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Abstract: A generally admitted fact about the nanofluids is the expedition of
heat transfer process in comparison to pure fluids. The calculation of
enhanced rate of heat transfer depends strongly upon the nanofluid
modeling. Following the experimental evidence most of the researchers
assume the nanofluid to be a homogeneous mixture. However, this is a
severe condition that results in underprediction of heat transfer rates. Due to
the ongoing convection phenomena the nanoparticle concentration is
actually non-homogeneous within the boundary layer because of the
presence of concentration gradients. The objective of this study is to
calculate the heat transfer enhancement in three dimensional boundary
layer when the working fluid is a nanofluid. The rotating disk geometry,
which perhaps serves as the bench mark for the three dimensional boundary
layers, have been chosen for the purpose here. The non-homogeneous
nanofluid modeling has been utilized and a percent increase in Nusselt
number has been calculated. Detailed analyses of flow and heat transfer
phenomena for nanofluids have been conducted under the influence of
several physical parameters.
Keywords: Nanofluid, rotating disk, heat transfer enhancement, nonhomogeneous model
1. Introduction
Heat and mass transfer phenomena occur in diverse engineering applications like heat and mass
exchangers, computer storage devices, fluid flow and convective heat transfer in rotor-stator systems
(the rotor for a rotating disk and the stator for a stationary disk) are of great importance in
turbomachinery and power engineering. Such situations require efficient heat transfer mechanism so
that the working machinery can continue without any collapse. Therefore the engineers and scientist
are always interested in searching for situations in which higher rates of heat transfer can be achieved.
Different techniques are adopted, depending upon the suitability to the situation, in order to enhance
the heat transfer process. Among many choices, one of the modern technique is the selection of
nanofluid as a cooling agent. The notion of nanofluids comes from the fact that metals have higher
thermal conductivity than liquids. Due to the advent of nanotechnology it became possible to create
metallic particles of nanoscale size that can be mixed in a fluid (called base fluid) to form a nanofluid
with enhanced thermal conductivity. Addition of small metallic particles has a big impact on
thermophysical properties of the fluid. The flow and heat transfer with microsize particles was first
studied by Maxwell [1] in 1904. Though he revealed some enhancement in heat transfer but the
particle dimensions caused sedimentation; abrasion and clogging (see, for instance [2]). In order to
keep the mixture homogeneous, the size of the particles needed to be minimized. This can now easily
be achieved with the help of modern nanotechnology, which can produce particles of the size between
1nm-100nm. Due to extremely small- sized particles, comparable to the size of the molecules of the
base fluid, they are easily accommodated by the fluid and the aforementioned issues caused by the
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metallic particles get resolved. Choi [3] was the first who introduced the word ‘nanofluid’ for such
fluids. In most of the available literature on nanofluids, the researchers modeled the nanofluid as a
homogeneous mixture by incorporating the role of thermophoressis and Brownian motion [4, 5].
Several authors investigated heat and mass transfer phenomena through Buongiorno [4] and Tiwari
and Das [5] models for variety of flow geometries, a few of them are mentioned here [6-9]. Based on
this modeling Magia [8] and Avramenko et al. [10, 11] pointed out that, due to homogeneous models,
the heat transfer coefficients of nanofluid are underpredicted. The reason is the incorrect incorporating
of local concentration of the nanoparticles within the boundary layer. The drawback with the
Buongiorno [4] and Tiwari and Das [5] models is the consideration of uniform distribution of
nanoparticles in the base fluid. This is actually done on the basis of experimental evidence. However,
the homogeneous distribution of nanoparticles is not sustained within the boundary layer due to the
relative motion of nanoparticles and fluid. Frank et al. [12] and Ding and Wen [13] theoretically
proved the non-homogeneous distribution of nanoparticles in the nanofluid as a consequence of
velocity and temperature gradients. The existence of concentration gradients is also confirmed through
experiments [9]. Such a consideration also results in heat and mass transfer rate augmentation. This
issue has recently been addressed by Avramenko et al. [10] where they successfully incorporated the
effects of convective transport of nanoparticles on momentum, thermal and mass transfer phenomena
within the boundary layer. For detailed information it is fruitful to follow [14-16].
Rotating flow phenomena occur in diverse engineering applications, namely, turbines of rocket, gas
turbines and centrifugal pumps etc. These important applications in the leading areas of science and
engineering motivate one to investigate heat and mass transfer phenomena in rotating boundary layers.
Rotating disk systems can be used to model the flow characteristics, together with heat and mass
transfer rates, that arise in practical turbomachinery for instance the flow of waxy crude oils or
foodstuffs in centrifugal pumps, air craft engines, car brake systems, computer disk drivers and
electrochemistry [17]. There are different reasons for choosing the rotating disk system as a prototype
for practical rotating flows. In order to search a preferable system to study the transport phenomena of
fluid flow in three-dimensional boundary layers, the rotating disk is confirmed to be the best choice. It
allows the complete three-dimensional self-similar exact solution whereby reducing the coupled
system of Navier-Stokes equations to a simple nonlinear system of ordinary differential equations.
Despite the mentioning of above closely related engineering applications and the potential of
