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This paper pays attention to develop a variable-order fractal derivative model
for anomalous diffusion. Previous investigations have indicated that the medium
structure, fractal dimension or porosity may change with time or space during solute transport processes, results in time or spatial dependent anomalous diffusion
phenomena. Hereby, this study makes an attempt to introduce a variable-order
fractal derivative diffusion model, in which the index of fractal derivative depends
on temporal moment or spatial position, to characterize the previous mentioned
anomalous diffusion (or transport) processes. Compared with other models, the
main advantages in description and the physical explanation of new model are
explored by numerical simulation. Further discussions on the dissimilitude such as
computational efficiency, diffusion behavior, and heavy tail phenomena of the new
model, and variable-order fractional derivative model are also offered.
Key words: anomalous diffusion, variable-order fractal derivative,
stretced Gaussian distribution, porosity-gradient

Introduction

Nowadays, anomalous diffusion plays an important role in analysis of a variety of
animate and inanimate systems [1, 2]. In most cases, the mean square displacement (MSD) of
anomalous diffusion has been used to distinguish the diffusion characteristic [3, 4]. The MSD
over time is usually expressed as < x2(t) > ∞ tp, in which 0 < p < 1 represents subdiffusion,
p = 1 is Fickian diffusion, and p > 1 denotes superdiffusion. Subdiffusion has been observed in
a variety of systems such as bromide transport process in a fractured granite aquifer [5], and
contamination dispersion in groundwater or fractal systems [6, 7]. Meanwhile, superdiffusion
exists in sediment transport, solute transport in fractured media and active motion in the biological cells of animals [8-11], etc.
In this field, lots of transport theories, such as multi-rate mass transfer model [12],
continuous time random walk framework [13], fractional derivative model [14-16], and fractal
derivative model [17-19] were proposed for anomalous diffusion/dispersion. Also, numerous
experiment results illustrate that the solute transport in complex media may not keep at one
single diffusive state [20, 21]. To accurately describe the transient diffusion processes, vari* Corresponding author, e-mail: shg@hhu.edu.cn
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able-order, and distributed-order fractional derivative diffusion models, along with tempered
fractional derivative models, have been employed to capture these kinds of phenomena [15, 2224]. However, all of previously mentioned models are computationally expensive and difficult
for mathematical analysis in most cases. Moreover, the additional model parameters are usually
unavailable from experiments or measurement, and cause extra burdens in physical analysis.
Hereby, this paper will make an attempt to overcome these problems by introducing a simple
model to describe the transient diffusion processes, based on the fractal derivative model.
The basic idea of fractal was introduced with the symbolic phrase mountains are not
cones, bark is not smooth, nor does lighting travel in a straight line in Mandelbrot’s book The
fractal geometry of nature. Mandelbrot hypothesizes that many natural phenomena are statistical fractals. Based on fractal structure of porous media, Chen [17] proposed a fractal derivative
model and suggested potential applications on a variety of stretced Gaussian scaling phenomena. Chen [18] and Sun et al. [25] improved the definition of fractal derivative and applied the
fractal derivative model to characterize the water diffusion in unsaturated media. Previous research illustrated that the fractal derivative model was simple and easy-to-solve compared with
fractional derivative model and could suitably describe the well-documented experimental data
which exhibited stretced Gaussian distribution. However, the fractal structure of porous media
and porosity-gradient materials, usually changes with time or space and yields the transient
diffusion behavior [15, 19, 26-29]. Therefore, it is necessary to generalize the presented fractal
derivative model to address the transient diffusion behavior which changes with time, space or
other conditions. Here we name the new model as variable-order fractal derivative model, in
which the index of fractal derivative changes with time, space or other conditions, corresponding to the influence of medium structure or heterogeneity variation. From physical viewpoint,
the variable-order fractal derivative model means the time or space ruler varies with time or
space during the solute diffusion or dispersion processes. Meanwhile, numerous experimental
measurements illustrate that the geometrical structure of media varies significantly in different
time or space scales, the variable-order index represents the time or space dependence of fractal
characteristics.
Methodology
Definitions of the variable-order fractal derivative

The definition of fractal derivative can be written [30-32]:
u (t ) − u (t )
∂u
=
lim 1α
, 0 <α
α
t
→
t
1
t1 − t α
∂t

(1)

