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The present work provides an analysis of the hydromagnetic nanofluid bound-
ary-layer flow over a rotating disk in a porous medium with a constant velocity 
in the presence of hall current and thermal radiation. The governing PDE system 
that describes the problem is converted to a system of ODE by the similarity trans-
formation method, which solved analytically using optimal homotopy asymptotic 
method. The velocity profiles and temperature profiles of the boundary-layer are 
plotted and investigated in details. Moreover, the surface skin friction, rate of heat 
transfer are deduced and explained in details.
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Introduction

The problem of rotating disk in a fluid has attracted the attention of many researchers 
for its applications in industry such as manufacturing and using computer disks, crystal growth 
processes, rotating viscometer, rotating machines, etc. The classical problem of rotating disk 
was investigated by Von Karman [1], He has reduced the Navier-Stokes equations for steady 
flow to a set of ODE. Such equations can be solved using an approximate integral method. 
Such results were further improved by Cochran [2], Benton [3], and Rogers and Lance [4] they 
extended the problem to the flow starting impulsively from rest. Edrogan [5] has analyzed the 
unsteady fluid flow by non-coaxial rotations of a disk and a fluid at infinity. Turkyilmazoglu 
[6] extended the work of them by considering a magnetic field. While Sheikholeslami et al. 
[7] studied the nanofluid flow and heat transfer due to a rotating disk. Elbashbeshy and Eman 
[8] have studied the effect of thermal radiation and heat transfer over an unsteady stretching 
sheet. Recently Hayat et al. [9] have studied the MHD steady flow of viscous nanofluid due to 
a rotating disk with partial slip. 

A nanofluid is fluid in which solid nanoparticles with the length scales of 1-100 nm 
are suspended in conventional heat transfer basic fluid. Such Nanoparticles enhance thermal 
conductivity and convective heat transfer coefficient of the base fluid significantly. Nanoflu-
ids plays an important role in rising thermal conductivity of many fluids which have already 
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low thermal conductivity such as water, ethylene glycol, oil, etc. Choi and Eastman [10] have 
firstly used the nanoparticles to enhance thermal conductivity of fluids and heat transfer rate. 
Nanofluids have very important industrial applications. Such fluids used to increase the heat 
transfer rate of microelectronics and microchips in computer devices. The study of MHD flow 
has many physical applications as well as industrial applications such as generators and pumps. 
The interaction between the electrically conducting fluid and magnetic field affects the bound-
ary-layer flow. The MHD layers observed in many technical systems employing liquid metal 
and plasma flow transverse of magnetic fields. Liron et al. [11] deduced a solution for the MHD 
boundary-layer equations using Meksyn’s method. Elbashbeshy et al. [12, 13] investigate the 
effect of thermal radiation on the nanofluid boundary-layer over a moving cylinder and non-flat 
moving surface, respectively. Makinde et al. [14] studied the MHD flow of variable viscosity 
nanofluid over a stretching surface. Khamis et al. [15] studied the unsteady MHD flow of vari-
able viscosity nanofluid in a porous pipe with buoyancy. Makinde et al. [16] studied the effect 
of viscous dissipation and Newtonian heating on boundary-layer flow of nanofluids over a flat 
plate. Motsumi et al. [17] studied effects of thermal radiation and viscous dissipation on bound-
ary-layer flow of nanofluids over a permeable moving flat plate. Rashidi et al. [18] studied the 
entropy generation in steady MHD flow due to a rotating porous disk in a nanofluid. The hall 
current effect on the MHD boundary-layer and the viscous dissipation studied by Chauhan et 
al. [19], Babaelhi et al. [20], and Sheikholeslami [21], 

The present study discusses the effect of thermal radiation on the MHD boundary-lay-
er over a rotating disk in the presence of hall current and joule heating. The governing bound-
ary-layer equations transformed to a system of non-linear-coupled equations and solved by the 
optimal homotopy technique [22, 23]. 

Formulation of the problem

Consider a steady-laminar flow of an electrically conducting nanofluid with hall cur-
rent effect induced by a non-conducting rotating disk at z = 0. The disk rotates with constant 

angular velocity, Ω, about the z-axis. Fluid 
is assumed to fill the porous medium. Com-
ponents of the flow velocity are (u, v, w) in 
the direction of increasing (r, φ, z), respec-
tively. Consider also that a uniform magnet-
ic field of strength, Bo, is applied normal to 
the plane of the disk. Thermal radiation with 
heat flux, rq , is taken into consideration. 
The surface of the rotating disk has uniform 
temperature, Tw, while temperature far away 
from the surface is T∞, fig. 1.
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Figure 1. Physical model and co-ordinate system
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where nf  ρ  is the nanofluid density, nf  µ  – the 
nanofluid viscosity, nf  σ  – the electrical conduc-
tivity of nanofluid, K – the permeability of the 
porous medium, tab. 1, m is the Hall current pa-
rameter (  e em τ ω= ), where  eτ  – the electron collu-
sion time and eω  – cyclotron frequency, p – the 
pressure, nf  k  – the thermal conductivity, and 

nf( )  pCρ  – the specific heat capacity.
The boundary conditions for the previous described model are: 

