angles and Soret number is 
studied and it is found that higher improvement is achieved when cone angle is 
changed from 80 to 100°. 
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Introduction 

Heat transfer due to the presence of heat sources in saturated porous media has been 
the subject of study in recent years in view of its wide ranging applications to a variety of 
fields such as in the storage of thermal energy, and in the management of nuclear waste to 
mention but a few. However, in most practical situations, species concentration gradients 
greatly affect the flow and as a result, they play a decisive role in the development of thermal 
fields, such as migration of moisture in fibrous insulations, spreading of pollutants in water 
saturated soil and in underground disposal of nuclear waste. When the temperature gradient is 
steep, cross-coupling between thermal and solutal diffusions are no longer negligible and pre-
sumably for this reason, Soret effect is being widely considered for isotope separation and in 
mixture of gases of light and medium molecular weights [1]. In fact, the importance of ther-
mo-diffusion, though considered as a second-order phenomenon, is becoming more widely 
accepted in a variety of fields that includes mineral enrichment of geothermal sources, hydro-
carbon separation in petrology and magma differentiation in geosciences, besides others [2]. 

Analytical studies on double-diffusive convection in a horizontal fluid-saturated po-
rous layer, heated and salted from below in the presence of Soret and Dufour effects, using 
linear and non-linear stability analyses is done by Malashetty and Biradar [3]. In natural con- 
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vection heat and mass transfer of 
non-Darcy porous medium, pres-
ence of Soret effect reduces the 
dependence of volume flow rate 
and heat rate on the modified Dar-
cy number [4]. Soret effect is very 
much important with the presence 
of gravity vector drives a strong 
connection with inclusion of ther-
mal diffusion in porous cavity [5]. 
Motivated by the significance of 
understanding thermo-diffusion in 
energy storage and nuclear waste 

management, Ganapathy and Mohan [6] investigated the phenomenon around a concentrat-
ed source embedded in an unbounded porous medium, assuming the validity of the Darcy 
flow model. The problem discussed by them models the situation wherein a small but a fi-
nite volume inside a much larger porous medium is suddenly heated. The research gap iden-
tified from the literature survey is, that the heat source is finite it would be more appropriate 
to model the situation with a sphere of constant thermal energy and concentration. Further, 
we assume that the validity of the Darcy flow model and obtain an analytical solution of the 
problem using a regular perturbation analysis in the limit of small Rayleigh numbers in a 
regime where the temperature gradient produces mass flux as well. The relationship be-
tween the Soret number and cone angle is also investigated and the influence of Nusselt 
number is studied. Figure 1 shows the model of pore velocity distribution on homogenous 
porous medium. 

Mathematical formulation  

Free convective heat and mass transfer Darcy 
flow with thermal diffusion around a sphere of radius 
a of constant thermal energy Q [W] and species gen-
eration rate m [kgs–1] embedded instantaneously in an 
unbounded porous medium of low permeability is 
considered in this work. The medium is assumed to be 
rigid, homogeneous and isotropic and the fluid saturat-
ing the medium Boussinesq incompressible with the 
density-temperature-concentration relation: 

 [1 ( ) ( )]CT T C Cρ ρ β β∞ ∞ ∞= − − − −  (1) 

where the symbols have their usual meanings (see 
nomenclature). We use a spherical-polar co-ordinate 
system (r, ϕ, θ) with the origin at the center of the 
sphere and the axis ϕ = 0 vertically upwards and par-
allel but opposite to the gravity vector (fig. 2). The as-
sumptions made are as follows. 

– The fluid and the porous structure are assumed to be in local thermal equilibrium. 
– The medium is homogeneous. 

 
Figure 1. Model of porous medium 

 
Figure 2. Physical set-up of the 
problem. Configuration of interest: 
spherical-polar co-ordinate system  
(r, φ, θ) with the origin at the center  
of the sphere 
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– The medium is isotropic, meaning that transport properties do not depend on the direction 
of the experiment. 

– At any point in the porous medium, the solid matrix is in thermal equilibrium with the 
fluid filling the pores. 

