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The explicit and reliable analytical solutions for steady plane compressible non- 
-isothermal Couette gas flow are presented. These solutions for velocity and tem-
perature are developed by macroscopic approach from Navier-Stokes-Fourier 
system of continuum equations and the velocity slip and the temperature jump 
first order boundary conditions. Variability of the viscosity and thermal conduc-
tivity with temperature is involved in the model. The known result for the gas flow 
with constant and equal temperatures of the walls (isothermal walls) is verified 
and a new solution for the case of different temperature of the walls is obtained. 
Evan though the solution for isothermal walls correspond to the gas flow of the 
Knudsen number (Kn ≤ 0.1), i. e. to the slip and continuum flow, it is shown that 
the gas velocity and related shear stress are also valid for the whole range of the 
Knudsen number. The deviation from numerical results for the same system is 
less than 1%. The reliability of the solution is confirmed by comparing with re-
sults of other authors which are obtained numerically by microscopic approach. 
The advantage of the presented solution compared to previous is in a very simple 
applicability along with high accuracy. 
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Introduction 
Micro-Couette flow is often a part of different micro-electro-mechanical-systems, 

such as microcomb mechanisms, microgears, microbearings, and micromotors [1, 2]. Heaters 
installed in these systems can lead to the non-isothermal regime. For instance, heaters are em-
bedded near the trailing edge in the thermal nanoactuated sliders. The temperature difference, 
between head and disk varies from 20-30 °C for the electrical heaters to 300-400 °C for the 
optical heaters. In this case the gas flow in the head-disk interface can be described by the 
non-isothermal micro-Couette gas flow. The slip flow regime (Kn < 0.1) prevails in microsys-
tems, hence the results that describe that conditions are practical especially if the thermal ef-
fects are taken into account. 

Isothermal Couette flow is solved using microscopic approach mostly, either by 
solving the kinetic Boltzmann equation [3-7] or by the direct simulation Monte-Carlo 
(DSMC) [3, 4, 7-12]. Also there are results with macroscopic approach by solving Navier- 
-Stokes-Fourier (NSF) [3] or Burnett equations [8] numerically. 

There are several analytical solutions for non-isothermal Couette flow with isother-
mal walls. An analytical solution by continuum theory for the constant viscosity and the 
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thermal conductivity were compared with DSMC results in [9]. The analytical solutions of 
non-linear lattice Boltzmann (LB) kinetic equation for D2Q9 and D2Q16 models were pre-
sented in [13]. Couette flow with isothermal walls is solved analytically by regularized  
13-moment equations in [5]. The analytical solutions by perturbation method were derived for 
micro-Couette non-isothermal [14] as well as microchannel [15] and microbearing isothermal 
[16] and non-isothermal [17] gas flows. Besides the perturbation method, the exact analytical 
solutions for micro-Couette gas flow with isothermal walls were also derived [14]. Now, 
these are presented and analyzed again to show that it is applicable not only for continuum 
and slip gas flow [14], but for all values of Knudsen numbers. It is confirmed here that veloci-
ty solution and shear stress are in a good agreement with velocity and shear stress obtained by 
DSMC [10] for the whole range of the Knudsen number, for different gases and also regard-
less of the values of the accommodation coefficient, σv. 

The velocity and temperature fields for flow with isothermal as well as with constant 
but different walls temperatures by non-linear Bathangar-Gross-Krook equation in the whole 
range of Knudsen numbers were given in [6]. Also, the velocity and temperature fields for dif-
ferent walls temperatures obtained by DSMC are shown in [11, 12]. 

