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The novelty and innovativeness of this paper are the combination of reproducing 
kernel theory and spline, this leads to a new simple but effective numerical meth-
od for solving variable-order anomalous sub-diffusion equation successfully. This 
combination overcomes the weaknesses of piecewise polynomials that can not be 
used to solve differential equations directly because of lack of the smoothness. 
Moreover, new bases of reproducing kernel spaces are constructed. On the other 
hand, the existence of any ε-approximate solution is proved and an effective 
method for obtaining the ε-approximate solution is established. A numerical ex-
ample is given to show the accuracy and effectiveness of theoretical results. 
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Introduction 

Because of their practical applications, fractional calculus has received much atten-
tion in recent years. For example, fractal heat-transfer problems [1], local fractional Burger’s 
equations [2], volterra fractional equations [3,4], discrete fractional equations [5, 6], and oth-
ers [7, 8]. In order to more accurately describe the evolution of a system, the concept of a var-
iable-order operator has been developed [9]. Sun [10] proposed variable-order fractional dif-
ferential operators in anomalous diffusion modeling. The numerical solutions of variable-
order fractional diffusion equations have also been considered in some papers [11-14]. The 
field is still at an early stage of development. In view of their complexity and usefulness, it is 
interesting to develop high accuracy numerical methods for variable-order fractional differen-
tial equations. 

In this paper, we will investigate numerical methods of the 2-D variable-order ano-
malous sub-diffusion equation: 

2
1 ( , )

2
( , ) ( , )D ( , )γ−∂ ∂

= +
∂ ∂

x t
t

u x t u x t f x t
t x

(1) 

subject to initial and boundary conditions: 

( , 0) ( ), (0, ) ( ), ( , ) ( ), 0 , 0u x x u t t u L t t x L t Tφ ϕ ψ= = = ≤ ≤ < ≤ (2) 
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where 0 < γmin ≤ γ(x, t) ≤ γmax < 1 and 1 ( , )D ( , )γ− x t
t v x t is the variable-order Caputo fractional 

derivative of order 1 – ( , )γ x t  defined as [10]: 

 1 ( , )
1 ( , )
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[ ( , )] ( )
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′
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x t t
 (3) 

Here we only consider homogeneous initial and boundary conditions ( , 0) 0,u x =
( , ) 0,u L t =  (0, ) 0,u t = since non-homogeneous initial and boundary conditions can be re-

duced to the homogeneous conditions easily. 
The main contribution of this paper is that a new numerical method for solving eq. 

(1) with (2) is introduced by combining reproducing kernel theory and spline. Noting that 
piecewise polynomials are continuous but lack of the smoothness, they can not be used to 
solve differential equations directly. However, in this paper, by applying reproducing kernel 
method and some ideas of spline, new bases of reproducing kernel spaces are constructed. 
Our numerical algorithm with the new bases can reach the precision of spline, thus the effec-
tiveness of numerical method is improved correspondingly. At the same time, the existence of 
any ε-approximate solution is proved and an effective method for obtaining the ε-approximate 
solution is established. Some numerical results are given. By comparing with [14], it can be 
seen this numerical method is more simple and effective. It is worth noting that this method 
can also be used to solving other problems. 

Preliminaries 

Let [0, ] [0, ]L TΩ = × , we now introduce several definitions of spaces which will be 
needed in this paper. 

Definition 1. ( )
2 [0, ] { ( ) | ( ), ( ), 0, 1, , 1,n iW T u x u x u x i n n= = − ∈  are absolutely 

continuous real value function in ( ) 2[0, ], (0) 0, ( ) [0, ]}nT u u x L T= ∈ . The inner product and 
norm in 2 [0, ]nW T  are given, respectively, by: 

 
2 2 2

1
( ) ( ) ( 1) ( 1) 2

0 0
( ), ( ) (0) (0) ( ) ( )d , ( ), ( )  n n n

Tn
i i n n

W W W
i

u x v x u v u x v x x u u x v x+ +

=
〈 〉 = + = 〈 〉∑ ∫  (4) 

Similar to [15], we can prove that 2 [0, ]nW T  is a reproducing kernel space. That is, 
for any fixed [0, ]x T∈ , there exists a 2( , ) [0, ]n

nr x y W T∈ , such that for any 2( ) [0, ]nu x W T∈ , 
the reproducing kernel ( , )nr x y  can be denoted by: 