– The local Reynolds number based on averaged velocity and K1/2 does not exceed the ran-
ge 1-10, meaning that the Darcy law applies in its original form. 

Thus, with the Darcy flow model, we have for the conservation of mass, momentum, 
energy, and species concentration with thermo-diffusion and in the absence of dispersion. 

 q 0∇ =


 (2) 

 q ( n)K P gρ
µ

 
= − ∇ + 

 

 

 (3) 

 (q )T T T
t

σ α∂
+ ∇ = ∆

∂
  (4) 

 (q ) ( )m CT
C C D C D T
t

ε ∂ + ∇ = D +
∂

  (5) 

In writing the above equations we have assumed that the medium and the saturating fluid are 
in thermal equilibrium, the thermo-diffusion coefficient is not excessive and that all physical 
quantities are constant except in the buoyancy term [7]. Taking note of spherical symmetry in 
the angular direction θ and making use of eq. (2), we define a stream function ψ such that:  

 
2

1 1q , , 0
sin sinr r r

ψ ψ
ϕ ϕ ϕ

 ∂ ∂
= − ∂ ∂ 

  (6)     

and introduce the non-dimensional quantities: 

 *
2

( ) ( ), , , , mDT T C Cr t kR C
L L L Q L mL

α ψt Ψ Q
ασ

∞ ∞− −  = = = = =      
 (7) 

to obtain for the conservation of momentum, energy and species concentration: 

 
2

2 2
1 1 1

sin sinR Rϕ ϕ ϕ ϕ
   ∂ ∂Ψ ∂ Ψ

+ =     ∂ ∂ ∂    
 

 Ra cos sin cos sinC CR N R
R R

ϕ ϕ ϕ ϕ
ϕ ϕ

    ∂Θ ∂Θ ∂ ∂
= + + +    ∂ ∂ ∂ ∂    

 (8) 

 2
2 2

1 ( , ) 1 1 sin
( , ) sinsin

R
R R RR R

Θ Ψ ΘΘΘ  ϕ
τ ϕ ϕ ϕ ϕϕ

    ∂ ∂ ∂ ∂ ∂ ∂ + = +     ∂ ∂ ∂ ∂ ∂ ∂     
 (9) 

2 2
2 2

1 ( , ) 1 1Le sin
( , ) sinsin

C C C CA R
R R RR R

Ψ ϕ
τ ϕ ϕ ϕ ϕϕ

    ∂ ∂ ∂ ∂ ∂ ∂ + = + +     ∂ ∂ ∂ ∂ ∂ ∂     
 

 2
2

1 sin
sin

R
R RR

λ ΘΘ ϕ
ϕ ϕ ϕ

  ∂ ∂ ∂ ∂ + +   ∂ ∂ ∂ ∂    
 (10) 
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where, A2 = [(ε/σ)Le] and the Soret number, λ, is related to the Soret coefficient by: 

 CT
QD
km

λ  =  
 

 (11a) 

and 

 ( , )
( , )
p q p q p q
x y x y y x

∂ ∂ ∂ ∂ ∂
= −

∂ ∂ ∂ ∂ ∂
 (11b) 

is the Jacobian. The asterisk in C is dropped for convenience. Though it is customary to use 
the radius of the sphere as the characteristic length scale, we have so chosen L that the solu-
tion for the analogous problem that treats a concentrated point source could be deduced alge-
braically from the results of the present study using an appropriate analytical technique [8]. 
The initial and boundary conditions in non-dimensional formulation are: 

 , , , 0U V CΘ =   when   t = 0 (12a) 

 , , , 0U V CΘ →    as   R → ∞ (12b) 

 
0U CV Θ

ϕ ϕ ϕ
∂ ∂ ∂

= = = =
∂ ∂ ∂    

at   φ = 0, π   when R = R0 (12c) 

where, R0 = a/L and (U, V) = (L/α)(u, v). For the heat and concentration balance we have: 

 
0 0

lim 1, lim 1
R R R R

C
R R
Θ

→ →

∂ ∂   = − = −   ∂ ∂   
 (13) 

Method of solution  

We seek a perturbation solution by assuming power series expansions of the form:  