In this paper, the analytical solutions for micro-Couette slip gas flow are found by 
macroscopic approach. In the previous paper [14] the solutions for the same problem were ob-
tained by perturbation method and were given in the form of complex and very long expres-
sions with long terms defined in Appendix, while in this paper the system of governing equa-
tions are solved directly and the obtained analytical solutions are more concise and easy to 
use. Moreover, the previous solutions obtained by perturbation method [14] are approximate, 
while the solutions presented here are exact. Furthermore, the explicit analytical solutions for 
temperature and velocity fields for the flow with constant but different walls temperatures are 
presented here for the first time and also are verified by DSMC solutions of other authors  
[11, 12]. The problems are solved by continuum governing equations (continuity, NSF mo-
mentum and energy) accompanied by the Maxwell-Smoluchowski first-order velocity slip and 
temperature jump boundary conditions. Second order boundary condition does not contribute 
to the solution accuracy [18]. In this paper the influences of the viscosity and thermal conduc-
tivity dependence on temperature are taken into account. The presented solutions also agree 
with the numerical solutions of NSF governing equations [14], with deviation less than 1%. 

As opposed to the molecular approach that is prevalent in the literature, solutions pre-
sented in this paper have been obtained completely analytically, by applying the theory of the 
continuum. Therefore, these solutions have a much simpler form that allows their easier appli-
cation. Despite their simplicity and conciseness, comparing with solutions obtained by DSMC 
method and with numerical solutions of NSF equations for Couette slip gas flow, it has been 
shown in this paper that the obtained solutions are highly reliable. To the best of our 
knowledge, the solutions for velocity and temperature for micro-Couette slip gas flow for dif-
ferent temperatures of the walls are the first of this kind in the open literature. 

Problem formulation and governing equation 
A compressible non-isothermal Couette slip gas flow between two parallel plates at 

different but constant wall temperatures r /2,T T∆ 

 , which are moving with constant veloci-
ties wu±   is considered, fig. 1. The temperature of the upper plate is r /2T T− ∆   and it is mov-
ing to the right, while the temperature of the lower plate is r /2T T+ ∆   and it is moving to the 
left. The Couette flow as the shear-driven flow is fully developed in the stream-wise direction 

,x so all flow parameters (pressure, temperature, and velocity) do not change in the  
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stream-wise direction. Furthermore, from the continuity 
equation and the fact that the cross-wise velocity at the 
parallel walls is zero w( 0)v =  follow that the cross-wise 
velocity is 0v =  in the whole flow domain. In order to 
transform the momentum and energy equations into a di-
mensionless form all variables are scaled in the following 
way: / ,y y h= 

  w/ ,u u u=    r/ ,p p p=   r/ ,T T T=   r/ ,r r r=  
r/ ,µ µ µ=    and r/ ,k k k=    where h  is the distance be-

tween the plates, rp  – the pressure at 0y = , rT  – the av-
erage temperature for the lower and the upper plate, and 

r r r/Rr = 

 p T  (R is the gas constant). The reference dynamics viscosity, rµ , and thermal  
conductivity, r ,k correspond to the reference temperature, r .T  All dimensional quantities are 
marked with a tilde, while the dimensionless are without it. 

Hence, with all previous assumptions, the momentum equations in the stream-wise 
and cross-wise directions and NSF energy equation in the non-dimensional form are: 

 d d 0
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y y
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where 1/2
r w rMa /( R )k= u T  is the reference Mach number, k – the ratio of the specific heats, 

pPr /c kµ= 

  – the Prandtl number, cp – the specific heat at constant pressure, µ  – the dynamic 
viscosity, and k – the thermal conductivity. The dynamic viscosity and the thermal conductiv-
ity vary with temperature as r/ .а а аk T T Tµ = = =   For the hard sphere molecule model the 
value of the viscosity-temperature index is in the range (0.5,  1)a∈  [19]. The value a = 0.5 
corresponds to the elastic sphere molecule model, while a = 1 to the Maxwellian molecules. 
If the viscosity and conductivity dependence on the temperature is neglected, the viscosity-
temperature index is a = 0. Since the pressure does not change in the x-direction, the eq. (2) 
leads to p = 1. Hence, the equation of the state in the non-dimensional form is: 

 1
T

r =  (4) 