 
2

( ) ( ), ( , ) nn Wu x u y r x y= 〈 〉  (5) 

Definition 2. ( )
2 [0, ] { ( ) | ( ), ( ), 0, 1, , 1,m iW L u x u x u x i m m= = − ∈   are absolute-

ly continuous real value function in ( ) 2[0, ], (0) 0, ( ) 0, ( ) [0, ]}nL u u L u x L L= = ∈ . The inner 
product and norm in 2 [0, ]mW L  are given, respectively, by: 

 
2 2 2

1
( ) ( ) ( 1) ( 1) 2

0 0
( ), ( ) (0) (0) ( ) ( )d ,  ( ), ( )m m m

Lm
i i m m

W W W
i

u x v x u v u x v x x u u x u x+ +

=
〈 〉 = + = 〈 〉∑ ∫  (6) 

Analogously, it can prove that 2 [0, ]mW L  is also a reproducing kernel space, and the 
reproducing kernel ( , )mR x y  can be denoted by: 
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2

( ) ( ), ( , ) mm Wu x u y R x y= 〈 〉  (7) 

Next, the expressions of some reproducing kernels are given, which will be used in 
the following. The reproducing kernel of 2

2 [0, ]W T , 1
2 [0, ]W L  is given, respectively, by: 
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Define 3 2
2 2( ) [0, ] [0, ]W W L W TW ⊗3 , and ( )W W  is a reproducing kernel space with 

reproducing kernel 3,2 3 2( , , , ) ( , )· ( , )R x y t s R x y r t s= ,where the direct product⊗ is defined in 
[16], 3 2( , ),  ( , )R x y r t s  is the reproducing kernel of 3

2 [0, ]W L , 2
2 [0, ]W T , respectively. Simi-

lar to ( )W W , we can define 1 1
0 2 2( ) [0, ] [0, ]W W L W TW ⊗ , and it is a reproducing kernel 

spaces with the reproducing kernel 1,1 1 1( , , , ) ( , )· ( , ),R x y t s R x y r t s= where 1( , )r t s  is the re-
producing kernel of 2

1 [0, ]W T . 
Consider a partition of [0, ]d , 0 1 1: 0 n nh h h h dπ −= < < < = . Let 1[ , ],j j jJ h h−=  

1, 2, ,j n=  , then the cubic spline space 3,S π  is defined by: 

 2
3, 3{ [0, ] : , 1, 2, 3, , }

jJS u C d u p j np = ∈ ∈ =   (8) 

where 3p denotes the set of all polynomials with order not more than three over .jJ  Mean-
while, we define 1

3, 3, 3, 3,
2{ : (0) 0}, { : (0) ( ) 0}S u S u S u S u u Lπ π π π= ∈ = = ∈ = = . 

A new base of W(Ω) 

In the previous section, we have given the reproducing kernel 2 ( , )r t s  of 2
2 [0, ]W T , 

now, we introduce the new bases of 1( )W W  and ( )W W . Assuming 0{ }i ix ∞
=  is a dense subset of 

[0, ]L  with 0 0x = , 1 x L= , and 0{ }i it ∞
=  is a dense subset of [0, ]T with 0 0t = , 1t T= . 

Remark 1. Note that 2 1 2 2 2
1
3,{ ( , ), ( , ), , ( , ), }nT r t t r t t r t t S π= ⊂  , but, T can not 

form a base of 1
3,S π  over the region [0, ]T . So, The algorithms with T  as a base can not 

reach the precision of spline.  
But the following lemmas show that after adding two functions 2,t t into T , the new 

T will be a base of 1
3,S π . Thus, the algorithms with the new T as a base can reach the preci-

sion of spline, the validity of numerical method is improved correspondingly. 
Lemma 1. 2

2 1 2 2 2{ , , ( , ), ( , ), , ( , ), }nt t r t t r t t r t t   is linearly independent. 
Proof: Take any integer 2,≥n  suppose 2