To characterize the time and space dependent physical process or system, we defines
the variable-order fractal derivative:
u (t ) − u (t )
∂u
=
lim α ( x ,1t ) α ( x ,t ) , 0 < α
α ( x ,t )
→
t
t
1
∂t
t1
−t

(2)

A more generalized definition which can be used to describe concentration-dependent
diffusion, can be written:
u β ( x ,t ) (t1 ) − u β ( x ,t ) (t )
∂u β ( x ,t )
=
lim
, 0 < α, 0 < β
∂t α ( x ,t ) t1 →t
t1α ( x ,t ) − t α ( x ,t )

(3)
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Since the variable-order fractional derivative model has been successfully used to
describe transient dispersion, we will make a comparison between two models in characterizing
anomalous diffusion or dispersion. In this paper, we adopt the most commonly used variable-order fractional derivative of the Caputo type [33-35].
The properties of the fractal derivative

In order to investigate the properties of fractal derivative, we firstly consider the following functions:

(a). F1 (t ) = t 2
(b). F2 (t ) = et
The fractal derivative of previous functions can be stated:

(4)

∂F1 (t ) ∂t 2 2t 2 −α
= =
α
∂t α
∂t α
∂F2 (t ) ∂et t1−α t
(b).
= =
e
∂t α
∂t α
α
Laplace transform of time fractal derivative:
(a).

 ∂u ( x, t ) 
 ∂u ( x, t ) ∂t  1
1−α
'
L
L=
=
α

 ∂t ∂t α  α L[u ( x, t )t ]
 ∂t 


According to the property of Laplace transform:

L[ f (t ) g=
(t )] F ( s )*G
=
(s)

s

∫ F (s − τ )G(τ )dτ
0

then

'
L[u=
( x, t )] sU ( x, s ) − u ( x, 0)
Γ(2 − α )
L(t1−α ) =
s 2 −α
Hereby, the final Laplace transform expression of time fractal derivative is written:

 ∂u ( x, t )  Γ(2 − α )
=
L
*[ sU ( x, s) − u ( x,0)]
α

α s2− α
 ∂t

The variable-order fractal derivative
advection-dispersion equation model

We consider the variable-order fractal derivative advection-dispersion equation model
with the governing equation is stated:

∂u ( x, t )
∂u ( x, t )
∂
=
−A
+ β ( x ,t )
α ( x ,t )
∂t
∂x
∂x

 ∂u ( x, t ) 
 D ∂x β ( x ,t )  + f ( x, t )



where α(x, t)∈(0,2), β(x, t)∈(0,1], and x∈Ω, t > 0, with boundary condition:
∂u ( x, t )
=
g ( x, t ) or
=
u ( x, t ) h( x, t ), x ∈ ∂Ω, t > 0
∂x β ( x ,t )

(5)
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and initial condition:
=
u ( x, 0) w=
( x, t ), t 0

Here, u(x, t) means the solute concentration, f(x, t) – the source or absorption term,
A and D – the flow velocity and the diffusion coefficient, respectively, Ω – the spatial domain,
and ∂Ω is along the boundary. Moreover, α(x, t) and β(x, t) denote orders of the time and space
fractal derivatives which relate to time and space, respectively.
The variable-order fractional derivative anomalous diffusion model is given by [15]:
∂ α ( x , t ) u ( x, t )
∂
∂ β ( x ,t )
=
−
(
,
)
+
A
u
x
t
∂t α ( x ,t )
∂x
∂x β ( x ,t )

 ∂ β ( x , t ) u ( x, t ) 
D
 + f ( x, t )
∂x β ( x ,t ) 


(6)

where α(x, t)∈(0,2), β(x, t)∈(0,1], and x∈Ω, t > 0, with boundary condition:
∂u ( x, t )
= g ( x, t ) or=
u ( x, t ) h( x, t ), x ∈ ∂Ω, t > 0
∂x

and initial condition:
=
u ( x, 0) w=
( x, t ), t 0
in which α(x, t) and β(x, t) denote fractional derivative orders of time and space, respectively. The
other symbols and parameters are with same physical interpretations in eq. (5). Here we should
notice that the eqs. (5), and (6) reduce to the classical advection-dispersion equation model when
α(x, t) = β(x, t)=1:
∂u ( x, t )
∂u ( x, t ) ∂  ∂u ( x, t ) 
=
−A
+ D
+ f ( x, t )
∂t
∂x
∂x 
∂x 