 
0 0

0
( , , )( , , ; ) Ra ( , , )( , , ; )n

n n n
n

C R R C R RΘ ϕ τ Ψ Θ ϕ τ
∞

=
Ψ = ∑  (14) 

and substitute eq. (14) into eqs. (8)-(10) to collect terms of equal powers in Ra for the deter-
mination of the various order solutions. As the zero-order solution corresponds to a state of 
thermal conduction, there is no fluid motion and hence without any loss one may take Ψ0 = 0. 
The functions Q0 and C0 are then found from the solutions of the equations: 

 20 0
2

1 R
R RR

ΘΘ
τ

∂  ∂ ∂  =   ∂ ∂ ∂  
 (15a)  

 2 2 20 0 0
2 2

1C CA R R
R R R RR R

Θλ
τ

∂  ∂   ∂ ∂ ∂   = +      ∂ ∂ ∂ ∂ ∂      
 (15b) 

in which by setting 

 ( ) ( )1 1
0 0, , ,R G R C R H RΘττ  − −= =  (16) 

one obtains after taking the Laplace transform: 
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 2 )0 0
0

1[ ( , )] exp[ ( ]
(1 )

G R R R R s
s R s

τ
  = − − 

+  
  (16a) 

2 ) )0 0 0
0 0

(1 )[ ( , )] exp[ ( ] exp[ ( ]
(1 ) (1 )

H R R A R R s R R s
s AR s s R s

ω ωτ
 + − − − − − 

+ +  
=  (16b) 

where ω = λ/(1 – A2).  
Using the table of Laplace transforms by Campbell and Foster [9], we have after in-

version: 
 0 0( , )FΘ η η=  (17a) 

 0 0 0[(1 ) ( , ) ( , )], ( 1)C F A A F Aω η η ω η η= + − ≠  (17b) 

= F(η, η0) 

20 0
0 0 02 2

0 00 0

2 1 1exp[ ( ) ] exp 1 erfc , ( 1)
24 π 4

R Aλ η ηη η η η η
η η ηη η

     
+ − − + − + − + =             

 (17c) 

and 

 0
0 0 0 02

0 00

1 1( , ) erfc( ) exp 1 erfc
24

F R η ηη η η η η η
η η ηη

     
= − − − + − +             

 (18) 

erfc(·) being the complementary error function.  
The first convective correction to the flow field is now found from the solution of 

the equation: 

 
2

0 01 1
2 2

1 1 1 sin
sin sin

CR N
R RR R
ΘΨ Ψ

ϕ
ϕ ϕ ϕ ϕ

   ∂ ∂ ∂ ∂ ∂    + = +        ∂ ∂ ∂ ∂∂        
 (19) 

in which the separation of the variables is achieved by setting: 

 2 2
1 0 02 sin ( , )R fΨ τ ϕ η η=  (20) 

This then yields for the determination of f(η, η0): 

 
2

2
0 02 2

d 2 (1 ) ( , ) (1 ) ( , )
d

f Nf N A A
A

η ω χ η η ω χ η η
η

 − = − + + 
 

 (21) 

where 

 2 0 0
0 0 02

0 0

1 1( , ) erfc( ) 1 exp 1 erfc
24

η η ηc η η η η η η η
η η η ηη

       
= − − + − − + − +       

        
 (22) 

Solution of eq. (21) is found to be: 
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 0 0 0( , ) (1 ) ( , ) (1 ) ( , ), ( 1)Nf N A A A
A

η η ω ξ η η ω ξ η η = − + + ≠ 
 

 (23a) 

 1
0 02(1 ) ( , ) ( , ), ( 1)N N Aξ η η λΩ η η= + + =   (23b) 

where 

0 0
0 0 0 0 02

0 0 00

1 1 1( , ) 1 exp 1 erfc erfc( )
2 24

η ηη ηx η η η η η η η η
η η η η ηη

        = − − − + − + + − − +                 
 

 20
0 0

1 1erf ( ) 1 exp[ ( ) ]
4 2 π

η
η η η η

η η
    

+ − − − − −    
    

 (23c) 

and 

 0
0 0 02

0 0 00

1 1( , ) 2 1 exp 1 erfc
24

η η ηΩ η η η η η
η η η ηη

     
= − − − − + − + −             

 