1 2 ( , ) 0n
i i iat bt c r t t=+ + Σ = . For every 

2k ≥ , select 2
2 [0, ]p W T∈  such that ( ) 1kp t = and ( ) 0jp t = , j k≠ . Meanwhile, ( ) 0p t =  

when t  is close to 0 ,  T . Hence, '(0) '( ) 0p p T= = . From eq. (4), it follows that: 

 2
2

1 1
0 ( , ), ( ) 0 0 ( ) , 2, 3, ,

n n

i i i i k
i i

at bt c r t t p t c p t c k n
= =

= 〈 + + 〉 = + + = =∑ ∑   

Hence, 2 2 2 3
1 2 1( , ) /2( 6) ,/ 0at bt c r t T at bt c Tt Tt t+ + = + + + − = which gives a = b = 

= c1 = 0. This completes our proof. 

Theorem 1. 2
1 2 1 2 2 2{ , , ( , ), ( , ), , ( , )}nK t t r t t r t t r t t=   is a base of 1

3,S π . 
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Proof: Since 2 ( , )r t s  is the reproducing kernel of 2
2 [0, ]W T , 2

2 ( , ) [0, ]ir t t C T∈ . On 
the other hand, 2 ( , )ir t t  is a piecewise cubic polynomial. So, 2 3,( , )ir t t S π∈  for every 

1, 2, ,i n=  . Noting that 2
3,,t t S π∈ , 1

1 3,K S π∈ , since dim 1
3, 2S nπ = +  and 1K  is a set 

whose element is linear independent, 1K is a base of 1
3,S π . 

Theorem 2. 2
1 2 1 2 2 2{ , , ( , ), ( , ), , ( , ), }nK t t r t t r t t r t t=    is a base of 2

2 [0, ]W T . 

Proof: Since 2 1 2 2 2{ ( , ), ( , ), , ( , ), }nr t t r t t r t t   is complete in 2
2 [0, ]W T , So, 1K  is 

also complete in 2
2 [0, ]W T . Noting that 1K  is a set whose element is linearly independent, 1K  

is a base of 2
2 [0, ]W T . 

Putting 1( ) ( , ),  0, 1, 2,i ix R x x iϕ = =  , and: 

 2
0

0

( )
( ) ( ) ( ) ( )d , ( ) ( )

x
i

i i i i i
xG LG x J x x v v v Q x G x

L
ϕ ϕ= = − = −∫  (9) 

then (0) ( ) 0i iQ Q L= = . 

Lemma 2. 0 1{ ( ), ( ), , ( ), }nQ x Q x Q x  is linearly independent. 

Proof: Take any positive integer n , suppose that 0 ( ) 0.i i ic Q x∞
=Σ =  The previous 

equation were differentiated twice to yield 0 00 ( ) ( ).n n
i i i i i ic Q x c xϕ= =′′= Σ = Σ  Since ( )i xϕ  is line-

arly independent, 0,  0, 1, ,ic i n= =  . This completes our proof. 

Theorem 3. 1 0 1{ ( ), ( ), , ( )}nT Q x Q x Q x=   is a base of 2
3,S π , where π is a partition 

composed of 0 1{ , , }, nx x x . 

Proof: From ( ) ( ) [0, ]i iQ x x C Lϕ′′ = ∈  and ( )iQ x  is a piecewise cubic polynomial, 
we conclude that 1 3,T S π⊂ . Since (0) ( ) 0i iQ Q L= = , 2

1 3,T S π⊂ . From Lemma 2, 1T  is a set 
whose element is linearly independent. Using the fact dim 2

3, 1S nπ = + = dim 1 1T n= + . We ob-
tain that 1T  is a base of 2

3,S π . 

Remark 2. Theorem 3 shows that algorithms with 1T  as a base can reach the preci-
sion of spline. 

Theorem 4. 0 1{ ( ), ( ), }Q x Q x  is a base of 3
2 [0, ]W L . 