(7)

The reason why we compare the fractal derivative model eq. (5) and fractional derivative
model eq. (6) is that α(x, t) < 1 and β(x, t) = 1 represents a subdiffusion while α(x, t) = 1 and β(x, t) < 1
describes superdiffusion in both of models. However, the differences between two models are also
obvious; fractal derivative is a local operator while fractional derivative is a global operator. Fractal
derivative term represents the influence of geometrical structure on diffusion behavior by using the
time or space rule, and fractional derivative term characterizes the history dependency and non-locality of particle random movement in heterogeneous media by employing convolution operator.
To illustrate main features of variable-order fractal derivative model, we first investigate a time fractal derivative model with the governing equation expressed:
 ∂u ( x, t )
∂u ( x, t )
∂ 2 u ( x, t )
 α ( x ,t ) =
−A
+D
, x ∈ [0,10], t > 0, 0 < α ≤ 2
∂x
∂x 2
 ∂t
 ∂u (0, t ) ∂u (10, t )
= = 0
∂x
 ∂x

2 ( x − 5)2 ≤ 0.1
u ( x, 0) = 

0 else

(8)

Liu, X., et al.: A Variable-Order Fractal Derivative Model for Anomalous Diffusion
THERMAL SCIENCE: Year 2017, Vol. 21, No. 1A, pp. 51-59

Numerical results

1

10–1

u(4,t)

Figure 1 shows the break through
curves with fractal derivative α(x, t).
Clearly it can be seen transient of
dispersion behavior from superdispersion (α = 1.4) to normal dispersion (α =
1.0) then subdispersion (α = 0.6) in the
time interval t∈(0,10]. Here we should
emphasize that time fractional derivative
model describes subdispersion in most
cases, while the time fractal derivative
model could describe both super and
subdispersion with α(x, t)∈(0, 2). The
theory and application aspects on fractal
derivative model in describing anomalous diffusion have been investigated in
references [17, 18, 25].
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Figure 1. The dimensionless breakthrough curves of
fractal derivative model at spatial location x = 4:
(1) breakthrough curve with α = 0.6, (2) α = 1,
(3) α = 1.4 – 0.8t, and (4) α = 1.4

In this section, we focus on the time
variable-order fractal derivative and the time variable-order fractional derivative diffusion
equation models which describe anomalous diffusion. For simplicity, we pay our attention to
a 1-D diffusion problem. The time variable-order fractal derivative model is given by:
 ∂u ( x, t )
∂u ( x, t )
∂ 2 u ( x, t )
 =
+
A
D
, x ∈ [0,10], t > 0, 0 < α ≤ 1
α ( x ,t )
∂x
∂x 2
 ∂t
 ∂u (0, t ) ∂u (10, t )
= = 0
∂x
 ∂x

2 ( x − 5)2 ≤ 0.1
u ( x, 0) = 
0 else


(9)

The time variable-order fractional derivative equation is stated:
 ∂ α ( x , t ) u ( x, t )
∂u ( x, t )
∂ 2 u ( x, t )

=
+
A
D
, x ∈ [0,10], t > 0, 0 < α ≤ 1
α ( x ,t )
∂x
∂x 2
 ∂t
 ∂u (0, t ) ∂u (10, t )
= = 0
∂x
 ∂x

2 ( x − 5)2 ≤ 0.1
u ( x, 0) = 

0 else

(10)