 20 0
0 0 0 0

1 1erfc( ) erf ( ) 1 exp[ ( ) ]
2 π

η η
η η η η η η η

η η η
     

− − + − − − − −     
     

 (23d) 

Discussion  

While ω determines the Soret effect, the parameter A, being the ratio of thermal pene-
tration length Ο[(αt/σ)1/2] to that of species penetration Ο[(Dmt/ε)1/2], determines the impact of 
the species concentration gradients upon the thermally driven flow. In order to demonstrate the 
effect of cross-diffusion on heat transfer, contours of the transient streamlinesΨ1/Ra= constant 
are drawn at a common time t = 0.5 (fig. 3) for two different values of ω choosing in illustra-
tion R0 = 1, A = 0.4, N = –0.4.The choice of A is justified, since in the case of diffusion of meth-
anol and hydrogen in water saturated glass beads, A ≈ 0.36. Likewise when the two buoyancy 
mechanisms are opposed, N is negative and for simplicity we have so chosen N that N/A = –1. 
Obviously, in the early stages of flow development, counter rotating cells are formed with those 
in the colder front rotating anti-clockwise giving rise to a downward flow and that the colder 
front showing stronger convection than the thermal front. Consequently, the volume of the re-
gion, in which the thermal effect of the sphere is felt, is significantly reduced, the reduction in 
volume being about 13.9% when λ = 0.252, that is, when ω = 0.3 and the stagnation points of 

    
Figure 3. Transient streamlines Ψ1/Ra = constant for various values of ω (R0 = 1, A = 0.4, N = –0.4,  
t = 0.5); (a) ω = 0, (b) ω = 0.3 
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the flow field are found to be at R = 1.96, 1.89 when ω = 0, 0.3, respectively. From the maps of 
streamlines drawn in fig. 4 one may observe that as time increases the geometry of the flow pat-
tern changes. Initially the thermal front moves faster than the solute front but ultimately they 
both reach the steady-state at approximately the same time. Consequently, for very large times, 
the dual counter rotating cells break down into a single cell. The temperature and species con-
centration decrease outward from the sphere in all directions with symmetry about the horizon-
tal plane through the origin. Most of these results are in conformity with the observations put 
forth by Nejad et al. [5]. As our study is primarily concerned with a single component chemical 
species in a single phase fluid and as migration of fluid particles is from the hotter region to the 
colder one, the Soret parameter assumes only positive values. 

    
Figure 4. Transient streamlines Ψ1/Ra = const. for various values of t(R0 = 1, A = 0.4, N = –0.4, ω = 0.5); 
(a) t = 0.2, (b) t = 0.4  

As the algebra is overwhelming, the higher-order convective corrections thermal and 
concentration fields could not be determined. However, the error due to the non-inclusion of 
these terms is not of great physical significance [10]. One may observe that in the limit 
N → 0, we recover the results of Sano and Okihara [11], of course, with a different non-di-
mensionalization scheme. 

Steady-state 

Since the method of solution is straight forward, we present only the final results. In 
what follows, ζ  represents R/R0. Thus, with the same notations as before we have: 

3
1 20Ra (1 )( )sin

2
R NΨ ζ ζ ϕ− 

= + −  
 

 

 
5

1 2 2 30 1 5 1 5Ra (1 )[1 (Le )] sin cos (Ra )
2 3 8 2 24

R N N Oλ ζ ζ ζ ϕ ϕ− −   + + + − − + − +       
 (24) 

3
1 1 2 30

0
5 1Ra (1 ) cos

2 4 2
RR NΘ ζ ζ ζ ζ ϕ− − − −   = + + − + +       

 

5
2 30

1 2 1 2Ra (1 ){(1 )( cos 2 ) [1 (Le )]( cos 2 )} (Ra )
4

R N N Y Y N Z Z Oϕ λ ϕ
 

+ + + + + + − + +  
 

 (25) 
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3
1 1 2 30

0
5 1Ra (1 )(Le ) cos

2 4 2
RC R Nζ λ ζ ζ ζ ϕ− − − −   = + + − − + +       

 