mathematical simplification the rotating disk flow serves as the global paradigm for many threedimensional flows, such as the flow on swept wings. The generation of spiral vortices at the edge of
swept wings is similar in nature to the class of flow vortices developed due to the rotation of the disk
in an infinite ambient fluid. The presence of the point of inflection in the laminar velocity curve of the
rotating disk flow indicates the vulnerability of it to the cross flow instability. This ultimately makes
the rotating disk model as an alternative laboratory towards the study and understanding of many
boundary layer features associated particularly to the three-dimensional flows. Based on these
observations and great resemblances among the rotating disk boundary layer and the threedimensional boundary layer Lingwood [18] preferred to choose the rotating disk model towards the
study of absolute instability associated to the three-dimensional flow. Her investigation concludes that
neither the Coriolis force nor the streamline curvature affect the absolute instability in the disk flow
which confirms the application of the disk results to the swept wing case where the Coriolis effects are
absent at all. Continuing with the Lingwood’s choice of disk model Pier [19] proposed a new method
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in order to delay the onset of transition. This was accomplished by introducing a continuously supplied
periodic force to the unstable region in order to improve the ongoing self-sustained nonlinear
dynamics. The laminar-turbulent transition in the boundary layer flows can also be delayed, in some
cases, because of the advantageous effects of the compliant walls. In order to investigate the
supportive role of compliant wall in general, and to understand the drag reduction on the swimming
dolphin’s body due to the flexible nature of its skin in particular, Carpenter and Thomas [20] also
preferred to choose the rotating disk model as the convenient flow geometry. Following the same
analogy between the disk flow and three-dimensional boundary layers, as utilized by the above
researchers, Davies and Carpenter [21] also considered it as a proto type model of for the investigation
of linear global behavior of the absolute instability in three-dimensional boundary layers. Continuing
in this way Imayama [22] contributed sufficient efforts towards the further understanding of the
laminar-turbulent transition in the rotating disk flow. Further relevant, and of course interesting,
studies can also be found in the bibliographic items of [22]. The general reason behind the preference
to the rotating disk model in the above studies is the most general nature of disk flow that resembles in
large to the three-dimensional flows. The glimpses from the bulk of available literature seem to be
sufficient for the reader in order to make him realize the wider scope and physical richness of the von
Karman swirling flow. Keeping this fact in mind the rotating disk flow has also been chosen here for
the purpose.
The rotating disk problem was first investigated by von Karman [23] in 1921. He transformed the
well-known Navier-Stokes equations into coupled ordinary differential equations using similarity
transformations. After the work of von Karman, many of the researchers took interest in the study of
rotating disk boundary layers [24-27]. Bachok et al. [28] studied the effect of nanofluid on heat
transfer in rotating flow near a porous disk. Turkyilmazoglu [29] considered the same flow for a nonporous disk taking five different types of nanoparticles. Enhanced heat transfer rates were noticed in
both the studies [28, 29] where the uniform homogenous model of nanofluid was considered. Further
results on rate of heat and mass transfer enhancement can be found in recent studies concerning
rotating disk systems [30-32]. In all these studies [28-32] the nanoparticle concentration gradient as
well as dependence of fluid properties on nanoparticle distribution have not been taken into account.
This provides a room for studying heat and mass transfer enhancement in a rotating disk system using
the idea of non-homogeneous distribution of nanoparticles in the boundary layer. The objective of this
article is to consider forced convection heat and mass transfer phenomena in a rotating disk boundary
layer. The fluid properties are considered as variable, depending upon the nanoparticle concentration.
Enhanced rate of heat transfer has been calculated and the effects of nanoparticle concentration on
mass flow rate and moment coefficients are also highlighted. Results are interpreted through several
graphs and tables.
2. Mathematical Formulation
2.1 Nanofluid Modeling
Consider a mixture of a pure fluid and metallic particles of nano size in it. The concentration of
nanoparticles in the base fluid is fixed as
(in percent). The presence of nanoparticles in the base
fluid alters the material properties of the mixture such as viscosity, density and thermal conductivity.
Because of the diverse nature of nanofluids with regrad to the nature, size, shape and concentration of
the nanoparticle within the base fluid, it is quite hard to propose a single model for every such property
which would be applicable everywhere in general. So far, the theory and experiment have not been
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succeeded in doing so. Consequently, there exist several empirical and theoretical models for the
description of effective viscosity, density and thermal heat capacity in the nanofluid. These models
have their own merits and demerits with in the limited domain of applicability. For example, a list of
several models, based on theory and experiment, for the effective viscosity of nanofluids is given in a
nice book by Mikowytz et al. [33]. Most of the models have particularly been developed for
nanoparticles of spherical shape. The spherical shaped nanoparticle with no intra interaction are
usually preferred where the nanoparticles are required to behave, to some extent, as the fluid particles.
Einstein [34] introduced the simplest model for effective viscosity of the nanofluid by using the
hydrodynamic equations where the nanoparticle volume fraction was limited to 2% only in the form
(1)

