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Introduction

Fractional derivatives of variable order [1-4] has used to set up the mathematical mod-
els for engineering practice, especially in the fields of the heat [5, 6] and fluid flows [7, 8].

Recently, Caputo and Fabrizio [9] reported the fractional derivative operator without
singular kernel, which was given [10-13]:

Q-PNB) |
2(1- p) ! P {

where N(f) is a normalization constant depending on S (0 < B <1), such that 8(0)=N(1)=1.
More recently, Yang ef al. [12, 13] reported a new fractional derivative without sin-

gular kernel:
() NB) d T
D Q(x) = _ﬂ — { {

where a <x, f(0 < f<1) is a real number, and Nw) is a normalization function depending
on S such that X(0) = X(1)=1.

In this article, our aim is to set up the heat-conduction equation and the Navier-
Stokes equation via fractional derivatives without singular kernel.

AlE(x) = P (x- /1)} )(A)dA (1)
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Mathematical tools

The fractional gradient operator via the Caputo and Fabrizio [9] fractional derivative
without singular kernel is given by:
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where x, y € Q.
The fractional tensor via the Caputo and Fabrizio [9] fractional derivative without
singular kernel is given by:

2
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where x, y € Q.
The fractional Laplacian operator via the Caputo and Fabrizio [9] fractional deriva-
tive without singular kernel is given by:

2
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where x, y € Q.
The fractional curl via the Caputo and Fabrizio [9] fractional derivative without sin-
gular kernel is given by:

2
(8) _ B N B
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where x, y € Q.
The fractional gradient operator via the new fractional derivative without singular
kernel is defined:

2
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where x, ye QeR".

We have:
p ’ 5
}}ignﬂ u ©(x) exp {— { -y (x—y)} }dy/[ﬂ(l—ﬁ)/ﬁ]2 J
= lim gj} P()S(x - y)dy (4b)
= p(x)
such that:
E
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where x, ye Qe R" and J(f, n) is a constant.
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From eq. (4c), we have the following property:
lim V) o(x) = V o(x) (4d)
Sl

The fractional tensor via the new fractional derivative without singular kernel is de-

2
(B) 4(+) — B3(B, n) | B
% A(x)_'v[(l_ﬁ)ﬁip(x)exp{ [l—ﬂ(x y)} }dyJ (4e)

where x, ye Qe R" and J(p, n) is a constant.
The fractional Laplacian operator via the new fractional derivative without singular
kernel is defined:

2
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where x, ye Qe R" and J(A, n) is a constant.
The fractional curl via the new fractional derivative without singular kernel is given

2
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fined:

by:
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where x, ye Qe R" and J(S, n) is a constant.
Ineq. (4c), forn=1,n=2, and n =3, we have:

3 1 248 5 3p
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According to the expressions (4f) and (4g), we directly have the properties:
Vo) = v o, tim v A() = Va) (4i,)
—

In order to discuss the problems, we replace the operators £V and V by "V in this
article.

The heat-conduction problem via fractional
derivatives without singular kernel

Following the idea [14-16], the Fourier law of the heat conduction via fractional de-
rivatives without singular kernel is expressed by:

q(x, v, z,7) = —K*V(ﬂ)T(x, ¥, 2,7) (52)

where El(x, v, z,7)is the heat flow, ¥ — the thermal conductivity of the material, and
*V#) _the fractional gradient operator via the fractional derivatives without singular kernel.
The Fourier law of the heat conduction via fractional derivatives without singular kernel in
1-D space was discussed in [12].
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The fractional heat-conduction equation with heat generation via fractional deriva-
tives without singular kernel is written in the form:

or(x,y,2,7)

ot
where g(x, y, z, 7) is the volume heat generation, p and c¢ are the density and the specific
heat of the material, respectively.

The fractional heat-conduction equations within fractional derivatives without singu-
lar kernel in the 2-D case read:

K*V(zﬂ)T(x, ¥, z,T)— pc +g(x,y,2,7)=0 (5b)

oT(x, y, 1)

K*V(M)T(x, v, 7)— pc
ot

+g(x, y,7)=0 (6)
where g(x, y, 7) is the area heat generation, 'V - the corresponding fractional gradient op-
erators via the fractional derivatives without singular kernel, and x denotes the thermal con-
ductivity of the material.

The Navier-Stokes equations via fractional derivatives
without singular kernel

We now structure the fractional velocity gradient tensor in the form:
*qu:%(®+®T)+%(®+®T)=A+%(®+®T) (7a)
which leads to the fractional strain rate tensor can be written as:
A:%[*v(ﬁ)uw*v“”)} (7b)

where v is the fluid velocity, ® = *Vv(#)y and @ =0v* v,
Following egs. (7a) and (7b), we can structure the linear relation of the type of frac-
tional Cauchy stress:

J=—pl+2uh+ A0 VPl (8)

where p is the thermodynamic pressure, A — the strain rate tensor, I — unit vector in the
field, and A4 and g the bulk and shear moduli of viscosity, respectively.