The gas velocity and the temperature at the walls in the non-dimensional form are 
Maxwell-Smoluchowski first-order slip boundary conditions: 
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where σv and σT are the momentum and thermal accommodation coefficients and /2.Тθ = ∆  
The local Knudsen number is Kn /hλ=   where the local molecular mean-free path is defined 

 
Figure 1. Overview of micro-Couette 
flow with different wall 
temperatures 
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as 1/2[(πR /2) ]/ .λ µ= 

 T p  Since the reference Knudsen number is defined as r rKn /hλ=   where 
1/2

r r r[(πR /2) ]/ ,λ µ= 

 T p  the local and reference Knudsen numbers relates as 0.5
rKn Kn .аТ +=  

Solution for the isothermal walls 

In the case of Couette flow with constant and equal wall temperatures (θ = 0), alt-
hough the temperature field is not isothermal, it was shown that the dynamic viscosity and 
thermal conductivity dependence on the temperature is negligible [14]. Accordingly, solving 
the previous system of governing eqs. (1) and (3) with boundary conditions, eqs. (5) and (6), 
and relying on the assumption about anti-symmetric velocity profile and symmetric tempera-
ture profile, it is possible to get the exact analytical solution for the velocity and temperature 
fields. For the constant dynamics viscosity and thermal conductivity (μ = k = 1, a = 0), the 
solutions [14] are: 

 0u C y=  (7) 

 2 2 r
0 0

2 Kn 1( ) 2 1
1 Pr 8

T

T
T C C y CC σ k

σ k
 −

= − + + + + 
 (8) 

where constants C0 and C are: 
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0 r

r
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From eqs. (7) and (8), the shear stress and normal flux are derived: 

 0Cτ =  (10) 

 
2
02yq CC y=  (11) 

The results from (7) and (8) are explicit and reliable solutions of the continuum gov-
erning NSF equations for the continuum and slip Couette gas flow. They differ from the nu-
merical solutions of NSF equations [4, 14] much less than one percent. 

The velocity profile (7) could be reduced to the same form as the first term of LB 
hierarchy i. e. D2Q9 model which was given in [13], where was shown that beside the agree-
ment in the continuum and slip domain, the solutions for the velocity and hence the shear 
stress are valid for the whole range of the Knudsen number. Moreover, the solutions (7) and 
(10) for the σv = 1 and mono-atomic gas (k = 5/3, Pr = 5/3) are compared with DSMC [10]. 
Evan thought the solutions (7)-(11) are the consequence of the NSF continuum equations and 
are appropriate for the slip and continuum regimes, this comparison also shows that the solu-
tions are applicable for all Knudsen number values. It is validated for different gases (argon, 
helium, nitrogen, and air) and for different momentum accommodation coefficients. In fig. 2 
the velocity and shear stress are presented only for argon. In the continuum and slip regime 
complete agreement with DSMC [10] is achieved, as it is expected. The velocity results ob-
tained by presented model (7) in the transition domain (p = 1 Pa i. e. Kn = 6.3, p = 10 Pa i. e. 
Kn = 0.63) deviate from DSMC, which can be seen from the velocity diagram in the fig. 2(a). 
Transition domain is known in the literature as an unstable zone so it is the most difficult to 
obtain the reliable results in that domain. Taking this into account the presented model gives 
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results with acceptable accuracy. For higher values of Knudsen numbers (p = 0.1 Pa i. e.  
Kn = 63), that correspond to the fully diluted gas, presented solution for velocity (7) is com-
pletely consistent with DSMC. The NSF continuum equations could not achieve the s-shape 
for velocity profile that is obtained by DSMC. In that sense, the solutions obtained by DSMC 
method are more reliable in the vicinity of the walls for all regimes. 