The Einstein’s model (1) was further improved by Brinkman [35], Batchelor [36] and Lundgren [37]
in order to extend it to high-moderate concentration or to incorporate the Brownian motion effects.
Lundgren [37] simply assumed the Einstein’s model as the first two terms of the Taylor series
expansion of the form
(2)

and proposed the consideration of the complete series (2) instead of the first two terms. The model is
however still limited to the dilute suspension of nanoparticles. The Batchelor’s model [36] improves
the Einstein’s one by including a one more term of the Taylor series (2) whose coefficient is taken as
6.2 instead of 6.25 as in Eq. (2). This model is actually based on the reciprocal theorem of stokes flow
and includes the effects of Brownian motion. The Brinkman model [35] also considers the Taylor
series of the form
(3)

whose first two terms also cover the Einstein model. This model is applicable to the moderate and high
concentration of the nanoparticle. In addition to these, there are several other nanofluid models for
effective viscosity which are though limited to the spherical shaped nanoparticles but also include the
radius of the spheres with some other restrictions. However literature is not limited to the spherical
shaped nanoparticle but also includes some other shape such as cylinder, cone, brick etc. Despite the
presence of all such theoretical models the literature is also quite rich in the empirical models of the
effective viscosity based wholly on the experimental data. Although, the empirical models are quite
exact and have the capacity of predicting the very true results, but the problem with such models is
that they are very limited in scope and apply only to those particular situations for which the
corresponding experimental data have been collected. While in the theoretical analysis, as conducted
in the current study, one is more inclined towards the general analysis of heat and mass transport
phenomena in order to make a general qualitative analysis of the whole process. On this bases the
theoretical models are usually being preferred having wider scope of applicability with some
compromise on the qualitative measurements. Another aspect which is somehow more preferred by
the theoretical analysits is the mathematical simplification of the chosen models. In the current
analysis we choose to assume the spherical shape of nanoparticle and the moderate range for
nanoparticle concentration. Owing to these properties and the mathematical ease the Brinkman model
is observed to be the appropriate for current analysis.
The effective density of the nanofluid based on the physical rule of mixture is given by
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(4)

which also shows an excellent agreement with the experiment. Maxwell [38] was the first to derive the
effective thermal conductivity of the solid-liquid mixture and proposed that
(5)

which is applicable to the moderate concertation levels. The formula (5) was extended to high
concentration nanofluid by Bruggeman [39] in the form

which readily reduces to the Maxwell’s one for the case of moderate concentration. The thermal heat
capacity of the nanofluid based on the analytical model reads as
(6)