5
2 0

1 2Ra (1 ){(1 )[Le(Le ) ]( cos 2 )
4

R N N Y Yλ λ ϕ
 

+ + + − − + +  
 

 

1 2(1 )[Le(Le ) ]( cos 2 )N Y Yλ λ ϕ+ + − − + +  

 3
1 2(Le )[1 (Le )]( cos 2 ) (Ra )N Z Z Oλ λ ϕ+ − + − + +  (26) 

where 

 1 2 3 3 4 5
1

7 5 377 1 5 27ln
12 32 1008 12 16 280

Y Rζ ζ ζ ζ ζ ζ− − − − − −= − + + + − +  

1 2 3 3 4 5
2

1 25 265 1 5 5ln
4 32 336 4 16 56

Y Rζ ζ ζ ζ ζ ζ− − − − − −= − + + − +  

1 2 3 3 4
1

1 5 157 1 5ln
18 32 2160 10 144

Z Rζ ζ ζ ζ ζ− − − − −= − + + +  

 1 2 3 3 4
2

1 15 157 3 5ln
6 32 720 10 48

Z Rζ ζ ζ ζ ζ− − − − −= − + + +  (27a-d) 

In the absence of cross-diffusion, one may recover the results of Lai and Kulacki 
[12] with R0 = 1. It is observable from fig. 5, that more closer the streamline to the vertical is, 
the more wid apart it is from the vertical in the lower half space with the phenomenon getting 
more pronounced with increasing λ. This then implies that the momentum transfer is retarded 
in the colder front than on the thermal front. Likewise, profiles of the steady-state isotherms 
and lines of constant concentration (fig. 6) show that larger the value of λ is, greater is the 
shift of the warm and high concentration region below the sphere. Asan essential characteris-
tic of heat transfer, we evaluate the Nusselt number given by: 

 
Figure 5. The effect of the Soret parameter on the 
steady-state streamlines Ψ/Ra = 0.4 (R0 = 1,  
Le = 2.0, N = -0.4, Ra = 3); numbers on the graph 
represent values of λ 

 
Figure 6. Profiles of isotherms Q = 0.3 (left side) 
and lines of constant concentration C = 0.3 (right 
side) (R0 = 1, Le = 2.0, N = -0.4, Ra = 3); 
NUMBERS on the graphs represent values of λ 
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 Nu lim
( )r a

a Q
k T T→ ∞

 
=  − 

 (28) 

which in non-dimensional form reduces to: 

 
0

0Nu lim
R R

R
Θ→

 =  
 

 (28a) 

With a three-term approximation of Q, we have: 

 [
2 4

20 0Nu 1 (1 )cos Ra ( (
8

1 ) 3028 30cos2 )
40320

R N R Nϕ ϕ= − + + + − −  

 2(1 Le ) 1203 cos2 Ra
1 3
N

N
λ ϕ  −   

+ − +
+

 (29) 

and the mean Nusselt number averaged over the surface of the sphere is found to be: 

 
π

4 2 2
ave 0

0

1 217Nu Nu sin d 1 (1 ) Ra
2 2880

R Nϕ ϕ= = + +∫  (30)  

It is observable from tab. 1 that Nu is a minimum when ϕ = 0 and as ϕ increases, Nu 
increases monotonically so that the quantity of heat necessary for the maintenance of the 
steady-state is least near the rear stagnation point 
than elsewhere, and the phenomenon is more 
pronounced with increasing values of λ. Howev-
er, one may observe from the same table that 
there is a dip in the value of Nu as λ assumes 
values greater than one. We find that the mean 
Nusselt number is independent of the Soret 
effect. Figure 7 shows the variation of Nusselt 
number for different cone angles and for 
different soret number. It is observed that, from 0 
to 40° and from 140 to 180° cone angle, for 
different Soret number, a significant variation in 
Nusselt number is seen. But in between 40 to 
140° cone angle, for all Soret numbers, there is 
no much different in Nusselt number. A sharp 
increase in Nusselt number is experienced between 40 to 140° cone angles. Higher Nusselt 
number is observed with 0.1 soret number. 