    
Figure 2. Comparison of presented velocity (7) (a) and shear stress (10), (b) with DSMC [10], for 

/w = ±10 m su  and different pressures i. e. Knudsen numbers 

In fig. 2(b) the shear stress dependence on the pressure for the three different mo-
mentum accommodation coefficients is presented also. The results correspond to the wide 
range of pressure values (0.1 £ p £ 1000), i. e. Knudsen numbers (63 ³ Kn ³ 0.0063). It is 
shown that the agreement of the presented model for the shear stress, eq. (10) with DSMC 
[10] is good for all values of Knudsen numbers. 

Solution for the different temperature walls 

The other case, Couette slip gas flow with different but constant temperatures of the 
walls, is considered also. The several next steps show that it is possible to get an analytical so-
lution for the Couette slip gas flow and continuum gas flow and that it is completely con-
sistent to the numerical result obtained by Runge-Kutta method, presented in [14]. The proce-
dure for solving the system of NSF governing eqs. (1) and (3), and boundary conditions (5) 
and (6) is the same for the slip and continuum regimes. 

Double integration of the energy eq. (3) using the momentum eq. (1) the temperature 
solution as the function of velocity field: 

 2 1
2

3

CT Cu u C
C

= − + +  (12) 

where C is defined by eq. (9). The constants of integration С1, С2, and С3 must be defined by 
boundary conditions. The first integration of energy eq. (3) gives the exact expression for 
normal heat flux: 

 3 1
d 2
dy
Tq k CC u C
y

= − = −  (13) 
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Integration of the momentum eq. (1) gives the equation that separates the variables: 

 2 1
2 3 4

3
d
а

CCu u C u C y C
C

 
− + + = + 

 
∫  (14) 

A good agreement with the numerical solutions for the velocity and temperature 
flow fields is achieved after expanding the previous integrand into the series on u and keeping 
only the first two terms. The velocity follows from the quadratic equation implicitly: 

 1 21
2 2 3 4

32
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and explicitly: 
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The acceptable is only solution with sign +, because the velocity is positive on the 
lower and negative on the upper wall. Thus, the velocity solution is: 

 

4
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Putting the solution for velocity (17) and temperature (12) into the velocity (5) and 
temperature (6) boundary conditions is: 

 r
3 1 0,5 0,50,5
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The constants C1, C2, C3, and C4 are simply found from the system (18)-(21) numer-
ically (the authors used a package MATHEMATICA), using the solutions for velocity (17) 
and temperature (12) at both walls (y = ±0.5). In the case of continuum, appropriate constants 
Cc1, Cc2, Cc3, and Cc4 can be found by putting in the system (18)-(21) the appropriate bounda-
ry conditions at the walls: 
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 0.5 0.51, 1y yu T θ=± =±= ± =   (22) 

Those constants are then: 

 ( 1)
1 2 3 42 (1 ) , 1 , 2(1 ) , (1 )

2
θθ −= − + = + = + = − +а а a

c c c c
аC C C C C C C C  (23) 

Putting the constants (23) into the velocity eq. (17) and temperature eq. (12) the so-
lutions for velocity and temperature for continuum Couette gas flow in the case of different 
temperatures of the walls read, respectively: 

 ( 4 ) 1c c cu C C C y= − − +  (24) 

 
2

( 4 ) 1 ( 4 ) 1 1c c c c c cT C C C C y C C C y Cθ   = − − − + − − − + + +     (25) 

where Cc is the constant defined as (1 )/( ).cC C aθ= +  
In fig. 3 the influence of temperature on the transport properties e. g. on the tempera-

ture (12) and velocity (17) profiles is presented taking into account the three values of the vis-
cosity-temperature index a = 0 (constant dynamic viscosity and thermal conductivity), a = 0.5 
(the elastic sphere molecule model) and a = 1 (Maxwellian molecules). The presented analyti-
cal solutions for the temperature (12) and velocity (17) are compared with numerical solutions 
of NSF system of equations for this Couette slip gas flow explained in [14] and with the ap-
propriate DSMC solutions from [11] and [12]. The momentum and thermal accommodation 
coefficients are taken as σv = 1 and σT = 1. The temperature and velocity difference of the 
walls are 70 KT∆ =  and 100 m/s,u∆ =  respectively. The referent temperature and pressure 
are r 273.15 KT =  and r 266.644 Pa,p =  respectively. Furthermore, the lower wall is colder 
and is moving to the left w( 50 m/s),u = whereas the upper wall is warmer and moving to the 
right with the same velocity. The all considered conditions are the same to the ones provided 
by [11]. The results are compared for Maxwellian molecules a = 1 and a very good agreement 
is achieved. 

