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In this pa per, we ap ply the mod i fied variational it er a tion method to a gen er al ized
Hirota-Sat suma cou pled Korteweg-de Vries (KdV) equation. The nu mer i cal so lu -
tions of the ini tial value prob lem of the gen er al ized Hirota-Sat suma cou pled KdV
equa tion are pro vided. Nu mer i cal re sults are given to show the ef fi ciency of the
mod i fied variational it er a tion method.
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In tro duc tion

The non-lin ear equa tions arise in many fields, such as nanoscale hy dro dy nam ics, fluid
me chan ics, ther mo dy nam ics and oth ers, which play an im por tant role in the study of non-lin ear
phys i cal phe nom ena. In this pa per, we con sider a gen er al ized Hirota-Sat suma cou pled KdV
equa tion:
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When w = v* and w = v, eq. (1) re duces to a com plex KdV equa tion [1] or the
Hirota-Sat suma equa tion [2], re spec tively. In the passed de cades, many nu mer i cal or an a lyt i cal
meth ods are pro posed to solve eq. (1), such as variational it er a tion method (VIM) [3, 4], re duced 
form of dif fer en tial trans for ma tion method [5], and homotopy anal y sis method [6]. The nu mer i -
cal sim u la tion of the gen er al ized Hirota-Sat suma cou pled KdV equa tion helps to model the
waves. In this pa per, we will use a mod i fied variational it er a tion method (MVIM) [7] for solv ing 
the ini tial value prob lems as so ci ated with eq. (1). Com pared re sults of the nu mer i cal so lu tions
and the ex act so lu tions are pre sented, which shows that the MVIM is ef fi cient for solv ing the
gen er al ized Hirota-Sat suma cou pled KdV equa tion.

Mod i fied variational it er a tion method

To il lus trate the ba sic idea of MVIM, let us con sider the fol low ing non-lin ear par tial
dif fer en tial equa tion:

Lu(x, t) + Ru(x, t) + Nu(x, t) = g(x, t)
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u(x, 0) = f(x) (2)

where L = ¶/¶t, R is a lin ear op er a tor with the par tial de riv a tive with re spect to x, Nu(x, t) – a
non-lin ear term, and g(x, t) – an inhomogeneous term.

For speeding up the convergence and reducing the computation cost of VIM, the
MVIM was proposed in [7]. The MVIM for eq. (2) is constructed by the following variational
iteration formula:
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with u–1 = 0, u0 = f(x), u1 = u0 – [ ( ) ( ) ]R u u G G gt
0 1 0 10 - + - -ò - - dx, and Gn(x, t) is given by

Nun(x, t) = Gn(x, t) + O(tn+1) .

Ap pli ca tions and re sults

We con sider the nu mer i cal so lu tion of eq. (1) with the fol low ing ini tial con di tions:
u(x, 0) = (1/3)(b – 2k2) + 2k2tanh2(kx), v(x, 0) = (–4k2c0/3c1

2)(b +k2) + (4k2/3c1
2)(b + k2)tanh(kx),

and w(x, 0) = c0 + c1tanh(kx), where k, c0, c1 ¹ 0, and b are ar bi trary con stants.
By MVIM, it fol lows the it er a tion for mu lae:

u x t u x t u x u x Gn n nxxx n xxx n+ -= + - +1 1

1

2
( , ) ( , ) [ ( , ) ( , )] [ (x x x G xn

t

, ) ( , )]x x x-
ì
í
î

ü
ý
þ

-ò 1

0

d

v x t v x t v x v x H xn n nxxx n xxx n+ -= - - -1 1( , ) ( , ) {[ ( , ) ( , )] [ (x x , ) ( , )]}x x x-ò -H xn

t

1
0

d (3)

w x t w x t w x w x Q xn n nxxx n xxx n+ -= - - -1 1( , ) ( , ) {[ ( , ) ( , )] [ (x x , ) ( , )]}x x x-ò -Q xn

t

1
0

d

where Gn(x, t) is ob tained from 3ununx –3(vnwn)x = Gn(x, t) + O(tn+1), and Hn(x, t) is de fined by
–3unvnx = Hn(x, t) + O(tn+1), and Qn(x, t) is given by –3unwnx = Gn(x, t) + O(tn+1), u–1, v–1, w–1, G–1,
H–1, and Q–1 are set be zero.