Table 1. Values of 100 (Nu – 1) for increasing values of λ (N = –0.05, Ra = 1, Le = 2.0) 

φ 
 

λ 
0 

π
9

 2 π
9

 3 π
9

 4 π
9

 5 π
9

 6 π
9

 7 π
9

 8 π
9

 π 

0.1 –4.408 –4.024 –2.920 –1.236 0.817 2.908 5.014 6.656 7.722 8.097 

1.0 –4.599 –4.148 –2.977 –1.217 0.886 3.057 5.033 6.598 7.598 7.941 

2.0 –4.727 –4.287 –3.047 –1.196 0.967 3.113 5.054 6.534 7.460 7.773 

4.0 –5.062 –4.563 –3.169 –1.154 1.115 3.286 5.096 6.407 7.183 7.438 

 
Figure 7. Variation of Nusselt number for 
different Soret number 
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Conclusion 

Assuming the Darcy flow model, phenomenon of thermal convection and the effect 
of cross-diffusion due to a heated sphere embedded instantaneously in a porous medium is in-
vestigated analytically. From the analysis we deduce that cross-diffusion is found to inhibit 
heat transfer. Further, due to cross-diffusion, there is a reduction in the volume of the region 
in which the thermal effect is felt and that there is retardation in the rate of momentum trans-
fer in the colder front than on the thermal front. There is a monotonic decrease in the heat 
transfer rate as Soret number increases and the quantity of heat necessary to maintain the 
steady-state is found to be least near the rear stagnation point than elsewhere. The mean 
Nusselt number remains unaffected by cross-diffusion. 

Nomenclature 
A – non-dimensional parameter,  

   {= [(ε/σ)Le]1/2} 
a – radius of the sphere, [m] 
C – the species concentration 
C* – species concentration, [–] 
DCT – Soret coefficient 
Dm – solutal diffusivity 
K – porous medium permeability, [m2]  
k – thermal conductivity of the  

fluid-porous matrix, [kgms–3K–1] 
  – Laplace transform 
L – characteristic length scale 
Le – Lewis number, (= α/Dm) 
m – species generation rate, [kgs–1] 
N – buoyancy ratio  

{= [βcmk/(βQDm)]} 
Nu – Nusselt number 
Nuave – mean Nusselt number 
n  – unit vector in the vertical direction  
Q – thermal energy of the sphere, [W] 
R – non-dimensional radial  

co-ordinate 
Ra – thermal Rayleigh number,  

[= (βgK)/(ανk)]QL 
R0 – non-dimensional radius of the sphere  

(= a/L)  
r – radial co-ordinate, [m]  
T – temperature, [K]  
t – time, [s]  
u – radial velocity 
V – non-dimensional form of the transverse 

velocity 
v – transverse velocity, [ms–1] 
Y1,2 – functions of ζ (eq. 27a-b) 

Z1,2  – functions of ζ (eq. 27c-d) 

Greek symbols  

α – effective thermal diffusivity of the  
fluid-porous matrix 

β – thermal expansion coefficient 
βC – solutal expansion coefficient 
ε – porosity of the porous matrix 
ζ – non-dimensional variable, R/R0 
η – similarity variable, /2R τ  
η0 – similarity variable, 0 /2R τ  
Q – non-dimensional temperature 
θ – polar angle 
λ – Soret number, DCT(Q/km) 
µ – coefficient of viscosity of the fluid 
ν – kinematic viscosity of the fluid 
ξ – function of (η,η0), eqn.(23c) 
ρ – fluid density 
σ – heat capacity ratio,  

ε + (1 – ε)(ρcp)s/(ρcp)f 
τ – non-dimensional time 
ϕ – cone angle 
χ – function of (η,η0), eq. (22) 
Ψ – non-dimensional stream function 
Ω – function of (η,η0), eq. (23d) 
ω – non-dimensional parameter,  

λ/(1 – A2) 

Subscripts 

f – fluid phase 
s – solid phase 
∞ – reference state 
n – nth term (n = 0, 1, 2,..) 
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