It has been shown in Minkowytz et al. [33] that the expansion (6) finds an excellent agreement with
the experimental data.
The Brownian motion diffusion coefficient and thermophoresis parameters are given by
(7)

where the thermal expansion parameter

is defined as
(8)

An alternative definition of

is also available in literature with a certain modified form of the

given
(9)

In comparison to the experimental data both definitions of
do not find a good agreement; a poor
approximation due to Eqs. (8) & (9) can, however, not be denied. However, it has also been observed
that the slection of (8) or (9) does not harm the results of skin friction and Nusselt number by any
large. Staying on equal footing regarding the experimental data, Eqs. (8) or (9) are equally valid with
Eq. (8) having an edge of mathematical simplicity.
Using the modified material parameters for nanofluid the conservation laws governing the convective
transport phenomena are given by
(10)
(11)
(12)
(13)

where
is the velocity vector,
is conjugate tensor gradient of velocity.

is enthalpy,

2.2. Governing Equations
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is velocity tensor gradient and

We consider a uniform flat disk of radius resting at
in three dimensional space. The disk is
surrounded by the homogeneous nanofluid. The radius of the disk is assumed to be large enough so
that it is larger than the boundary layer thickness; edge effects have been ignored due to which the
flow resembles to that considered by von Karman for an infinite disk. The disk rotates about the
axis with an angular speed . The disk temperature is fixed as
where the ambient temperature is
assumed to be
such that
. A schematic of the flow geometry is shown in Fig. 1.
The symmetry of the flow geometry requires consideration of cylindrical coordinates for further
analysis. In this way the conservation laws (10) – (13) readily read as in cylindrical coordinates
(14)
(15)
(16)
(17)
(18)
(19)

Fig. 1: Schematic of the free rotating disk

and the appropriate boundary conditions are
(20)

3. Self-Similar Solution
Due to its inherited nature, the von Karman swirling flow of a nanofluid on a rotating disk also admits
separable solution of the form
(21)
The use of dimensional analysis under the implementation of Buckingham Pi Theorem results in the
new dimensionless variables
(22)
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The von Karman similarity transformations for velocity, pressure, enthalpy and nanoparticles volume
fraction are usually obtained as a combination of equations (21) and (22). Since the conventional
notation for the dimensionless axial velocity in von Karman swirling flow is which is also used as a
conventional notation for dimensionless enthalpy function. In order to follow the use of conventional
notation and to avoid any confusion, the subscripts ‘ ’ and ‘ ’ have been introduced. In this way
represent the velocity functions and
correspond to enthalpy functions in Eqs. (21)
and (22) and hence forth. The present formulation requires self- similar flow rates in order to establish
the similarity solution. In doing so the variable nature of the density function is accommodated quite
easily. Following Avramenko et al. [10] the self -similar flow rates are defined as follows:
(23)
where the ambient nanofulid density is used as the reference density. The functional dependence of
thermophysical properties of nanofluid are described as under
(24)

Utilizing equations (21) – (24) the conservation equations (14) – (19) immediately transform to the
self-similar form
(25)
(26)
,

(27)

,

,

(28)

(29)

(30)
,
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where

(31)

Here the primes in the functions
mean derivative with respect to and primes in the
function
and
mean derivative with respect to and primes on
mean derivative with
respect to . From Eq. (31) it is clear that the Prandtl number (as modeled) is independent of the
influence of the nanoparticles. The boundary conditions (20) also transform to the self-similar form

(32)

where the subscripts ‘ ’ and ‘ ’ with
respectively.
In order to accommodate the ratio

denote the values of enthalpy at wall and ambient
appearing in Eq. (32), we replace enthalpy by

temperature in energy Eq. (18). In doing so, we also assume that specific heat capacity of the
nanofluid is uniform
which is a valid assumption [10] and especially holds for large values of the
Shmidt number, which is characteristic of flow of nanoparticle. Further
and
are also taken as
constant, and constant temperature equal to
in the denominator of last term in Eqs. (18) and (19).
Under these assumptions Eqs. (18) and (19) are must to be simplified to the following form:
(33)
(34)

where

.

