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In this paper, we propose the integrating factor method via local fractional de-
rivative for the first time. We use the proposed method to handle the steady heat-
-transfer equations in fractal media with the constant coefficients. Finally, we
discuss the non-differentiable behaviors of fractal heat-transfer problems.
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Introduction

Local fractional differential equations [1] were used to model the non-differentiable
problems, such as heat transfers [2-4], population dynamics [5], damped vibrations [6], and
other [7-11]. Local fractional ordinary differential equations (ODE) were considered for the
descriptions of the steady heat transfers (SHT) [4], growths of populations [5] and linear os-
cillator in vibrations [6]. Some technologies for local ODE, such as asymptotic perturbation
method [6], local fractional Sumudu transforms [12], local fractional Laplace transforms [13],
and local fractional Fourier transforms [14].

We consider the SHT equations in fractal media [15]:

da(p)
du®
where v is the fractal thermal conductivity, @(x) — the fractal temperature, @(u) — the frac-

tal heat flux, and the local fractional operator of A(x) of the order 3 (0 < 3 <1) is defined by
[1-15]:

\4

= o(u) (1a)

CAw L AYAW - A()] 1b
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with
ATA (1) — A )1 = T(1+ DA (1) = Ath)] (lo)
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When the fractal heat flux takes the form:

w(u) =y (W (1) + p(1) (2a)
the SHT equations in fractal media is rewritten:
d’w
v dﬂ(;‘) — (W)@ (i0) + H() (2b)

which leads to:
o) _yw)
dy‘g

In this article, we consider the SHT problem in fractal media:

o)+ 24 (2b)
1% 1%

9
%ﬁ(ﬂ)wu)w)(ﬂ) 3)

where O(u)=w(p)/v=0+0 and @(u)=¢(1)/v=¢. The main aims of this article are to
present the integrating factor method (IFM) to solve the SHT problem in fractal media.

Mathematical theory
Let us consider the linear local fractional ODE with constant coefficients:

3
L2 _ b+ @)

where 6 and ¢ are constant coefficients and 6 # 0.
Theorem 1. For the constants 8, ¢ € R with 8 # 0, the linear local fractional ODE:
R
L) ey + 5)
du
has infinitely many solutions, one for each value of K € R, given by:

@ ()= KEy(~0") +% (©6)

where Eg(u®)=37 4% IT(1+i9).
Proof. By using the relationship [1, 15]:

&l ()] @ () o)
TW(#)WHU(#)d_S ™
we have:
9 3 g
Ey (Hu‘g)[dw—(;’) + ew(y)} _d [W(ﬂ)ﬁif (Gu)] ©

such that:
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which leads to:

@ (1) Ey (O = ﬁ [0Ey 0y’

1+
=2 Ey0”)+ K

(10)

where K is an any constant and the local fractional indefinite integral of IT(g), denoted as
®(u), is defined:

1
ra+9

O(u) = [Ty’ (11)

Thus, we obtain:
@ ()= KEy(~0") +% (12)

Therefore, we finish the proof.
We say that the function Z(u)=E, (Hy‘g) is an integrating factor function. This
method is called as the IFM.

Solving SHT equations in fractal media
with the constant coefficients
In this section, we consider the two illustrative examples for SHT problems with the
constant coefficients.
Example 1

Let us consider the following SHT equation with the constant coefficients:

%w(m (130)
subject to the initial value condition:
@(0)=2 (13b)
In view of egs. (5) and (6), we have:
6=-1 and ¢=0 (13c,d)
such that:
@(u)=2E5(u”) (13¢)

and its corresponding graph is shown in fig. 1.
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Sy Example 2
3
3 gl We consider the SHT equation with the
constant coefficients:
7 +
9
o . LU 3y +2 (14a)
du
5t
subject to the initial value condition:
4l
@(0)=1 (14b)
3t

Making use of egs. (5) and (6), we have:

o) =< EyGui') + > (14¢)

0 010203 0405060708 09 1
Figure 1. The plot of @(x#) when 3 =1n2/In3
and its corresponding graph is shown in fig. 2.

250
% Conclusions
200 In this work, we proposed the IFT for
isal solving the SHT equation with the constant
coefficients via local fractional derivative. The
100l exaction solutions for the fractal SHT equa-
tions were discussed. The non-differentiable
sol graphs showed the fractal behaviors of the
heat-transfer problems described by local frac-
tional ordinary differential equations.
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Nomenclature

1 — space co-ordinate, [m] 9 — fractal order, [] w(u) — temperature, [K]
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