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The unsteady 2-D dynamic, thermal, and diffusion magnetohydrodynamic lami-
nar boundary layer flow over a horizontal cylinder of incompressible and electri-
cal conductivity fluid, in mixed convection in the presence of heat source or sink 
and chemical reactions. The present magnetic field is homogenous and perpen-
dicular to the body surface. It is assumed that induction of outer magnetic field is 
a function of longitudinal co-ordinate outer electric field is neglected and mag-
netic Reynolds number is significantly lower than one, i. e. considered the prob-
lem is in approximation without induction. Fluid electrical conductivity is con-
stant. Free stream velocity, temperature, and concentration on the body are func-
tions of longitudinal co-ordinate. The developed governing boundary layer equa-
tions and associated boundary conditions are made dimensionless using a suita-
ble similarity transformation and similarity parameters. System of non- 
-dimensionless equations is solved using the implicit finite difference three-
diagonal and iteration method. Numerical results are obtained and presented for 
different Prandtl, Eckart, and Schmidt numbers, and values: magnetic parameter, 
temperature, and diffusion parameters, buoyancy temperature parameters, ther-
mal parameter, and chemical reaction parameter. Variation of velocity profiles, 
temperature and diffusion distributions, and many integral and differential char-
acteristics, boundary layer, are evaluated numerically for different values of the 
magnetic field. Transient effects of velocity, temperature and diffusion are ana-
lyzed. A part of obtained results is given in the form of figures and corresponding 
conclusions.  
Key words: buoyancy forces, chemical reaction, circular horizontal cylinder, 

heat source or sink, magnetohydrodynamic boundary layer,  
mass and heat transfer, mixed convection. 

Introduction  

Flow of electrically conducting fluid in magnetohydrodynamic (MHD) boundary 
layers, especially in cases where it is necessary, next to the field velocity, know the tempera-
ture and concentration fields, and when they are in fact present, and many outside influences 
on their development, is described, as shown very complex system of non-linear partial dif-
ferential equation whose solution is connected with significant difficulties. The study of MHD 
incompressible viscous flow has many important engineering applications in devices such 
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MHD power generator, the cooling of nuclear reactor, geothermal system, aerodynamic pro-
cesses and the heat exchange designs, pumps and flow meters, in space vehicle propulsion, 
control and re-entry, in creating novel power generating systems and developing confinement 
schemes for controlled fusion. Besides the analysis of general circulation of conductive fluid 
under the influence of magnetic field, special interest is the study of the movement of fluids 
around the body boundary layer [1-3]. 

Analytical and numerical solutions of equations of unsteady MHD laminar boundary 
layer flow of an incompressible conducting fluid, there are a relatively small number of spe-
cial cases which do not nearly cover all of those to engineering and technology major prob-
lems, for which there is a need to solve this system of MHD equations. Having regard to the 
intensive development of numerous, new, modern field of technology, which has been studied 
movement and non-Newtonian conducting fluid, highly complex physical and chemical char-
acteristics, the presence of numerous effects of mass and heat transfer, the presence of chemi-
cal reactions, etc., were is increasingly necessary to deal with the problem by studying non-
similarity convection flow around the body complex forms. It should be noted, that the way of 
solving this set of tasks MHD, also analogous to the study of boundary layers of non-
conducting fluid, used, many exact and approximate methods, developed in the classical theo-
ry of the boundary layer. So many of these methods, and transferred to the study of more 
complex problems MHD boundary layers [4-12]. 

Significantly, the presence of non-stationary problems in technical and technological 
practices, their insufficient exploration, particularly in the area of MHD boundary layer, the 
need for management and control processes, which take place convection flow profile, especial-
ly when the problems are complex physical, or when equally present problems heat and mass 
transfer, indicate the need to intensify such research. The last twenty years, in the world litera-
ture there is a number of works that explore these issues. However, in most of these works were 
mainly addressed specifically defined main missions given profile: flat plate, positioned hori-
zontally or vertically wedge both horizontally or vertical circular cylinder, etc., with different 
boundary conditions for the temperature and concentration at the surface and in the outer flow 
[13-19]. Special attention was paid to various forms of profile body whereby the special interest 
shown by the analysis of MHD flow around a horizontal circular cylinder [20-27].  

