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In this paper, we consider the heat transfer equations at the low excess tempera-
ture. The variational iteration method integral transform technique is used to find 
the approximate solutions for the problems. The used method is accurate and ef-
ficient.
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Introduction

The solutions for the heat equations [1] were found by the different methods, such as 
the variation of parameters [2], similarity variable [3], general optimization [4], finite difference 
domain decomposition [5], optimal homotopy asymptotic [6], He’s homotopy perturbation [7], 
variational iteration [8], Adomian’s decomposition [9, 10], integral transform [11-13], Corne-
jo-Perez and Rosu [14] methods, and so on. 

The variational iteration method (VIM) was proposed to handle the ODE and PDE in 
[15, 16]. Recently, a coupling method of the VIM and integral transform [13] (called the VIM 
integral transform technique) was proposed for finding the solution of the diffusion and heat 
equations [17]. The technology has not yet been applied to handle the heat transfer equations at 
the low excess temperature [14]. The aim of the manuscript is to use the VIM integral transform 
technique to find the analytical approximate solutions for the heat transfer equations at the low 
excess temperature. 

Analysis of the method applied

In this section, the VIM integral transform technology is presented in [17]. 

A novel integral transform method

The integral transform of the function ( )tψ  is defined [13, 17]:
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−
= = >   ∫  (1)

where the integral transform operator exists for ω .
The inverse integral transform is given by [13, 17]: 

 ( ){ } ( ){ } ( )1 1Y Y Yt tψ ψ ω ψ− −= =    (2)

The properties of the integral transform are briefly presented as follows [13, 17]: 
(M1) If 1 1( ) Y[ ( )]tψ ω ψ=  and 2 2( ) Y[ ( )]tψ ω ψ= , then we have [13,17]: 

 [ ]1 2 1 2Y ( ) ( ) ( ) ( )a t b t a bψ ψ ψ ω ψ ω+ = +  (3)

where a  and b  are constants.
(M2) If ( ) Y[ ( )]tψ ω ψ= , then we have [13,17]:

 ( ) ( ) ( ) ( )1 1Y 0tψ ψ ω ψ
ω

  = −   (4)

(M3) If ( ) Y[ ( )]tψ ω ψ= , then we have [13,17]:

 ( ) ( )
0

Y d
t

tψ τ ωψ ω
 

= 
 
∫  (5)

The properties of the integral transform operator used 
in this paper [13, 17] are listed in tab. 1.

The VIM 

We now consider the following linear PDE in the op-
erator form:

 0Hϕ Σϕ+ =  (6)

where /H t β= −∂ ∂ − Ι and 2 2/ xΣ α= ∂ ∂ . 
With the help of the idea of the VIM [15, 16], the func-

tional can be written as:

 ( ) ( ) ( ) ( ) ( )1
0

, , , , d
t

n n n nx t x t t H x xϕ ϕ γ τ ϕ τ Σϕ τ τ+ = + − +  ∫  (7)

Considering the variation of eq. (7) with respect to ( , )n x tψ , we have:

 ( ) ( ) ( ) ( ) ( )1
0

, , , , d 0
t

n n n nx t x t t H x xδϕ δϕ δ γ τ ϕ τ Σϕ τ τ+

 
= + − + =   

 
∫  (8)

The Lagrange multiplier can be presented [15]:

 ( ) e tt βγ = −  (9)

Thus, with the aid of eqs. (6) and (9) we can give an iteration algorithm [15], e. g.:

 ( ) ( ) ( ) ( )1
0

, , e , , d
t

t
n n n nx t x t H x xβϕ ϕ ϕ τ Σϕ τ τ+ = − +  ∫  (10)

Table 1. Properties of the 
integral transform operator
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transforms
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Finally, we have:

 ( , ) lim ( , )nn
x t x tϕ ϕ

→∞
=  (11)

The VIM integral transform method 

Following the idea of the VIM integral transform method [17], we can write the func-
tional in the integral transform form, e. g.:

 ( ) ( ) ( ){ } ( ) ( ){ }1 , , Y Y , ,n n n nx x t H x xϕ ω ϕ ω γ ϕ τ Σϕ τ+ = + +  (12)

Taking the variation of eq. (6) with respect to ( , )n xψ ω  into account, we give:

 ( ) ( ) ( ){ } ( ) ( ){ }1 , , Y Y , , 0n n n nx x t H x t x tδϕ ω δϕ ω δ γ ϕ Σϕ+  = + + =   (13)

Thus, we present the integral transform of the Lagrange multiplier given:

 ( )
1
ωγ ω
βω

= −
−

 (14)

Thus, from eqs. (12) and (14) we can give an iteration algorithm, namely:

 ( ) ( ) ( ) ( ){ }1 , , Y , ,
1n n n nx x H x t x tωϕ ω ϕ ω ϕ Σϕ

βω+ = − +
−

 (15)

Therefore, the integral transform solution takes the form: 

 ( , ) lim ( , )nn
x xϕ ω ϕ ω

→∞
=  (16)

Taking inverse integral transform of eq. (16), we obtain the solution to eq. (6), e. g.:

 ( ) ( ){ }1, Y lim ,nn
x t xϕ ϕ ω−

→∞
=  (17)

Solving the heat transfer equation  
at the low excess temperature 

In this section, we present two examples for handling heat transfer equation at the low 
excess temperature in the different parameters. 