Following the idea in [16], we write the continuity equation of the fractional flow in
the form:

N ©)
ot
where p represents the fluid density.
Similarly, we give the Cauchy’s equation of motion of the fractional flows:
ov

paz*v(ﬂ)Jerb—p[v*V(ﬂ)]u (10)
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where b is the specific body force and [0*VP v — the convection term of the fractional
flow.
From egs. (9) and (10) the systems of the fractional Navier-Stoke equations are giv-

en by:
a—p+u[°"V(ﬁ)p]=0,
ot
p%}: VO = pT+ 208+ 20V olly + pb = plo* VP, (11a)
which leads to:
P rg(h)
——+ o[V =0,
Py ul Pl
,0%_l;:_*V(ﬁ)pﬂ*v(ﬂ)2,uA+*V(ﬂ)/1[*V(ﬂ)U]T+Pb—P[U*v(ﬁ)]U’ (11b)
U=UO

The constitutive equation of the incompressible Navier-Stokes fluid can be written
in the form:

J=—pl+2uA, *VPlp=0 (12a,b)
since we present:
P 1y ) 512 2P 9B () (12¢)
ot ot
In view of eqgs. (12a) and (12b), eq. (11b) can be rewritten in the form:
vy = 0,
paa—‘;:—*v(ﬂ)pnzﬂ*v(ﬁ)z\+pb—p[u*v(ﬂ)]u, (13)
L=U,
or
vy =0,
paa—lt):—*V(ﬂ)pT+y*V(2ﬂ)u+pb—p[u*V(ﬂ)]u, (14)
U=UO

In the case eq. (14) is called as the fractional Navier-Stoke equations.
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Without the specific body force in eq. (14), we obtain a new form of the fractional
Navier-Stoke equations:

vy =o,
p‘2—‘::—*v(ﬂ)pi+y*v(2ﬁ)u—p[u*v<ﬁ)]u, (15)
U=UO

Conclusion

In our work, we used the fractional gradient and Laplacian operators via fractional
derivatives without singular kernel to investigate the mathematical theory for the heat and flu-
id flows. The fractional heat-conduction equations and the fractional Navier-Stokes equations
were discussed. The results have opened the new directions of the heat and fluid flows within
fractional derivatives without singular kernel.
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Nomenclature
b — specific body force, [Nm™] Greek symbols
¢ — specific heat of the material, [Jkgg’lK’l] B - fractional order, []
p - thermodynamic pressure, [Pam ] xk  —thermal conduc;ivity [WK]
¢~ time, [s] v —fluid velocity [ms™']
p — fluid density, [kgm™]
VP _ fractional gradient operator, [m ']
"V _ fractional Laplacian operator, [m™']
References

[1] Oldham, K. B., Spanier, J., The Fractional Calculus: Theory and Applications of Differentiation and In-
tegration to Arbitrary Order, Academic Press, New York, USA, 1974

[2] Sabatier, J., et al., Advances in Fractional Calculus, Springer, Dordrecht, The Netherlands, Vol. 4. No.
9, 2007

[3] Kilbas, A. A., et al., Theory and Applications of Fractional Differential Equations, Elsevier, Amster-
dam, The Netherlands, 2006

[4] Gorenflo, R., Mainardi, F., Fractional Calculus and Stable Probability Distributions, Archives of Me-
chanics, 50 (1998), 3, pp. 377-388

[5] Tarasov, V. E., Heat Transfer in Fractal Materials, International Journal of Heat and Mass Transfer, 93
(2016), Feb., pp. 427-430

[6] Povstenko, Y. Z., Thermoelasticity that Uses Fractional Heat Conduction Equation, Journal of Mathe-
matical Sciences, 162 (2009), 2, pp. 296-305

[7] Ezzat, M. A., Thermoelectric MHD Non-Newtonian Fluid with Fractional Derivative Heat Transfer,
Physics B, 405 (2010), 19, pp. 4188-4194



Yang, X.-J., et al.: Some New Applications for Heat and Fluid Flows via ...
THERMAL SCIENCE, Year 2016, Vol. 20, Suppl. 3, pp. S833-S839 S839

[8] Khan, M., et al., Exact Solution for MHD Flow of a Generalized Oldroyd-B Fluid with Modified Dar-
cy’s Law, International Journal of Engineering Science, 44 (2006), 5, pp. 333-339