The subject of this paper will be exploring the effects of mass and heat transfer in a 
plane unsteady laminar MHD, the temperature and diffusion boundary layer, electrical con-
ductive incompressible fluid around a horizontal circular cylinder, with arbitrarily given 
boundary conditions for temperature and concentration on the body, in the presence of volu-
metric buoyancy force resulting from the concentration difference and the Lorentz force. It is 
assumed, that induction of outer magnetic field is function of longitudinal co-ordinate with 
force lines perpendicular to the body surface on which boundary layer forms. Outer electric 
field is neglected and magnetic Reynolds number is significantly lower than one i. e. consid-
ered problem is in approximation without induction. It discusses the influence of influence of 
buoyancy forces, which are the result of concentration differences, present source/sink heat 
and the effect of chemical reactions, on the development of velocity, temperature and concen-
tration fields. Dimensionless equations will be solved numerically using a finite difference 
and iteration methods. The results will be presented over a number of graphics of the skin 
friction coefficient, the rate of the mass transfer-concentration, velocity, temperature and con-
centration distributions for difference values the magnetic field, and introduced of the work of 
the similarity parameters.  
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Considering the previous, in this studied 
process the system of dynamic equations of 
MHD, of temperature, and diffusion boundary 
layer, which describes non-similarity problems, 
and that there will be a new approach to solving 
[26, 27], which, by their character-nature, can 
to a certain extent, divided into new methods 
for solving MHD boundary layer equations. 

Formulation of the problem – 
mathematical analysis 

A mathematical model of this problem, 
unsteady 2-D dynamics, thermal and diffusion 
MHD laminar boundary layer, of incompressi-
ble fluid, over a horizontal circular cylinder, 
when the uniform external magnetic field, B(x), is applied perpendicular to the surface of the 
body (the magnetic Reynolds number is significantly lower than one-considered problem is in 
approximation without induction), and the free stream velocity, U(x, t), ambient temperature, 
T∞, and concentrations, c∞, is defined with system of for simultaneous equations: continuity 
equation and equations of dynamic, diffusion, and thermal boundary layer. 
–  continuity equation:  

 0u u
x y
∂ ∂

+ =
∂ ∂

  (1)  

– momentum equation:  
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– mass-diffusion equation:         
2
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  (4)  

and corresponding boundary and initial conditions: 
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Flow in boundary layer 
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In previous system of equations and boundary conditions the parameter labeling 
used is common for the MHD boundary layer theory is: x, y – the longitudinal and transversal 
co-ordinate, u, v – the longitudinal and transversal velocity components, n – the kinematics 
viscosity of fluid, s – the fluid electrical conductivity, ρ – the fluid density, λ – the the ther-
mal conductivity, cp – the the specific heat at constant pressure, T – the fluid temperature, kh – 
the chemical reaction parameter, c – the concentration of ionic species in solution, Tw(x), cw(x) 
– the body surface temperature and concentration of ionic species, D – the diffusion coeffi-
cient. The term Q(T –T∞) is assumed to be the amount of heat generated or absorbed per unit 
volume. Q is a heat generation/absorption constant. 

If we introduce stream function – ψ(x, y, t), the usual manner: u = ∂ψ/∂y, v = – ∂ψ/∂x, 
and new general similarities variables dimensionless transversal co-ordinate, velocity, tem-
perature, and concentration [26]: 
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The system of eqs. (1)-(5), after a number of transformations translate into a form 
the governing boundary layer equations and associated boundary conditions (1)-(5), are con-
verted into a non-dimensional form: 
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with boundary conditions: ϕ = ∂ϕ/∂η = φ = 0, θ = 0 and C = 0 for η = 0: 
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  1,ηφ ϕ= →
    1θ →     and    1C →  1→      forη →∞   (11) 

Where dimensionless parameters similarity are introduced in the following form: 
– dynamical parameter 

f(x, t) = U(x, t) Z’(x, t),     f1(x, t) = U’(x, t) Z(x, t) 
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– thermal parameter 

( , ) ( , )q x t QZ x t=  

– diffusion parameter 

1
( , )( , ) ( , ) ( , )