in the eq. (10), [∂α(x,t)u(x,t)]/∂tα(x,t) represents the variable-order fractional derivative of the Caputo type.
Since the analytical solutions of eqs. (9) and (10) can not be obtained, here employs an
implicit finite difference scheme to numerically solve the previous equations. It can be proved
that this numerical scheme is convergent, stable without preconditions for the variable-order
fractal derivative and fractional derivative equations [36, 37].
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For easy-to-implement and simplicity purpose, this study only investigates variable-orders with linear function of space or time. Solute concentration evolution curves obtained by variable-order fractal derivative model with space dependent index α(x) = 0.6 + 0.08x
are presented in figs. 2(a) and 2(b). The space dependent index means that the geometrical
structure or physical property of considered area is space dependent, which yields different diffusion behavior. The observation confirms that larger value of fractal derivative index produces
faster decay of solute concentration. For example, generally speaking, solute concentration in
left spatial domain, x∈[0, 5), diffuse slowly than that in right spatial domain x∈(5, 10]. In addition, it is clear that the solute diffusion curve at spatial point (x = 7.5) exhibits superdiffusion
feature, while the diffusion curve at (x = 2.5) is more like the subdiffusion phenomenon, from
the observation of fig. 2(b). However, here we should point out that the solute diffusion curve
obtained by using variable-order fractal derivative model is different with that of constant-order
model, even though the fractal index is same at certain spatial points. The main reason is that
the different fractal derivative indexes nearby influence the diffusion behavior of solute transport at present position.
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Figure 2. Solute diffusion curves obtained by using variable-order fractal derivative diffusion equation
model (9) with diffusion coefficient D = 1.0

To explore the main property of variable-order fractal derivative model with time-dependent index, we make a comparison with variable-order fractional derivative model. There
are many time-dependent factors such as medium structure or saturation, influence the diffusion
behavior in solute transport. Hereby, time-dependent fractal derivative model has great application potentials in solving the real-world engineering problem. The solute diffusion curves
obtained by using time-dependent fractal derivative and fractional derivative model with decreasing and increasing index functions are drawn in figs. 3(a) and 3(b). Generally speaking, the
solute concentration evolution curves of variable-order fractal derivative model with α(t) ≤ 1,
show a clear subdiffusion feature which can be easily observed in comparison with the classical
model with α(t) = 1. Meanwhile, fractal derivative model predicts a faster decay trend of solute concentration at the tail part, compared with fractional derivative model, fig. 3(a). Those,
figs. 3(b) and 3(c) also show that the differences of numerical results of variable-order fractal
derivative and fractional derivative models are not significant, which means both models can
commendably describe the experimental data in many cases.
To test the computational efficiency of fractal derivative and fractional derivative models in numerical simulation, we make a comparison of computation cost with different time steps.
Obviously, the computation cost of fractal derivative model is much lower than that of fractional
derivative model, from the observation in tab. 1, with the computer Intel(R) Core (TM) i5-5490
CPU@3.30GHz. In addition, tab. 1 also tells us that the computation cost of fractal derivative
model linearly increases with the number of nodes, but that of fractional derivative model in-

Liu, X., et al.: A Variable-Order Fractal Derivative Model for Anomalous Diffusion
THERMAL SCIENCE: Year 2017, Vol. 21, No. 1A, pp. 51-59

1

u(x,t)

0.5

Fractal derivative model α = 0.6 + 0.04t
Classical model α = 1
Fractional derivative model α = 0.6 + 0.04t

2
3

u(x,t)

100

0.4

3

0.3
1

10–2

(a)

0

2

2

4

57

1

Fractal derivative model α = 1 – 0.04t

2

Fractal derivative model α = 1 – 0.05t

3

Fractional derivative model α = 1 – 0.015t

4

Classical model α = 1

0.2

6

8

10

t

0.1
2

3

1

4
100

1

u(x,t)

2
3
4

Fractal derivative model α = 1 – 0.04t
Fractal derivative model α = 1 – 0.05t
Fractional derivative model α = 1 – 0.015t
Classical model α = 1

2

(b)

3

10–2

1
4

(c)

0

2

4

6

8

t

10

0

2

4

6

8

t

10

Figure 3. Solute concentration
evolution curves of variable-order
fractal derivative model (9) and
fractional derivative model (10) at
x = 5.0, diffusion coefficient D = 1.0,
and flow velocity A = 1.0

creases dramatically with node number. The main reason lies that the fractal derivative is a local
operator, while the fractional derivative is a global operator from mathematical viewpoint.
Table. 1. Comparison results of the computation cost of fractional and
fractal derivative models with flow velocity A = 1.0 and dispersion
coefficient D = 1.0; fractal and fractional derivative orders are α = 0.65.
Nodes
10
100
500
1000
Fractional model [s]
0.177984
1.647346
20.922217
74.523884
Fractal model [s]
0.070087
0.507919
2.598602
10.295587