Accordingly the boundary data (32) also simplifies to

(35)

The analysis of current study strongly depends upon the role of some dimensionless physical
parameters such as mass flow rate, moment coefficient, displacement thickness, tangent of the flow
swirl angle and the Nusselt number. The definitions of these parameters specific to the current study
are given as the Nusselt number at the disk surface is defind by
where
. The
moment coefficient on both sides of disk is given by

where b is the radius of the disk

(edge effects are ignored) and M is the moment defined as

The tangent of the

flow swirl angle at the disk surface is calculated as [18]

the mass flow rate

across the boundary layer over the free rotating disk is calculated as
displacement thickness is defined as
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and the

3.1. Numerical Solution
Numerical solution of the reduced boundary layer equations (25) – (28) and (33) – (34) corresponding
to boundary data (35) is obtained through MATLAB built in software. Convergent solution is obtained
after several runs under the default tolerance level of
. The accuracy of the present numerical
procedure is checked by solving the self-similar equations of pure fluid over a free rotating disk. A
comparison of the present solution with that, already present in the literature [17] is given in Table 1.
The table shows an accurate match to four decimal places with the results obtained by Shevchuk [17]
for different values of the Prandtl number. This authenticates the present solution procedure and
allows for the solution of present equations using the same procedure.
Table 1: Comparison between present results and Igor [18].

0.10
1.00
10.0
13.0

Shevchuk [17]
0.0766
0.3969
1.1341
1.2579

Present
0.0766
0.3969
1.1341
1.2579

Shevchuk [17]
0.5102
0.5102
0.5102
0.5102

Present
0.5102
0.5102
0.5102
0.5102

Shevchuk [17]
-0.6159
-0.6159
-0.6159
-0.6159

Present
-0.6159
-0.6159
-0.6159
-0.6159

4. Result and Discussion
A detailed parametric analysis is made to understand the impact of nanofluid on heat transfer
phenomena in rotating disk boundary layer. Von Karman similarity variables are also shown to be
applicable to the present model and a self-similar solution for varied values of the involved
parameters, namely, ,
, and
is obtained. In most of the results
is varied from 0.0 to 0.4
for
and strong convective heat transfer is observed. Values of Schmidt number
range from
in order to assume the base fluid as liquid. The diffusion parameter is taken as 0.05 for
most of the study. The presence of nanoparticles in the fluid also effects the momentum transport
across the boundary layer. The effect of Schmidt number on velocity components and pressure is
shown in Figs. 2 & 4.

Fig. 2: Radial, transverse and axial components of

Fig. 3: Temperature and concentration profile for

velocity for different

different

at

at

Clearly, the influence of
is very weak on all the velocity components and slightly stronger on
pressure. Pressure decreases within the boundary layer by increasing the values of Sc. Similarly the
temperature profiles are not affected by changing the values of
parameter as shown in Fig. 3.
However strong dependence of the concentration profile on
can be seen in Fig. 3. Clearly,
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concentration boundary layer thickness decreases by increasing
number which reflects that the
large values of
depreciate the mass transport phenomena across the boundary layer and limit it to a
very thin near-wall region. In comparison with momentum boundary layer thickness, the concentration
boundary layer makes about 10% which means that over the most part of the momentum boundary
layer the nanoparticle concentration is uniform and is varying rapidly in the region close to the rotating
disk. This is the reason that large values of
correspond to weak Brownian diffusion of
nanoparticles. In such a situation nanofluid behaves more or less as a homogenous mixure. Therefore
simulation of transport processes with a homogeneous mixture is justified for situations where
accepts large values. Figures 5 & 4 depict the effects of nanoparticle concentration
on velocity
components and pressure. It is clearly seen that all the velocity components are increased by
increasing
.

Fig. 4: Effects of

(at

and

on pressure profile.

Fig. 5: Radial, transverse and axial component of
velocity and temperature profiles at Sc = 10.