	 0, , 0, at 0 wu v r w T T zΩ= = = = = 	 (6)

	 0, 0, , asu v T T P P z∞ ∞→ → = = →∞ 	 (7)

The properties of nanofluid defined [9]:
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where φ  is the solid volume fraction, subscript, s, is for nano-solid-particles, and subscript, f, 
is for base fluid. 

The fluid is considered to be gray, absorbing-emitting radiation but non-scattering me-
dium and the Rosseland approximation is used to describe the radiative heat flux in the energy 
equation. By using Rosseland approximation for radiation radiative heat flux is simplified as: 
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∂
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where *σ  and *α  are the Stefen-Boltzman constant and the mean absorption coefficient, respec-
tively. Assuming that the temperature differences within the flow are such that the term 4T  may 

Table 1. Thermophysical properties of water 
and the elements CuO and Al2O3  [9]

Properties Fluid (water) CuO Al2O3

Cp [Jkg–1K–1] 4179 540 765
ρ [kgm–3] 997.1 6500 3970
k [Wm–1K–1] 0.613 18 25
σ [Ωm–1] 0.05 10–10 10–12
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be expressed as a linear function of temperature and expanding 4 T  in a Taylor series about T∞
while higher order terms are neglected we get: 

	 4 3 44  3T T T T∞ ∞≅ − 	 (9)

Similarity transformations

We look for a similarity solution of eqs. (1)-(5) subjected to the boundary conditions 
(6) and (7) of the following form:
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where η  is the similarity variable. Substitute eq. (8) into eqs. (2)-(5), the following system of 
non-linear ODE is obtained in the form:
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where the prime denotes differentiation with respect to η and:
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The transformed boundary conditions of the problem are:

	 (0) 0, 0, (0) 1, (0) 1f f g θ= =′= = 	 (14)

	 ( ) 0, ( ) 0, ( ) 0f g θ′ ∞ = ∞ = ∞ = 	 (15)

where f f fr ( ) /P pC kρν=  is the Prandtl number, f f/ kλ ν Ω=  – the porosity parameter, 
2

f 0 fM /Bσ Ωρ=  – the Hartmann number, f
2 2

f  wEc /( ( ))pr C T Tρ Ω ρ ∞= −  – the Eckert number, 
2

fRe /r Ω ν=  – the Reynold number, and * 3 *
nf 4 /dR T k kσ ∞=  – the radiation parameter.

Analytical solution using optimal homotopy  
asymptotic method

In this section, the optimal homotopy asymptotic method (OHAM) is applied to 
non-linear ODE (11)-(13) with the boundary conditions (14) and (15) with the following as-
sumptions:
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where [0,1]p∈  is an embedding parameter, ( )i p  – a non-zero auxiliary function, and iC  – the 
constants.
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where , ,  f g θ    are linear operators, , ,f g θ    are non-linear operators, Therefore the 
OHAM family equations are:
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Collecting the same powers of p, and equating each coefficient of p to zero, we ob-
tain a set of differential equations with the associated boundary conditions. Solving differential 
equations with the boundary conditions, the general solution of (11)-(13) can be determined as 
folows.
–– Zero order equations p0:

	 0 0 0 0(0)0, 0, (0) 0f f f f′′ ′ ′+ = = = 	 (16)

	 0 0 00, ( 10) g g g′ + = = 	 (17)

	 ( )0 0 00, 0 1θ θ θ′ + = = 	 (18)
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–– First order equation p1:
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–– Second order equation p2:
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Solving differential eqs. (16)-(24) with the associated boundary conditions, the gener-
al solution of (11)-(13) can be written in the form:

	 ( ) ( ) ( ) ( )0 1 2f f f fη η η η= + + 	 (25)
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The residual equations for the problem obtained in the form:
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The optimal unknown constants 1 2 3 4 5, , , ,C C C C C , and 6   C can be obtained from the 
conditions:

	 3 31 1 2 2
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0 J JJ J J J
C C C C C C