Conclusion

This paper introduces the main concept of variable-order fractal derivative and its
application in anomalous diffusion modeling. From a statistical physics viewpoint, fractal derivative diffusion model is a local model, underlies the stretced Gaussian process, while the
fractional derivative model corresponds to the Levy stable process. According to the comparison results, both of the variable-order fractal derivative and fractional derivative models can
capture transient dispersion in heterogeneous media. But the variable-order fractal derivative
model is simple to analyze and computational efficient for numerically calculation. The application potentials of variable-index fractal derivative model include a great variety of mass diffusion or transport, also heat conduction process in porosity-gradient structure, spatial or time
dependent heterogeneous media.
Acknowledgment

This research is supported by the National Science Foundation of China (11572112,
11528205) and partially supported by Serbia-China bilateral project under the number 3-12.
References
[1]

Ge, J., et al., Fractional Diffusion Analysis of the Electromagnetic Field in Fractured Media—Part 2: 3D
Approach, Geophysics, 80 (2015), 3, pp. E175-E185

58
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]

Liu, X., et al.: A Variable-Order Fractal Derivative Model for Anomalous Diffusion
THERMAL SCIENCE: Year 2017, Vol. 21, No. 1A, pp. 51-59

Barkai, E., et al., Strange Kinetics of Single Molecules in Living Cells, Phys. Today, 65 (2012), 8, pp.
29-35
Metzler, R., Klafter, J., The Random Walk’s Guide to Anomalous Diffusion: a Fractional Dynamics Approach, Physics reports, 339 (2000), 1, pp. 1-77
Metzler, R., Klafter, J., The Restaurant at the End of the Random Walk: Recent Developments in the
Description of Anomalous Transport by Fractional Dynamics, Journal of Physics A: Mathematical and
General, 37 (2004), 31, pp. R161-R208
Sun, H. G., et al., A Semi-Discrete Finite Element Method for a Class of Time-Fractional Diffusion Equations, Philosophical Transactions of the Royal Society of London A: Mathematical, Physical and Engineering Sciences, 371 (2013), 20120268
Havlin, S., Ben-Avraham, D., Diffusion in Disordered Media, Advances in Physics, 36 (1987), 6, pp.
695-798
Scher, H., et al., The Dynamical Foundation of Fractal Stream Chemistry: The Origin of Extremely Long
Retention Times, Geophysical Research Letters, 29 (2002), 5, pp 1061-1065
Duits, M. H., et al, Mapping of Spatiotemporal Heterogeneous Particle Dynamics in Living Cells, Physical Review E, 79 (2009), 5, 051910
Gonzalez, M. C., et al., Understanding Individual Human Mobility Patterns, Nature, 453 (2008), 7196,
pp. 779-782
Sims, D. W., et al., Scaling Laws of Marine Predator Search Behaviour, Nature, 451 (2008), 7182, pp.
1098-1102
de Jager, M., et al., Levy Walks Evolve Through Interaction Between Movement and Environmental
Complexity, Science, 332 (2011), 6037, pp. 1551-1553
Haggerty, R., Gorelick, S. M., Multiple-Rate Mass Transfer for Modeling Diffusion and, Water Resources
Research, 31 (1995), 10, pp. 2383-2400
Berkowitz, B., Scher, H., The Role of Probabilistic Approaches to Transport Theory in Heterogeneous
Media, in: Transport in Porous Media, 42 (2001), 1, pp. 241-263
Jiang, X., Qi, H., Thermal Wave Model of Bioheat Transfer with Modified Riemann–Liouville Fractional
Derivative, Journal of Physics A: Mathematical and Theoretical, 45 (2012), 48, 485101
Sun, H., et al., Use of a Variable-Index Fractional-Derivative Model to Capture Transient Dispersion in
Heterogeneous Media, Journal of contaminant hydrology, 157 (2014), Feb., pp. 47-58
Baleanu, D., et al., Fractional Calculus: Models and Numerical Methods, World Scientific, 3 (2012), pp.
10-16
Chen, W., Time – Space Fabric Underlying Anomalous Diffusion, Chaos, Solitons & Fractals, 28 (2006),
4, pp. 923-929
Chen, W., et al., Anomalous Diffusion Modeling by Fractal and Fractional Derivatives, Computers &
Mathematics with Applications, 59 (2010), 5, pp. 1754-1758
Reyes-Marambio, J., A Fractal Time Thermal Model for Predicting the Surface Temperature of AirCooled Cylindrical Li-Ion Cells Based on Experimental Measurements, Journal of Power Sources, 306
(2016), Feb., pp. 636-645
Boggs, J. M., Field Study of Dispersion in a Heterogeneous Aquifer: 1. Overview and Site Description,
Water Resources Research, 28 (1992), 12, pp. 3281-3291
Zhang, Y., Time and Space Nonlocalities Underlying Fractional-Derivative Models: Distinction and Literature Review of Field Applications, Advances in Water Resources, 32 (2009), 4, pp. 561-581
Sabzikar, F., et al., Tempered Fractional Calculus, Journal of Computational Physics, 293 (2015), July,
pp. 14-28
Mainardi, F., Some Aspects of Fractional Diffusion Equations of Single and Distributed Order, Applied
Mathematics and Computation, 187 (2007), 1, pp. 295-305
Hristov, J., Approximate Solutions to Time-Fractional Models by Integral Balance Approach, in: Fractional Dynamics, (Eds. C. Cattani, H.M. Srivastava, Xia-Jun Yang), Chapter 5, De Gruyter Open, Warsaw,
2015, pp. 78-109
Sun, H. G., et al, A Fractal Richards’ Equation to Capture the Non-Boltzmann Scaling of Water Transport
in Unsaturated Media, Advances in Water Resources, 52 (2013), Feb., pp. 292-295
Koizumi, M., FGM Activities in Japan, Composites Part B: Engineering, 28 (1997), 1, pp. 1-4
Mishra, S., et al., Subdiffusion, Anomalous Diffusion and Propagation of Particle Moving on Random and
Periodic Lorentz Lattice Gas, Journal of Statistical Phisics, 162 (2015), 4, pp. 1-15
Forte, G., et al., Non-Anomalous Diffusion is Not Always Gaussian, The European Physical Journal B,
87 (2014), 5. pp. 1-9