Example 1

Let us consider the heat transfer equation at the low excess temperature [14]:

 ( ) ( ) ( )
2

2

, ,
,

x t x t
x t

t x
ψ ψ

α ψ
∂ ∂

= −
∂ ∂

 (18)

subject to the initial condition:

 ( ,0)x xψ =  (19)

where α  is the thermal diffusivity.
Making use of eq. (15), we have the following iterative algorithm:

 ( ) ( ) ( ) ( ) ( )2

1 2

, ,
, , Y ,

1
n n

n n n

x t x t
x x x t

t x
ψ ψωψ ω ψ ω ψ α

ω+

 ∂ ∂
= − + − = 

− ∂ ∂ 
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 ( ) ( ) ( ) ( )2

2

, ,
, Y ,

1 1
n n

n n

x t x
x x

t x
ψ ψ ωω ωψ ω ψ ω α

ω ω
 ∂ ∂ 

= − − −   
− ∂ − ∂   

 (20)

with the initial condition:

 0 ( , )x xψ ω ω=  (21)
Taking the first iterative process, we have:

 1( , ) 2
1

x x xωψ ω ω
ω

= −
−

 (22)

which leads to:

 1( , ) 2 etx t x xψ = −  (23)

The approximate solution of eq. (18) after taking the first iterative process is illustrat-
ed in fig. 1.

Similarly, taking the second iterative process, we can obtain:

 2
2( , ) 2

1 1 2
x x x xω ωψ ω ω

ω ω
= − +

− −
 (24)

which reduces to:

 2
2 ( , ) 2 2 e et tx t x x xψ = − +  (25)

The approximate solution of eq. (18) after taking the second iterative process is dis-
played in fig. 2.
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×105

Figure 1. The plot of the approximate solution of 
eq. (18) after taking the first iterative process 
(for color image see journal web site)

ψ
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×109

x

t

Figure 2. The plot of the approximate solution of 
eq. (18) after making the second iterative process 
(for color image see journal web site)

In the similar process, we present the third approximation:

 2
3

8 3 3 (2/3)( , ) e
3 1 1 2 1 3

tx xx xω ω ω ωψ ω
ω ω ω

= − + −
− − −

 (26)

which leads to:

 2 3
3

8 2( , ) 3 e 3 e e
3 3

t t tx t x x x xψ = − + −  (27)
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The approximate solution of eq. (18) af-
ter taking the third iterative process is demon-
strated in fig. 3.

Taking the similar process, we obtain 
the approximate solution of eq. (18). 

Example 2

We take into account the heat transfer 
equation at the low excess temperature [14]:

 ( ) ( ) ( )
2

2

, ,
= ,

x t x t
x t

t x
ψ ψ

α βψ
∂ ∂

−
∂ ∂

 (28)

with the initial condition:

 ( ) ( ),0 expx xψ =  (29)

where α  is the thermal diffusivity and β  is a 
constant. 

With the aid of eq. (15), we can structure the iterative algorithm in the form:

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

1 2

2

2

, ,
, , Y ,

1

, ,
, Y ,

1 1

n n
n n n

n n
n n

x t x t
x x x t

t x

x t x
x x

t x

ψ ψωψ ω ψ ω ψ α
βω

ψ ψ ωω ωψ ω ψ ω α
βω βω

+

 ∂ ∂
= − + − = 

− ∂ ∂ 
 ∂ ∂ 

= − − −  − ∂ − ∂   
 (30)

with the initial condition:

 0 ( , ) exp( )x xψ ω ω=  (31)

In a similar way, we have the first approximation:

 ( )1
1( , ) exp

1
x x α ωψ ω ω ω

β βω
  −

= − +  −  
 (32)

which deduces that:

 ( ) ( )1
1( , ) exp e 1 1tx t x βαψ

β
 −

= − + 
 

 (33)

The first approximate solution of eq. (28) is given in fig. 4.
In a similar manner, we can give the second approximation:

 ( ) ( ) ( )22

2 2 2

13 +2 2 1, exp 1+ +
2 1 2 1

x x
αα α ω α ωψ ω ω ω

β βω β β βω

  −   − −  = − − −    − −      
 (34)

which implies:

 ( ) ( ) ( ) ( )
22

2
2 2 2

13 +2 2 1( , ) exp 1+ e 1 + e 1
2

t tx t x β βαα α αψ
β β β

  −− −  = − − −
    

 (35)
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Figure 3. The plot of the approximate solution of 
eq. (18) after making the third iterative process 
(for color image see journal web site)
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The second approximate solution of eq. (28) is illustrated in fig. 5.
In a similar process, we obtain the other iterative solutions of eq. (28).

Figure 4. The plots of the first approximate 
solution of eq. (28) with the different parameters 

= 0.5α  and = 1β  
(for color image see journal web site)
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Figure 5. The plots of the second approximate 
solution of eq. (28) with the different parameters 

= 0.5α  and = 1β  
(for color image see journal web site)
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Conclusion

In this work, we address new applications of the VIM integral transform method to 
handle the heat transfer equations at the low excess temperature. The analytical approximate 
solutions of the problems were graphically discussed in detail. The presented method is accu-
rate and efficient for solving the heat transfer problems.
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Nomenclature

t – time co-ordinate, [s]
x – space co-ordinate, [m]

Greek symbols

α  – thermal diffusivity, [Wm–1K–1]
( , )x tψ  – temperature, [K]
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