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In this article, we present a new application for the Yang-Srivastava-Machado
fractional derivative without singular kernel to the steady heat flow problem. The
Sumudu transform is used to find the analytical solution of the fractional-order
heat flow.
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Introduction

Fractional calculus has been important applications in applied science [1-5]. We re-
call the definitions of the fractional derivatives.

The Riemann-Liouville fractional derivative of the function Q(x) of fractional order
v is defined by [5, 6]:

X

1 I Q)
F(}’l—V) dxn (x_ﬂ)vﬂ—n

a

DI0(x) = (1)

where a <x, n is an integer, and v is a real number.
The Caputo fractional derivative of the function 7(x) of fractional order v is defined

by [5, 6]:
DEI‘:)Q(X) _ 1 J‘ ( 1 (d"Q(ﬂ)Jdl (2)

F(n _ V) X — /»L)VJrl*n d/ln

Recently, following eq. (2), Caputo and Fabrizio proposed the fractional derivative
operator without singular kernel, which was given [7-9]:

CF (V) _ (Z—V)S(V)x v o (1)
D! Q(x)——z(l_v) ! exp{ G z)}g (A)dA 3)

where 3(v) is a normalization constant depending on v (0 <v <1).
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Losada and Nieto proposed that for J(v)=2/(2-v), eq. (3) could lead to the new
Caputo-Fabrizio fractional derivative operator given [7]:

\4

FDQ(x) = —— j exp| ———(x— 1) | Q" (1)dA 4)
1-v 0 1-v
where v (0 <v <1) is a real number.
More recently, in view of eq. (1), Yang, Srivastava, and Machado proposed a new
fractional derivative without singular kernel, given by the expression [9]:

M D) = 2V 4 I exp[—lL(x - A)J Q(A)dA (5)
a -V

1-v dxa

where a <x, v (0<v <1) is a real number, and R(v) is a normalization function depending
on v such that R(0) =R(1)=1.
Let 0<v <1 and R(v) =1, then eq. (5) can be written [9]:

X

SO < L4 Y e
D00 = dx;[exp[ — l)}Q(ﬂ)dﬂ (6)

Equation (5) is called as the Yang-Srivastava-Machado fractional derivative.
Based on eq. (5), the fractional-order Fourier law in 1-D case was written in the
form [9]:

KMDy (x) = —H (x) (7)

where K is the thermal conductivity of the material, y(x) — the temperature, and H(x) — the
heat flow.

The main aim of the article is to present the new application of the Yang-Srivastava-
-Machado fractional derivative without singular kernel to the steady heat flow and find the ana-
lytic solution of the steady heat-conduction of fractional order by the Sumudu transform [10-13].

Mathematical method
With the help of the approximation to the identity [14]:

O(x—A)= limlexp[—x_ZJ ®)
o0y 4
where v — 1, eq. (5) becomes:
lim ®¥ DY (x) = d j 5(x—)Q(A)dA =Y (x) )
vl a dx

When v — 0, eq. (5) becomes:

lim "M DY Q(x) =3 j Q(A)dA = Q(x) (10)
v—0 a dx
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Taking the Sumudu transform of the Yang-Srivastava-Machado fractional derivative
without singular kernel for the parameter @ = 0, we have:

(D)) =
A e EVRO A v
- w_([exp[ w}{l_v dxoexp[ s ﬂ)}Q(/”L)d)}dx
ga(J‘exp[—v(t —ﬂ)}Q(/l)dA]
_®oy o LY 1)
1-v )

_RQ@) p{exp(_Ltﬂ
1-v 1-v

_ R)Q(@)

- 1-v)+ve

where
pLE@l=— | eXP(—ijé(x)dFé(W) (12)
w 0 w

denotes the Sumudu transform of &£(x) [10-13].

Solving the steady heat flow via Yang-Srivastava-Machado
fractional derivative without singular kernel

When H(x)=w(x)+b, where b is a constant, eq. (7) is the fractional heat relaxa-
tion equation in the steady heat-conduction problem:

K"MDy (x) = -y (x)-b (13)

with the initial value condition (0) =1, where K is the thermal conductivity of the material.
By taking the Sumudu transform of eq. (13), eq. (13) can be written in the form:

k 2@ b (14)
(1-v)+ve

which leads to:

—b[(1-v)+va]

w<ﬁ):K€R(v)+(l—v)+vw (15)
Thus, eq. (15) becomes:
b[KR(v)—1]
(@)= KfR(V)]—i;(l—V) (16)

+—
KRW)+(1-v)
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Therefore, we have:

_MKRM -1 [ wx -
V)= tmoy+ (1-v) P { K‘R(v)+(1—v)} {17

1

and its corresponding graph at different values

ESE 3 =05 of R(v)=1, K=2,b=1,v=05,0.7,0.9, and
0.7 =07 1 is shown in fig. 1.
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| cation for the YSM fractional derivative without
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"""" tional order. The Sumudu transform was used to
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Figure 1. Chat of solutions at different values The obtained solution was given to show the
of v=10.5,0.7, 0.9, and 1 for y(x) behavior of the steady heat flow of fractional
order.
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Nomenclature
x — space co-ordinate, [m] Greek symbols
v — fractional order, [—]
¢[E(x)] — Sumudu transform, [—]
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