Fig. 6: Relative moment coefficient and Nusselt

Fig. 7: Relative mass flow rate and tangent of the

number plotted against

flow plotted against

Furthermore the boundary layer thickness also increases by increasing the concentration level of
nanoparticles. This mean that the presence of nanoparticles in the fluid enhances momentum transport
across the boundary layer. Figure 5 shows interesting impact of nanoparticles on the rotating disk
boundary layer. The downward axial velocity is enhanced by increasing the values of
. This, in
turn, reflects the enhanced mass flux, which also favors heat transfer enhancement. This can
immediately be confirmed from Table 2 that the nanoparticle concentration enhances the relative mass
flow rate, and consequently the Nusselt number is also increased. Numerical values of the moment
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coefficient and the tangent of the flow swirl angle have also been reported in Table 2 for varied values
of nanoparticle concentration parameter
and the Schmidt number . The results are very
informative and quite impressive, highlighting the significance of non-homogeneous concentration
profile of nanoparticles across the boundary layer. The relative Nusselt number increases by increasing
but decreases by increasing the Schmidt number
for the fixed values of
. Furthermore, for
small values of
the rate of increase of
with respect to
is higher than that at large
values of . This is because of the reason that at small
values the non-homogeneous characteristic
is somehow stronger and plays its role in heat transfer phenomena whereas at large values of , the
concentration is treated as almost homogeneous in most part of the momentum boundary layer. This
fact highlights the importance of the
Table 2: Relative values of important physical parameters when

Sc = 10

/

Sc = 50

/

Sc = 100

/

Sc = 1000

0

0.01

0.1

0.15

0.2

0.3

0.4

1

1.0537

1.3341

1.5001

1.6746

2.0528

2.4780

1

1.0558

1.3368

1.5032

1.6781

2.0570

2.4828

1

1.0418

1.3166

1.4925

1.6903

2.1744

2.8344

1

1.0380

1.0356

1.0350

1.0348

1.0353

1.0369

1

1.1084

1.3813

1.5569

1.7548

2.2417

2.9080

1

1.0060

1.0102

1.0284

1.0570

1.1481

1.2959

1

1.0391

1.3184

1.4839

1.6579

2.0350

2.4594

1

1.0400

1.3196

1.4852

1.6593

2.0367

2.4614

1

1.0329

1.3060

1.4809

1.6775

2.1586

2.8148

1

1.0230

1.0215

1.0210

1.0207

1.0206

1.0209

1

1.0836

1.3564

1.5317

1.7292

2.2139

2.8766

1

1.0025

1.0065

1.0242

1.0522

1.1420

1.2020

1

1.0355

1.3146

1.4800

1.6539

2.0311

2.4557

1

1.0361

1.3153

1.4808

1.6548

2.0322

2.4570

1

1.0308

1.3036

1.4781

1.6745

2.1550

2.8104

1

1.0173

1.0162

1.0158

1.0155

1.0153

1.0153

1

1.0740

1.3464

1.5212

1.7184

2.2016

2.8622

1

1.0014

1.0051

1.0226

1.0506

1.1400

1.2854

1

1.0306

1.3097

1.4751

1.6491

2.0267

2.4522
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/

1

1.0307

1.3098

1.4753

1.6493

2.0269

2.4525

1

1.0281

1.3003

1.4746

1.6706

2.1505

2.8050

1

1.0054

1.0050

1.0047

1.0049

1.0046

1.0045

1

1.0509

1.3234

1.4979

1.6948

2.1767

2.8343

1

0.9989

1.0024

1.0197

1.0474

1.1362

1.2807

present non-homogeneous model which correctly incorporates the contribution of nanoparticles
towards momentum and thermal transport caused by their Brownian motion. In Table 2, it is also
shown that moment of the disk is highly influenced by nanoparticle concentration, meaning that the
use of nanofluid in a rotating system increases its power as a consequence of enhanced moment. The
effect of
on the temperature profile is also shown in Fig. 5. Analogous to the momentum boundary
layer the thermal boundary layer also grows for increased values of
. Figures 6-7 depict the curves
of the parameters
/
and
against the nanoparticles concentration. Almost a linear
relationship exists between
and
but nonlinear for
. The nonlinearity becomes
quite visible when the nanoparticle concentration becomes more than 20%, that is for
The
tangent of the flow swirl angle
/
does not depend upon the nanoparticle concentration, however,
its value has been increased for nanofluid in comparison to base fluid. The relative mass flow rate
for nanofluid also owns a nonlinear relation with
but the nonlinearity weakens as
grows. The quantative results of
/
,
and
are presented in
Tables 2-5 for specific values of
and
Form Table 2, it is noticed that the relative Nusselt
number, the tangent of the flow swirl angle, moment coefficient, mass flow rate and displacement
thickness are increased on increasing the nanoparticle concentration
The values of all these
parameters decrease by increasing the value of . The dependence of physical quantities of our
interest such as Nusselt number, moment coefficient, tangent of angle of swirl, mass flow rate and the
displacement thickness on the base fluid is an important aspect of this study. Present results help us to
identify a particular base
Table 3: Percent increase in the values of Nusselt number relative to the pure fluid calculated at
different
when