Proof: Take any 3
2 [0, ]f W L∈ , then 1

2 [0, ]f W L′′∈ . Since 0{ }i iϕ ∞
= is a base of 

1
2 [0, ]W L : 

 
1

( )i i
i

f c xϕ
∞

=
′′ = ∑  (10) 

With twice-integration of (10) and using the fact that (0) 0f = , we obtain: 

1 10 0
( ) (0) ( ) ( )d (0) ( ) ( )d  (0) ( )

x x

i i i i
i i

f x f x x t f t t f x c x t t t f x c G xϕ
∞ ∞

= =
′ ′′ ′ ′= + − = + − = +∑ ∑∫ ∫  (11) 

Taking x L= in (11), we get 10 (0) ( ),i i if L c G L∞
=′= + Σ which gives f'(0) = 1i i ic G∞

=−Σ
( )/ .L L  Thus, 

 
1 1

( ) ( ) ( ) ( )i i i i i
i i

xf x c G x G L c Q x
L

∞ ∞

= =

 = − =  
∑ ∑  (12) 
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Combining (12) and Lemma 2, it yields that 0 1{ ( ), ( ), }Q x Q x  is a base of 3
2 [0, ].W L  

According to Theorems 3 and 4, we get a new base of ( ):W W  

 2
1 0 0 2 0{ ( , )} { ( ) } { ( ) } { ( ) ( , )}k k i i i i i i iH x t Q x t Q x t Q x r t t∞ ∞ ∞ ∞
= = = ==    (13) 

A numerical scheme for solving  
eq. (1) with eq. (2) 

Defining 

 
2

1 ( , )
0 2

( , ) ( , ): ( ) ( ), ( , ) x t
t

u x t u x tW W u x t D
t x

γ−∂ ∂
W → W −

∂ ∂
   (14) 

then eq. (1) is equivalent to: 

 ( , ) ( , )u x t F x t=  (15) 

Assuming that the solution of eq. (15) exists and is unique. In the following, we 
prove that  is a linear bound operator. 

Lemma 3. 0: ( ) ( )W WW → W is a linear bound operator. 

Proof: Obviously,  is a linear operator. Next, we prove that  is bounded. 
It follows from 3,2 ( , , , ) ( )R x y t s W∈ W is the reproducing kernel of ( ),W W  

( , ) ( )u x t W∈ W and the reproducing property of reproducing kernel that: 

 3,2 ( ) 3 2 ( )( , ) ( , ), ( , , , ) ( , ), ( , ) ( , )W Wu x t u y s R x y t s u y s R x y r t sWW = 〈 〉 = 〈 〉  (16) 

According to (15) and (16), we get: 

 
0

0

2
( ) 3 ( )

2
1 ( , )

3 2 ( ) ( ) ( )2

( , )( , ), ( , ) ( , ),

( , ) ( , )

W W

x t
t W W W

r t su u y s R x y u y s
t

R x y D r t s u
x

γ

WW

−
WWW 

∂
= 〈 〉 − 〈

∂
∂

〉 ≤
∂

  

  


 

 
2

1 ( , ) 32
3 , , ( ) 2 , , ( )2

( ,
( ,

)( , ) ( ,) )x t
y s W t y s W

R x yr t sR D r t s
t x

x y γ−
WW

   
  
  

∂∂
+

∂  ∂
     (17) 

By simple calculating, (17) becomes: 

0 1 2 1 2

2 1

1 2

1 2

2 2 2

( ) ( ) 3 2 1 2 3 1 22 2
1 2 1 2

2 1 2
1 22 1 ( , ) 1 ( , )

2 2 1 1
0 0

( , ) ( , ) | ( , ) |

( , )1 1  d d |
[ ( , )] ( ) ( ) σ σγ γ

σ σ
σ σ

γ σ σ

Ω Ω = = = =

= =− −

∂ ∂ ∂
⋅

∂ ∂ ∂ ∂

∂ ∂

Γ − −

≤ +








∫ ∫

   ΩΩ  t t t x x x

t t
t t

tx t x t

u u R x x r t t R x x
t t x x

r

x t t t



 

In terms of 3
3 2( , ) [0, ]R x y W L∈ , 2

2 2( , ) [0, ]r t s W T∈  and the definition of 3
2 [0, ]W L

and 2
2 [0, ]W T , it infers that: 
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1 2

2 2 2 2 2
3 1 2 2 1 2 1 12 3 2( , ), ( , ) , ( ,/ / / )t ttR x x t t r t t x R x x= =∂ ∂ ∂ ∂ ∂ ∂ ∂  

and
1 2 2 1 2( , )t t r σ σ∂ ∂  are all bounded. Hence,   is bounded. The conclusion holds. 