( , )
w

w

c x tc x t U x t Z x t
c x t c∞

′
=

−
 

– chemical reaction parameter 

  r(x, t) = kZ(x, t) (12)  

where 0D  is the normalizing constant, which is determined from the condition that the first 
equation of system of eq. (3), is reduced to the case of flow past a flat plate:  
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To the system of eqs. (9), where the unknown function ϕ(x, t, η), θ(x, t, η), C(x, t, η), 
and Z(x, t), it is necessary to add one of the appropriate integral equations. In this paper is as 
integral equation, using – the integral impulse equation: 
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with initial and boundary conditions: / 0,Z t∂ ∂ = for t = 0, and / 0Z x∂ ∂ =  for x = 0.  
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Where the dimensionless characteristic functions of the boundary layer are intro-
duced in the following form: 
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System of eqs. (8)-(10), (14), with corresponding boundary conditions, with group 
of independent parameters (12), can be now applied to any concrete example, defined profile 
of the body, given boundary, and initial conditions, of temperature and concentration on the 
surface of the body and velocity outer flow. 

Equations (8)-(10), (14), with the corresponding boundary conditions are applied in 
this paper to the example of the flow around a horizontal circular cylinder. In this case, the 
analysis will be carried in non-dimensional form, where longitudinal co-ordinate and velocity, 
will be scaled in relation to velocity of outer flow U(x, t) and the radius of the cylinder, a , and 
the co-ordinate and velocity, perpendicular to the boundary layer, will be divided with Re1/2. 
With defined free stream velocity, externally uniform magnetic field strength, B(x), which is 
in this case taken as constant, and boundary conditions for temperature and concentration and 
friction on the body –τw = τ(x, t), determined with the expressions: 
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where x̂  is the angular co-ordinate of arbitrary points on the cylinder measured from the stag-
nation point in radians, and t̂ is the dimensionless size of the time. 

Size of the coefficients a1, a2, and a3, are arbitrary positive ore negative dimension-
less constants. Positive constant value a1 corresponding to accelerated fluid flow, a negative, 
to decelerated fluid flow. Positive ore negative value constants a2, a3, indicate increase or de-
crease the temperature and concentration in the direction along the cylinder profile.  

In this example the introduced parameters similarity (12), are transformed into the: 
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Method of solution, results and discussion  

Non-dimensional system of parabolic differential eqs. (8)-(10), and momentum eq. 
(14), with boundary conditions, numerically is solved, using the finite difference method with 
appropriate indirect block scheme defined by the five points. Getting highly accurate solu-
tions, achieved on the one hand, as a result of a range of possibilities provided by finite differ-
ence method, and, on the other hand, as result of an iterative process which allows approxi-
mate solutions with arbitrary accuracy given. Approximation of non-linear differential equa-
tions is performed by a system of algebraic equations, defined on a discrete set of points of in-
tegration network as defined in the plane –x, t, η. At this staged network integration, discrete 
values of the dependent and independent values in the node identified by the node index  
(m, n, k) are: 

 nx n x= ∆ ,    kt k t= ∆ ,    m mηη = ∆  
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First and second order derivatives are replaced by following equations:  
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where index j indicates the current number of iterations. 
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Using eq. (19), system of partial differential eqs. (8)-(10), is reduced to the follow-
ing system of algebraic equations – dynamic equations of the boundary layer, equations of 
temperature boundary layer, diffusion boundary layer equations, and algebraic, linearized 
momentum eq. (14). Linearization of the non-linear terms in the equations are resolved using 
a combination of methods, such as values, which now form the equation coefficients, taken 
from the previous network layer or in the previous iteration and the current iteration are well-
known value. In this paper, we get the system of algebraic equations, which is suitable for fur-
ther calculations, is resolved using the three diagonal methods.  

In this way the obtained systems of simul-
taneous equations, each of which contains three 
unknown functions of the velocity ratio – non- 
-dimensional temperature – concentration lev-
els can be solved, because the number of equa-
tions of each system is equal to the number of 
unknown functions. Special design matrix sys-
tem of algebraic equations, the three-diagonal 
matrix, is used for solving simple direct meth-
od, which for its implementation does not re-
quire the creation of inverse matrix. System of 
algebraic equations can be solved by applying 
the three-diagonal method. The integration of 
the equations is performed on the adopted inte-
gration network, in a limited part of the space, 
of the first octant (x, η, t) of the co-ordinate 

plane (t, 0, η), which physically represents unsteady flow around the front of the stop point  
(f = F = 0, x = 0) the surface defined by the separation point of the boundary layer (ϛ = 0), 
whose size varies with the taken, values ratio a1 and size (N, αcc) (fig. 1). 