[9] Caputo, M., Fabrizio, M. A., New Definition of Fractional Derivative without Singular Kernel, Progress
in Fractional Differentiation and Applications, 1 (2015), 2, pp. 73-85

[10] Lozada, J., Nieto, J. J., Properties of a New Fractional Derivative without Singular Kernel, Progress in
Fractional Differentiation and Applications, 1 (2015), 1, pp. 87-92

[11] Alsaedi, A., et al., Fractional Electrical Circuits, Advances in Mechanical Engineering, 7 (2015), 12, pp.
1-7

[12] Yang, X. J., et al., A New Fractional Derivative without Singular Kernel: Application to the Modelling
of the Steady Heat Flow, Thermal Science, 20 (2016), 2, pp. 753-756

[13] Yang, A. M., et al., On Steady Heat Flow Problem Involving Yang-Srivastava-Machado Fractional De-
rivative Without Singular Kernel, Thermal Science, 20 (2016), Suppl. 3, pp. S717-S723

[14] Yang, X. J., Advanced Local Fractional Calculus and Its Applications, World Science, New York, USA,
2012

[15] ***, Fractional Dynamics (Eds. C. Cattani, H. M. Srivastava, X.-J. Yang), De Gruyter Open, Berlin,
2015, ISBN 978-3-11-029316-6

[16] Yang, X. J., et al., Local Fractional Integral Transforms and their Applications, Academic Press, New
York, USA, 2015

Paper submitted: December 28, 2015
Paper revised: January 20, 2016
Paper accepted: January 21, 2016




<<

  /ASCII85EncodePages false

  /AllowTransparency false

  /AutoPositionEPSFiles true

  /AutoRotatePages /None

  /Binding /Left

  /CalGrayProfile (Dot Gain 20%)

  /CalRGBProfile (sRGB IEC61966-2.1)

  /CalCMYKProfile (Coated FOGRA39 \050ISO 12647-2:2004\051)

  /sRGBProfile (sRGB IEC61966-2.1)

  /CannotEmbedFontPolicy /Warning

  /CompatibilityLevel 1.3

  /CompressObjects /Off

  /CompressPages true

  /ConvertImagesToIndexed true

  /PassThroughJPEGImages true

  /CreateJobTicket false

  /DefaultRenderingIntent /Default

  /DetectBlends true

  /DetectCurves 0.1000

  /ColorConversionStrategy /LeaveColorUnchanged

  /DoThumbnails false

  /EmbedAllFonts true

  /EmbedOpenType false

  /ParseICCProfilesInComments true

  /EmbedJobOptions true

  /DSCReportingLevel 0

  /EmitDSCWarnings false

  /EndPage -1

  /ImageMemory 1048576

  /LockDistillerParams false

  /MaxSubsetPct 100

  /Optimize true

  /OPM 1

  /ParseDSCComments true

  /ParseDSCCommentsForDocInfo true

  /PreserveCopyPage true

  /PreserveDICMYKValues true

  /PreserveEPSInfo true

  /PreserveFlatness false

  /PreserveHalftoneInfo false

  /PreserveOPIComments false

  /PreserveOverprintSettings true

  /StartPage 1

  /SubsetFonts true

  /TransferFunctionInfo /Remove

  /UCRandBGInfo /Remove

  /UsePrologue false

  /ColorSettingsFile ()

  /AlwaysEmbed [ true

  ]

  /NeverEmbed [ true

  ]

  /AntiAliasColorImages false

  /CropColorImages false

  /ColorImageMinResolution 300

  /ColorImageMinResolutionPolicy /OK

  /DownsampleColorImages false

  /ColorImageDownsampleType /Bicubic

  /ColorImageResolution 300

  /ColorImageDepth -1

  /ColorImageMinDownsampleDepth 1

  /ColorImageDownsampleThreshold 1.50000

  /EncodeColorImages true

  /ColorImageFilter /DCTEncode

  /AutoFilterColorImages true

  /ColorImageAutoFilterStrategy /JPEG

  /ColorACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /ColorImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000ColorACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000ColorImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasGrayImages false

  /CropGrayImages false

  /GrayImageMinResolution 300

  /GrayImageMinResolutionPolicy /OK

  /DownsampleGrayImages false

  /GrayImageDownsampleType /Bicubic

  /GrayImageResolution 300

  /GrayImageDepth -1

  /GrayImageMinDownsampleDepth 2

  /GrayImageDownsampleThreshold 1.50000

  /EncodeGrayImages true

  /GrayImageFilter /DCTEncode

  /AutoFilterGrayImages true

  /GrayImageAutoFilterStrategy /JPEG

  /GrayACSImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /GrayImageDict <<

    /QFactor 0.15

    /HSamples [1 1 1 1] /VSamples [1 1 1 1]