Definition 3. Let ( , ) ( )nu x t W∈ W . For any 0ε > , if 

 ( )
( , )

( , ) ( , )n C n
x t

F u Sup F x t u x t εΩ
∈Ω

− = − <CC    (18) 

then we say that ( , )nu x t  is an ε -approximate solution of eq. (15). 

Theorem 5. For any ε > 0, there exists a positive integer N, such that for every n > N: 

 
1

( , ) ( , )
n

n i i
i

u x t a H x t∗

=
= ∑  

is an ε -approximate solution of eq. (15), 1{ }n
i ia∗ =  satisfies: 

 ( ) ( )
1

min (( , ) ( , )
i

n

n C i i Ca i
F u F x t a H x tΩ Ω∈ =
− = − ∑



CCCC      (19) 

Proof: Denote by ( )u W∈ W  the exact solution of eq. (15). Since 1{ ( , )}i iH x t ∞
= is a 

base of ( )W W , then 1( , ) ( , ).i i iu x t a H x t∞
== Σ  So for any given 0ε > , there exists a positive 

integer N such that for every n > N, there exists a function ( , ) ( )nu x t W∈ W  satisfying 
( ) / ,n Cu u εΩ− ≤CCCC    where 1( , ) ( , ).n

n i i iu x t a H x t== Σ  From   is bounded, we get: 

( ) ( ) .n C n Cu u u u εΩ Ω− ≤ − ≤CCCCCC        So, u F= gives ( )n CF u εΩ− ≤CC   

As a result: 

 ( ) ( ) ( )
1

( , )
n

n C i i C n C
i

F u F a H x t F u ε∗
Ω Ω Ω

=
− = − ≤ − ≤∑CCCCCC         

According to Definition 3, ( , )nu x t  is an ε -approximate solution of eq. (15). 

Remark 3. To find the minimum value of: 

 ( )
1

( , ) ( , )
n

i i C
i

a H x t F x t Ω
=

 
− 

 
∑CC   (20) 

we only need to compute ( ( , ))iH x t , that is, to compute 1 ( ( ) )iv Q x t=  , 2
2 ( ( ) )iv Q x t=  , 

3 2( ( ) ( , ))i jv Q x r t t=  , where 1 2 3, ,v v v can be obtained from the definition of  . 
Next, we change the problem of searching the minimum value of eq. (19) into solv-

ing a system of linear eqs. (23) which has one solution at least. And every solution of this sys-
tem gives an ε -approximate solution of eq. (1). 

To solve eq. (19), we will replace (19) by: 

 
2

1 1
min ( , ) ( , )

i

p n

i i q q q qa q i
a H x t F x t

∈ = =

 
− 

  
∑∑



  (21) 
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where{( , )}q qx t ⊂ Ω . Putting: 

 1
1 1 2 2[ ( , ), ( , ), , ( , )] p

i i i i p pH x t H x t H x t += ∈g       

 1
1 1 2 2[ ( , ), ( , ), , ( , )] p

p pF x t F x t F x t += ∈1F  

  

where 1, 2, ,i n=   and 1p+
 is the Euclidean space of dimension 1p + . Then (21) can be 

written: 

 1
2

1
min

i

p

n

ia i
a +

∈ =
−∑ i 1g F





   (22) 

Definition 4. Let { , , , }E span= 1 2 ng g g , we call Eφ ∈  the best approximation 
element of 1F  in E , if: 

 1 1minp p
S E

Sφ + +
∗

∗

∈
− = −1 1F F

 

     

Similar to [17], we can prove the following two theorems. 

Theorem 6. There is a unique vector { , , , }E spanφ ∈ = 1 2 ng g g , such that: 

 1 1minp p
S E

Sφ + +
∗

∗

∈
− = −1 1F F

 

     

Remark 4. Theorem 6 shows that we can obtain at least an ε -approximate solution. 