   
Figure 3. Comparison of presented temperature (12) (a) and velocity (17) (b) solutions with DSMC [11] 
and [12] 
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The results for different temperatures of the walls for the negligible temperature dif-
ference tend to the solutions for the isothermal walls. In that case the solutions for the velocity 
(7) and temperature (8) that correspond to the micro-Couette gas flow between walls with 
equal temperatures are reliable. 

Solution for the one adiabatic wall 

The obtained solutions for temperature (12) and velocity (17) can cover not only the 
previously solved case, but a wider range of cases. With appropriate boundary conditions they 
can be used for solving similar, but different problems. As the variety of micro gauges often 
contains micro-Couette gas flow, an interesting example is the case when one of the walls is 
adiabatically insulated. 

For example, we can consider the Couette microflow with adiabatic bottom wall. 
The problem is solved with the same procedure as the previous one, where the walls were on 
different temperature. The only difference when the bottom wall is adiabatic is in the tempera-
ture boundary conditions (6). There is no temperature jump at the bottom wall, and if the tem-
perature is scaled by the top wall temperature, the boundary conditions for the bottom and the 
top wall are respectively: 

 r
3 1 0,50,5

2 Kn2 ( 2 ) 0
1 Pr

T
yy

T
C C u C Tσ k

σ k =−=−

−
− + =

+
 (26) 
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2 Kn21 ( 2 )
1 Pr

T
y yy

T
C C u C T Tσ k

σ k = ==

−
− − + =
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The velocity boundary conditions are given by the same equations (20) and (21) as in 
the previous case where the walls were on different temperature. Then, the appropriate constants 
C1, C2, C3, and C4 are simply found from the system (20), (21), (26), and (27) numerically. The 
solutions for temperature (12) and velocity (17) with these constants are compared with the cor-
responding results that are given by Karniadakis et al. [2] and a good agreement is achieved. 

Conclusions 

Based on the obtained solutions, it is possible to derive the net mass flow in both 
considered cases. The obtained analytical solutions imply that in the case of Couette gas flow 
between isothermal walls, although the temperature of the walls is the same and constant, and 
the distance between walls is of micron scale, the obtained gas temperature profile is non- 
-uniform. The velocity profile is asymmetric and the temperature profile is symmetric. Hence, 
it follows that the net mass flow is zero. On the other hand, in the second case, unequal walls 
temperatures lead to the non-zero net mass flow. Even though the walls are moving with the 
same velocities in opposite directions, the velocity profile is not asymmetric due to the non- 
-isothermal flow. The velocity solution shows that the slip is always larger at the warmer wall 
than at the colder one. However, whether the temperature jump is larger at the warmer or at 
the colder wall depends on the walls velocity. 

Microchannel gas flows are encountered in a wide variety of contemporary applica-
tions. Hence, analytical solutions for slip gas flows are very useful [20], as they can serve as ac-
curacy verification of experimental results and numerical calculations. In this paper the solutions 
for velocity and temperature fields take into account the influence of temperature on the transport 
properties. The obtained analytical solutions for the non-isothermal Couette slip gas flow with 
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equal and different walls temperatures might serve as the benchmark test for research in this 
field, because they are in a good agreement with other authors’ results, but however they are 
simple and explicit. Also, differently from the results found in the open literature for the non- 
-isothermal micro-Couette flow, our results are obtained analytically, by a macroscopic ap-
proach. 
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