  >>

  /JPEG2000GrayACSImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /JPEG2000GrayImageDict <<

    /TileWidth 256

    /TileHeight 256

    /Quality 30

  >>

  /AntiAliasMonoImages false

  /CropMonoImages false

  /MonoImageMinResolution 1200

  /MonoImageMinResolutionPolicy /OK

  /DownsampleMonoImages false

  /MonoImageDownsampleType /Bicubic

  /MonoImageResolution 1200

  /MonoImageDepth -1

  /MonoImageDownsampleThreshold 1.50000

  /EncodeMonoImages true

  /MonoImageFilter /CCITTFaxEncode

  /MonoImageDict <<

    /K -1

  >>

  /AllowPSXObjects false

  /CheckCompliance [

    /None

  ]

  /PDFX1aCheck false

  /PDFX3Check false

  /PDFXCompliantPDFOnly false

  /PDFXNoTrimBoxError true

  /PDFXTrimBoxToMediaBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXSetBleedBoxToMediaBox true

  /PDFXBleedBoxToTrimBoxOffset [

    0.00000

    0.00000

    0.00000

    0.00000

  ]

  /PDFXOutputIntentProfile (None)

  /PDFXOutputConditionIdentifier ()

  /PDFXOutputCondition ()

  /PDFXRegistryName ()

  /PDFXTrapped /False



  /CreateJDFFile false

  /Description <<

    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>

    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>

    /DAN <>

    /DEU <>

    /ESP <>

    /FRA <>

    /ITA <>

    /JPN <>

    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>

    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)

    /NOR <>

    /PTB <>

    /SUO <>

    /SVE <>

    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)

  >>

  /Namespace [

    (Adobe)

    (Common)

    (1.0)

  ]

  /OtherNamespaces [

    <<

      /AsReaderSpreads false

      /CropImagesToFrames true

      /ErrorControl /WarnAndContinue

      /FlattenerIgnoreSpreadOverrides false

      /IncludeGuidesGrids false

      /IncludeNonPrinting false

      /IncludeSlug false

      /Namespace [

        (Adobe)

        (InDesign)

        (4.0)

      ]

      /OmitPlacedBitmaps false

      /OmitPlacedEPS false

      /OmitPlacedPDF false

      /SimulateOverprint /Legacy

    >>

    <<

      /AddBleedMarks false

      /AddColorBars false

      /AddCropMarks false

      /AddPageInfo false

      /AddRegMarks false

      /BleedOffset [

        0

        0

        0

        0

      ]

      /ConvertColors /NoConversion

      /DestinationProfileName ()

      /DestinationProfileSelector /NA

      /Downsample16BitImages true

      /FlattenerPreset <<

        /PresetSelector /MediumResolution

      >>

      /FormElements false

      /GenerateStructure true

      /IncludeBookmarks false

      /IncludeHyperlinks false

      /IncludeInteractive false

      /IncludeLayers false

      /IncludeProfiles true

      /MarksOffset 6

      /MarksWeight 0.250000

      /MultimediaHandling /UseObjectSettings

      /Namespace [

        (Adobe)

        (CreativeSuite)

        (2.0)

      ]

      /PDFXOutputIntentProfileSelector /NA

      /PageMarksFile /RomanDefault

      /PreserveEditing true

      /UntaggedCMYKHandling /LeaveUntagged

      /UntaggedRGBHandling /LeaveUntagged

      /UseDocumentBleed false

    >>

    <<

      /AllowImageBreaks true

      /AllowTableBreaks true

      /ExpandPage false

      /HonorBaseURL true

      /HonorRolloverEffect false

      /IgnoreHTMLPageBreaks false

      /IncludeHeaderFooter false

      /MarginOffset [

        0

        0

        0

        0

      ]

      /MetadataAuthor ()

      /MetadataKeywords ()

      /MetadataSubject ()

      /MetadataTitle ()

      /MetricPageSize [

        0

        0

      ]

      /MetricUnit /inch

      /MobileCompatible 0

      /Namespace [

        (Adobe)

        (GoLive)

        (8.0)

      ]

      /OpenZoomToHTMLFontSize false

      /PageOrientation /Portrait

      /RemoveBackground false

      /ShrinkContent true

      /TreatColorsAs /MainMonitorColors

      /UseEmbeddedProfiles false

      /UseHTMLTitleAsMetadata true

    >>

  ]

>> setdistillerparams

<<

  /HWResolution [2400 2400]

  /PageSize [2159.000 2794.000]

>> setpagedevice