Numerical results are obtained and presented for different values of Prandtl, Eckart, 
and Schmidt numbers, dynamic parameters 1if a→± , and also parameter of the thermal 
buoyancy parameter T T

1 ,cα α→  temperature parameter 0 2l a→± , diffusion parameter 
0 3c a→±  thermal parameter ,q Q→  and chemical reaction parameters .hh k→  The solu-

tions for the flow, temperature and diffusion transfer, and other integral characteristics bound-
ary layer, are evaluated numerical for difference values the magnetic number N. Transient ef-
fects of velocity, temperature and diffusion was analyzed. 

A part of the obtained results is presented in figs. 2-7. Figure 2 shows the variations 
of the variables τw, figs. 3-4 presented thickness variations of the dynamic temperature and 
diffusion boundary layer for different values of parameter N, a1, and acT, fig. 5 variations 0ηθ  
and 0Cη , in function of the co-ordinate x. Figures 6-7 show the variations of dimensionless 
velocity, temperature, and concentration in the function of the co-ordinate η, in a certain sec-
tion of the boundary layer, for several values of the magnetic parameter N, Prandtl, Eckart, 
and Schmidt numbers, and for several values of the thermal buoyancy-parameter acT, heat 
source/sink parameter, Q, and chemical reaction parameter kh.  

It can be noticed in fig. 2 (where Pr = 0.73, Ec = 0.3, Sc = 0.3, Q = kh = a1 = αcc =  
= a2 = 0.1), that the magnetic parameter N, influences considerably to the position of the 
boundary layer separation point. The increase in the magnetic parameter move the point of 
of boundary layer separation downstream and in that sense its influence can be considered 
positive.  

 
Figure 1. Planar integration network and 
integration area 
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(a)   (b)  

(c)   (d)  
Figure 2. Stream function τw, for different values of magnetic parameter N, a1, αcT and t 

These conclusions are valid also for values of the temperature buoyancy parameter 
αcT (N = 0.1). It can be noticed from these figures that free stream acceleration causes a delay 
in boundary layer separation, i. e. it moves the boundary layer separation point. It can be no-
ticed from these figures that free stream acceleration causes a delay in boundary layer separa-
tion, i. e. it moves the boundary layer separation point downstream (a1 = ±1), while free 
stream deceleration moves the boundary layer separation point upstream (a1 = ±1). Thus the 
influence of free stream acceleration is positive and the influence of free stream deceleration is 
negative. Figure 2(d) clearly recognize the positive impact of accelerating external current at the 
point separation of the boundary layer, which is becoming more expressed with increasing time. 

Figures 3 and 4 show diagrams of changes in thickness of the dynamic, temperature 
and diffusion boundary layer in the function changes of parameters 1, , .cTN a a  From develop-
ment presented curves clearly recognize the influence of increasing or decreasing size of the in-
troduced parameters to increase or decrease in the thickness of the corresponding boundary layer  

Figures 5(a) and 5(b) present the graphs of characteristic functions ςT in function of 
co-ordinate x for different values of Prandtl number and time (where Ec = 0.7, Sc = 7.0, N = 
0.2, k = Kp = 0.1, a1 = 1, and t = 0.1). Figure 5(c) shows the graphs of characteristic functions 
ςT for different values of parameter a3x → a3 (where Ec = 0.7, Sc = 7.0, N = 0.2, k = Kp = 0.1, a1 
= 1, and t = 0.1). 

Figure 6 shows change the dimensionless velocity in a certain section of the bounda-
ry layer (x = 1.0, t = 0.06) for different values magnetic field N and temperature buoyancy 
force αcT. It is evident that, with increasing the magnetic field strength and buoyancy force, 
increase the size of the dimensionless velocity in the boundary layer. 
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Figure 3. Thickness of the dynamic, temperature boundary layer for different values of parameter N, 
a1, and αcT 

Figures 7(a, b, c) show the effects of Prandtl number, and parameter N, and parame-
ter a2x on the dimensionless temperature (for fixed values of Ec = 0.3, Sc = 0.3, N = 0.1,  
kh = a2 = a3 = 0,1, a1 = 1, t = 0.02). It is clear, that the dimensionless temperature at a point in-
creases (fluid temperature decreases) with increase in Prandtl number. The increase of Prandtl 
number means that the thermal diffusivity decreases. So the rate of heat transfer is decreased 
due to the decrease of fluid temperature in the boundary-layer. Increase of heat genera-
tion/absorption constant, a2x, from negative to positive values, has the opposite effect, since for 
this case, the temperature in the boundary layer grows while the dimensionless temperature de-
creases. Figure 7(d) shows the effects for different values the parameter kh, on the dimensionless 
concentration C. Increase values of the parameter k, increases dimensionless concentration. 
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Figure 4. Thickness of the diffusion boundary layer for different values of parameters N and a 