0.1
1.0
6.0
10.0
13.0

2.8463%
3.7659%
5.5816%
6.1954%
6.5041%

30.2198%
31.5972%
33.6799%
34.3412%
34.6684%

66.5684%
66.3448%
67.8088%
68.3926%
68.6865%

2.8069%
3.0856%
3.6071%
3.8613%
4.0140%

30.1748%
30.8465%
31.5329%
31.8120%
31.9754%

66.5140%
65.5093%
65.4810%
65.6580%
65.7776%

fluid that can be used in practical applications for optimal results. This analysis can be done from
Tables 3 and 4 where we have listed results for various values of the Prandtl number. Dependence of
the Nusselt number upon Prandtl number is demonstrated through Table 3 by giving percent increase
in the rate of heat transfer. Clearly, at
the rate of heat transferis enhanced for fluids of large
Prandtl numbers at
which is almost 128.51% when
is increased from 0.1 to 13 (130
times). But for the nanofluid with 20% nanoparticles the enhancement is not that significant, which is
almost 3.18%. Almost the same situation persists with some depreciation for
. On the other
hand the water with 20% nanoparticles gives almost a 68% increase in the rate of heat transfer in
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comparison to the pure fluid. This fact highlights the role of nanoparticles concentration towards heat
transfer enhancement. Table 3 concludes that the Nusselt number is increased by considering the base
fluid of large Prandtl number, but the major increase in the values of Nusselt number occurs at large
concentration levels of nanoparticles.Relative values of the important physical parameters of current
interest are listed in Table 4 for different Prandtl numbers. From Table 4 it is observed that, although
the Nusselt number increases by increasing the Prandtl number, this increase is not significant.
Similarly weak effects of
are noted upon other parameters.It also reveals a weak dependence of
above mentioned quantities on the Prandtl number, which means that a significant enhancement in the
rate of heat transfer (as listed in Table 3) is simply due to the presence of nanoparticles only and the
nature of the base fluid does not matter considerably. However, at very low concentration levels, the
fluids of
Table 4: Relative values of important physical parameters for different values of
when

/

/

0.1
1.3022
1.3028
0.9922
1.3108
1.0038
1.3018
1.3004
0.9902
1.3066
1.0022

1
1.3160
1.3122
1.0065
1.3439
1.0122
1.3088
1.3026
0.9969
1.3246
1.0054

6
1.3368
1.3166
1.0237
1.3813
1.0202
1.3165
1.3042
1.0061
1.3497
1.0097

10
1.3434
1.3162
1.0281
1.3919
1.0219
1.3197
1.3044
1.0090
1.3593
1.0108

13
1.3467
1.3157
1.0030
1.3974
1.0225
1.3215
1.3044
1.0105
1.3640
1.0113

large Prandtl number serve as a good coolant. In a similar fashion the role of diffusion parameter
has been demonstrated in Table 5. It is calculated that an increase of almost 8%, 5%, 14%, 8% and 7%
occurs in the values of Nusselt number, moment coefficient, tangent of the flow swirl angle,
displacement thickness and mass flow rate, respectively, when the values of were increased by 20
times. It reveals an appreciable role of the diffusion parameter
towards flow and heat transfer
enhancement. The discussion of Tables 3-5 concludes that maximum gain in the rate of heat transfer is
obtained by increasing the nanoparticle concentration and further enhancement is obtained by
incorporating the role of nanoparticles diffusion within the boundary layer and the nature of the base
fluid does not affect largely.
Table 5: Effects of D for