Liu, X., et al.: A Variable-Order Fractal Derivative Model for Anomalous Diffusion
THERMAL SCIENCE: Year 2017, Vol. 21, No. 1A, pp. 51-59

59

[29] Metzler, R., et al., Anomalous Diffusion Models and Their Properties:Nnon-Stationarity, Non-Ergodicity, and Ageing at the Centenary of Single Particle Tracking, Physical Chemistry Chemical Physics, 16
(2014), 44, pp. 24128-24164
[30] Greenenko, A., et al., Anomalous Diffusion and Levy Flights in Channeling, Physics Letters A, 324
(2004), 1, pp. 82-85
[31] Sousa, E., Finite Difference Approximations for a Fractional Advection Diffusion Problem, Journal of
Computational Physics, 228 (2009), 11, pp. 4038-4054
[32] Chen, W., A Speculative Study of 2∕ 3-Order Fractional Laplacian Modeling of Turbulence: Some Thoughts
and Conjectures, Chaos: An Interdisciplinary Journal of Nonlinear Science, 16 (2006), 2, 023126
[33] Podlubny, I., Fractional Differential Equations: an Introduction to Fractional Derivatives,Ffractional
Differential Equations, to Methods of Their Solution and some of Their Applications, Academic Press,
New York, USA, 1998
[34] Gorenflo, R., Mainardi, F., Random Walk Models for Space-Fractional Diffusion Processes, Fractional
Calculus and Applied Analysis, 1 (1998), 1, pp. 167-191
[35] Caputo, M., Fabrizio, M., Applications of New Time and Spatial Fractional Derivatives with Exponential
Kernels, Progress in Fractional Differentiation and Applications, 2 (2016), 1, pp. 1-11
[36] Liu, F., et al., Stability and Convergence of the Difference Methods for the Space – Time Fractional Advection – Diffusion Equation, Applied Mathematics and Computation, 191 (2007), 1, pp. 12-20
[37] Zhang, H., et al., Numerical Approximation of Levy-Feller Diffusion Equation and Its Probability Interpretation, Journal of Computational and Applied Mathematics, 206 (2007), 2, pp. 1098-1115

Paper submitted: April 15, 2016
Paper revised: May 10, 2016
Paper accepted: June 15, 2016

© 2017 Society of Thermal Engineers of Serbia
Published by the Vinča Institute of Nuclear Sciences, Belgrade, Serbia.
This is an open access article distributed under the CC BY-NC-ND 4.0 terms and conditions