(a)   (b)  

Figure 5. Dimensionless temperature, ςT, and 
concentration gradient, ςc, for different values of 
Pr, t, a3x 

(c)  
Based on the results skin friction on the body, the heat transfer coefficient and the 

concentration on the surface of the cylinder (Nusselt and Sherwood numbers), the thickness of 
the dynamic, of temperature and diffusion boundary layer, as well as profiles, the velocity ra-
tio, dimensionless temperature, and concentration in certain sections of the boundary layer, it 
can be concluded about the possibilities introduced by the impact on the development of 
MHD boundary layers. Thus, the influence of the magnetic field, the size of the coefficient of 
the non-stationarity, and the size of dimensionless speed of suction/injection, can successfully 
manage the development of all three MHD boundary layers. The temperature parameters and  
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Figure 6. Dimensionless velocity, φ, for different values of magnetic parameter N and αcT 

(a)     (b)  

(c)      (d)  
Figure 7. Dimensionless temperature, θ, dimensionless concentration, C, for different values of  
N, Pr, a2x, and kh 

values of the coefficients and the extent and dimensions that characterize the sources/sinks of 
heat, extended Prandtl number, which contains the influence of heat radiation and Evart num-
ber, we can manage the development of the temperature boundary layer, and the diffusion pa-
rameters, namely the size of the coefficients and exponents, sizes that characterize a chemical 
reaction and Schmidt number, the development of the diffusion boundary layer. 
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Conclusion 

This paper is devoted to the analysis of unsteady 2-D dynamic, thermal, and diffusion 
MHD laminar boundary layer flow over a horizontal circular cylinder, of incompressible and elec-
trical conductivity fluid, in the presence of diffusion buoyancy effects, heat source or sink and 
chemical reactions. The developed governing boundary layer equations and associated boundary 
conditions are converted into a dimensionless form using a suitable similarity transformation, and 
similarity parameters. Numerical solution of dynamic, temperature, and diffusion boundary layer 
equations, with integral impulse equation are obtained by using the finite difference method, 
combined with the method of iteration. Numerical results for the solutions of the flow, tempera-
ture, and diffusion transfer and other integral characteristics boundary layer, are obtained and pre-
sented for different parameters such Schmidt, Prandtl, and Eckart numbers, magnetic number N, 
and dynamical parameters, diffusion buoyancy-parameter, temperature, thermal, diffusion, and 
chemical reaction parameters. Transient effects of velocity, temperature and diffusion are ana-
lyzed. A part of obtained results is given in the form of figures and corresponding conclusions. In 
this paper, the results of integral and differential characteristics of the boundary layer, show the 
effects of magnetic field and other parameters introduced similarity on the flow development 
around the circular cylinder surface. Results of friction skin on the body and the velocity dis-
tribution, show positive effect of magnetic field action, accelerating the outer flow and an increase 
in diffusive buoyancy force in the development of the boundary layer around the surface of the 
cylinder and moving the point of separation of the boundary layer along the profile of the body. 

Nomenclature 

B – magnetic field induction, [T]  
C – dimensionless concentration function  
c – concentration of the fluid  
H – characteristic function, [–]  
N – characteristic function, [s–1]  
T – fluid teperature, [K]  
t – time, [s]  
U – free stream velocity, [ms–1]  
u, v – longitudinal and transversal projection of 

velocities in boundary layer, [ms–1]  
w – surface conduction  
x, t, η  – differentiation with respect to x, t, η 
x, y – longitudinal and transversal  

co-ordinates, [m]   
Z – characteristic function, [s]   

Greek symbols  

δ – boundary layer thickness, [m ] 
η – dimensionless transversal co-ordinate, [–]  
θ – dimensionless temperature function, [–]  
τ – shear stress, [Pa]  
φ – dimensionless stream function, [–]  
ψ – stream function, [m2s–1] 
ϛ – characteristic function, [–] 
Subscripts  

0 – initial time moment t = t0 
1 – boundary layer cross-section x = x0 
∞ – conductions far away from the surface  
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