We use the eq. (3) with the ini tial guesses u0 = u(x, 0), v0 = v(x, 0), and w0 = w(x, 0), and
ob tain the fourth or der ap prox i mated so lu tions. We re mark that the bell-type so lu tion  u(x, t) and 
the kink-type so lu tions v(x, t), w(x, t) of eq. (1) are given by: 
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re spec tively. In this ex am ple, k = 0.2, b = 0.1, c0 = 1.5, and c1 = 0.1.
Ta bles 1-3 list the rel a tive er rors of the MVIM so lu tions u4, v4, and w4, re spec tively.

Fig ure 1 plots the com pared re sults of the MVIM so lu tion u4 and the bell-type so lu tion u(x, t) of
eq. (1). The nu mer i cal re sults for the ap prox i ma tion v4 and the kink-type so lu tion v(x, t) are
shown in fig. 2. The nu mer i cal so lu tion w4 and the kink-type so lu tion w(x, t) are also plot ted in
fig. 3. Dif fer ent from the VIM, the MVIM works well for this ex am ple. Par tic u larly, MVIM so -
lu tions agree well with the ex act so lu tions of eq. (1) when –50 £ x, t £ 50.
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Ta ble 1. Rel a tive er rors of MVIM so lu tions, u4 

T x = 2 x = 4 x = 6 x = 8 x = 10

1 5.31·10–9 2.22·10–10 4.06·10–10 9.29·10–11 3.29·10–12

2 1.60·10–7 7.35·10–9 1.27·10–8 2.91·10–9 1.14·10–10

3 1.14·10–6 5.75·10–8 9.50·10–8 2.16·10–8 9.27·10–10

4 4.54·10–6 2.49·10–7 3.93·10–7 8.93·10–8 4.16·10–9

5 1.31·10–5 7.76·10–7 1.18·10–6 2.67·10–7 1.35·10–8

Ta ble 2. Rel a tive er rors of MVIM so lu tions, v4

T x = 2 x = 4 x = 6 x = 8 x = 10

1 1.55·10–12 1.41·10–11 5.35·10–12 2.08·10–13 1.09·10–12

2 4.03·10–11 4.51·10–10 1.69·10–10 7.29·10–12 3.48·10–11

3 2.37·10–10 3.42·10–9 1.26·10–9 6.02·10–11 2.64·10–10

4 7.10·10–10 1.44·10–8 5.25·10–9 2.73·10–10 1.11·10–9

5 1.30·10–9 4.38·10–8 1.58·10–8 8.91·10–10 3.39·10–9

Ta ble 3. Rel a tive er rors of MVIM so lu tions, w4

T x = 2 x = 4 x = 6 x = 8 x = 10

1 1.47·10–12 1.29·10–11 4.78·10–12 1.83·10–13 9.58·10–13

2 3.82·10–11 4.11·10–10 1.51·10–10 6.44·10–12 3.06·10–11

3 2.24·10–10 3.11·10–9 1.13·10–9 5.31·10–11 2.32·10–10

4 6.69·10–10 1.31·10–8 4.69·10–9 2.41·10–10 9.78·10–10

5 1.22·10–9 3.98·10–8 1.41·10–8 7.87·10–10 2.98·10–9
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Figure 1. The compared results for the approximation, u4 (a) and the exact solution, u (b)
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Figure 2. The numerical results for the approximation, v4 (a) and the exact solution, v (b)

Figure 3. The approximation, w4 (a) and the exact solution, w (b) when –50 £ x, t £ 50