Theorem 7. Let 1p+∈1F  , then y E∈ is the best approximation element of 1F in E  
and only if: 

 ( ) 1, 0,    1, 2, ,py k n+− = =1 kF g
y

  

Theorem 8. 1
n
i iy a∗== Σ ig  is the best approximation element of (22) with respect to 

1F  in E  and only if 1{ }n
i ia∗ =  is the solution of the following equations which is the normal 

equation of (20): 

  
2

11
( , ) ( , ) 0,    1, 2, ,

p n

i i q q q q
iqk

a g x t F x t k n
a

∗

==

 
 
 

∂
− = =

∂ ∑∑   (23) 

Proof: The system of eqs. (23) can be rewritten: 

 1 1

1
( , ) ( , ) ,    1, 2, ,p p

n

i
i

a k n+ +
∗

=
= =∑ i k 1 kg g F g

 

  

which is equivalent to 1( , ) 0, 1, , .py k n+− = =1 kF g
y

  So, the conclusion follows from Theo-
rem 7. 

Examples 

In this section, the approach will be applied to the following example, which comes 
from [14]. We will compare numerical results with the reference to demonstrate the accuracy 
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and efficiency of the proposed method. Denote by ( , )nu x t , ( , )u x t  the approximate solution 
and exact solution of the following example, respectively. 

We need the following maximum error estimation function: 

 
1/2

2
max 1 1

max ( , ) ( , )
n

i j n i jj m i
E u x t u x t

≤ ≤ =

 
=

  
 
 

− 
  
∑  (24) 

where n and m denotes the numbers of the selected points on the spatial domain 0 x L≤ ≤  
and temporal domain 0 t T≤ ≤ , respectively. 

Example 1. Considering the following equation: 

 
2 1 ( , )

1 ( , )
2

( , ) ( , )D 2e , 0 1, 0 1
[2 ( , )]

γ
γ

γ

+
−   

 
 

∂ ∂
= + − < < <

∂ Γ +∂

x t
x t x

t
u x t u x t tt t x

t x tx
  (25) 

subject to the initial and boundary conditions: 

 2 2( , 0) 0, (0, ) , (1, ) 0, 1 0 1u x u t t u t ct t x= = = ≤ ≤ ≤ ≤  (26) 

The exact solution of eq. (25) is 2( , ) xu x t e t= . 
Tables 1 and 2 list the maximum errors of eq. (25) with (26), which are obtained by 

using the numerical schemes (2.14)-(2.17) and (7.7)-(7.10) of [14] and our new numerical 
method for various ( , )x tγ  and 4hτ = , 2 4hτ = , respectively. Whereτ and h denote the time 
step and space step on the finite domain 0 , 1x t≤ ≤ , respectively, and ( , )x tγ  satisfy 
0 ( , ) 1x tγ< < . From tabs. 1 and 2, it can be readily seen that our numerical results have a 
higher accuracy than [14]. So our method is superior to [14]. 

Table 1. Comparison of maximum errors Emax with [14] for τ = h4 = 1/16 

γ(x, t) 
τ = h4 = 1/16 

Our method [14] 

10 – (xt)4/300 7.12343E-5 4.3927E-4 

15 – (xt)8/400 7.83749E-5 4.9179E-4 

20 – (xt)2/500 7.34866E-5 5.1910E-4 

30 – (xt)4/750 7.79721E-5 5.2298E-4 

15 + sin8(xt)/400 7.67822E-5 4.9179E-4 

cos(xt) + (xt)/2/28 7.00517E-5 5.2180E-4 
1/2( )2 sin( )/50−xt xt  6.54628E-5 3.18114E-4 

22 – (xt)2 + (xt4)/550 7.59869E-5 5.1986E-4 

10 – cos4(xt)/300 8.02613E-5 4.0926E-4 
1/2( ) 1/21.5 (sin) /50−xte  9.99547E-5 2.77111E-4 
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Table 2. Comparison of maximum errors Emax with [14] for τ2 = h4 = 1/16 and τ2 = h4 = 1/18 

Nomenclature 
1 ( , )x t
tD γ−

 – Caputo variable-order difference, [–] 
L – real number, [–] 
 – linear bound operator 
m – integer, [–] 
N, n – integer, [–] 
 – integer set, [–] 
p – real number, [–] 
q – real number, [–] 
 – real number set, [–] 

T – real number, [–] 

t – time, [s] 
u – concentration, [molcm–3] 
x – displacement, [cm] 
γ(x, t) – variable order of fractional derivative, [–] 

Greek symbol 

Г – gramma function, [–] 
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