/

/

0.01
1.3145
1.3032
0.9955
1.3169
1.0056
1.3104
1.3007
0.9921
1.3110
1.0031

0.05
1.3368
1.3166
1.0237
1.3809
1.0202
1.3165
1.3042
1.0061
1.3494
1.0097

0.1
1.3640
1.3328
1.0598
1.4589
1.0398
1.3239
1.3086
1.0239
1.3960
1.0180

0.15
1.3905
1.3483
1.0967
1.5348
1.0592
1.3310
1.3128
1.0418
1.4420
1.0263

0.2
1.4163
1.3632
1.1347
1.6097
1.0791
1.3378
1.3168
1.0599
1.4871
1.0348

Table 6 displays very important results regarding the non-homogeneous modeling of nanofluids
which, of course, is the core issue highlighted in this communication. A comparison between the
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homogeneous (Tiwari and Das [5]) and non-homogeneous (Avramenko et al. [11]) models is made
towards heat transfer enhancement. Computed values reflect that non-homogeneous model predicts
increased rates of heat transfer, as compared to the homogeneous model at all concentration levels for
all Prandtl numbers but the difference becomes wider when the nanoparticle concentration is 10% or
higher. In particular, water with 20% nanoparticles produces almost 30% more gain in heat transfer
rate for non-homogeneous model as compared to homogeneous model. This fact highlights the
convection effects upon particles concentration within the boundary layer which are usually ignored
by the homogeneous models.

Table 6: Percent increase in heat transfer rate computed for homogeneous and nonhomogeneous models.
Homogeneous
0.1
1.0
6.0
10.0
13.0

0.00%
1.13 %
1.60 %
1.66%
1.68%

0.94%
10.91%
15.85 %
16.53%
16.80%

Non-homogeneous (

4.93%
22.03%
31.83 %
33.20%
33.77%

2.85%
3.77%
5.58%
6.19%
6.50%

30.22%
31.60%
33.68%
34.34%
34.67%

)
66.57%
66.34%
67.81%
68.39%
68.69%

5. Conclusion
Self-similar solution for flow and heat transfer characteristics in a boundary layer over a disk rotating
in a nanofluid has been computed. The impact of nanoparticles is observed and calculated for various
physical parameters of interest. The study reveals that the contribution of nanoparticles in the working
fluid over a free rotating disk is manyfold. In addition to the presumed fact that the nanofluid enhances
the rate of heat transfer, the rotating disk boundary layer has benefited from the nanofluid in variety of
ways. The flow and heat transfer phenomena of nanofluid basically depend upon the Schmidt number
and the nanoparticle concentration
Our analysis reveals that the role of Schmidt number in
flow and heat transfer phenomena is not that significant but it strongly effects the concentration profile
within the momentum boundary layer. For large values of the Schmidt number the concentration layer
becomes 10% of the momentum boundary layer. However the variation in the values of
contributes in different ways. The velocity profiles are enhanced due to the increased values of
and
stay unaltered by changing . The pumping capacity of the disk is increased as a consequence of
increased rate of mass flow for nanofluid and the mass flow rate further increases by increasing the
nanoparticle concentration
. The presence of more nanoparticles in the nanofluid increases the
moment coefficient of the disk. This fact indicates the advantage for the rotating system towards
increased power when the working fluid is a nanofluid. The pressure falls for large
values whereas
it grows in magnitude with the increase in concentration level of nanoparticles. The displacement
thickness also increases with increased concentration.
Furthermore, it is also observed that the variation of Prandtl number for some fixed
also gives
augmentation towards heat transfer but it is not that significant as obtained by varying
for any
fixed Prandtl number. Overall 68% increase in the value of Nusselt number is observed when the base
fluid is water with a 20% nanoparticle concentration. The comparison between homogeneous and nonhomogeneous models reveals that the non-homogeneous model predicts further enhancement in heat
transfer processes as compared to the homogeneous model. In this way the non-homogeneous model is
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observed to be more useful for studying the convection phenomena with nanofluids. A considerable
increase (of almost 30%) in rate of heat transfer is computed through non-homogeneous modeling in
comparison to homogeneous modeling when a mixture of water with 20% nanoparticles is used. This
fact highlights the role of non-homogeneous concentration of nanoparticles within the boundary layer.
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