∂ ∂∂ ∂ ∂ ∂
= = = = = =

∂ ∂ ∂ ∂ ∂ ∂
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= = =∫ ∫ ∫   	 (31)

The physical quantities of interest are the local friction coefficients, Cf and Cg, and the 
local Nusselt number. Physically, Cf and Cg represent the dimensionless surface shear stresses, 
Nusselt number define the dimensionless heat transfer rate.
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The final dimensionless forms are:
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In order to check the accuracy of the OHAM procedure used, a comparison of the 
velocity gradient and the temperature gradient at the disk surface at ϕ = 0.005, Pr = 6.2,
Re 1, Ec 0.1, and 1 dR m λ= = = = =  are made with a numerical solution obtained by using built 
in function NDSolve in MATHEMATICA program. The results are tabulated in tab. 2. We note 
that there is a good agreement with these approaches and thus verifies the accuracy of the meth-
od used.

Table 2. Values of the velocity gradient and the temperature gradient on 
the surface at ϕ = 0.05, Pr = 6.2, Re = 1, Ec = 0.1, and Rd = m = λ = 1 

  OHAM Numerical 
M f  "(0) g'(0) θ'(0) f  "(0) g'(0) θ'(0)

0.00 0.24175 –0.76632 –0.270439 0.24175 –0.76632 –0.26822
0.50 0.28047 –0.84594 –0.189241 0.28047 –0.84594 –0.188055
1.00 0.31505 –0.91831 –0.114821 0.31505 –0.91831 –0.113994

Results and discussion

Analytical solutions are obtained for the radial and transversal velocities and the tem-
perature of the viscous dissipation nanofluid boundary-layer over a rotating disk subjected to 
magnetic field with hall current and thermal radiation as external forces. Due to similarity solu-
tions, the nanoparticles concentration,   ,φ  Hartmann number, M, Hall current parameter,    m , 
porosity parameter, λ , Eckert number, Reynolds number, and Radiation parameter, dR  have 
appeared through the non-linear governing system of equations. The effects of these parameters 
on the non-dimensional velocities and temperature are shown in figs. (2)-(15).

The study considered two types of nanoparticles CuO the results of which are plotted 
in solid lines and Al2O3 the results of which are plotted in dashed lines. On the other hand, the 
effects of all embedded parameters on the surface shear stress and the rate of heat transfer are 
listed in tabs. 3-6. 

The effect of nanoparticles concentration

Figures 2-4 show the effect of the nanoparticles concentration on the radial veloci-
ty, transverse velocity, and the fluid temperature. It is clear that the increase of nanoparticles 
concentration increases the radial velocity and the temperature of the boundary-layer over the 
rotated disk. In contrast, there is no considerable effect of the nanoparticles concentration on the 
transversal velocity as shown in fig. 2.

Table 3 presents the velocities gradient and temperature gradient over the disk surface 
and the corresponding values of surface skin friction and the rate of heat transfer for different 
concentrations of the nanoparticles. It is clear that the increasing of the concentration increases 
the skin friction over the disk surface in both of radial and transversal directions. Moreover, 
one can observe that the rate of heat transfer is reduced by the increase of concentration. Such 
behavior indicates that the viscous dissipation has a direct effect on the temperature gradient, 
such that the presence of kinematic viscosity of the nanoparticles decreases the temperature 
gradient at the surface.
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The effect of magnetic field (Joule heating)

The effect of magnetic field appears in this study through the Hartmann number. The 
effects of this number on the boundary-layer velocities are shown in figs. 5 and 6 such that one 
can observe that the increase of Hartmann number decreases the velocity in both of radial and 
transversal directions. Moreover, the profile of the radial velocity refers to an increasing of the 
CuO-water velocity near the disk surface in comparison to that of Al2O3-water but the opposite 
is true for the transversal velocity.

Table 3. Values of the velocity gradient and the temperature gradient 
on the surface at Pr = 6.2, Re = 1, Ec = Rd = M = m = λ = 0.5

CuO-water
f  "(0) g'(0) θ'(0) Cf Cg Nu

ϕ
0.01 0.28990 –0.74942 –0.08499 0.29728 –0.76849 0.14184
0.05 0.30464 –0.74114 –0.08113 0.34632 –0.84254 0.13611
0.10 0.31529 –0.72873 –0.07536 0.41030 –0.94833 0.12725

Al2O3-water
  f  "(0) g'(0) θ'(0) Cf Cg Nu

ϕ
0.01 0.28550 –0.74695 –0.08435 0.29276 –0.76596 0.14149
0.05 0.28477 –0.72950 –0.07866 0.32373 –0.82931 0.13541
0.10 0.28029 –0.70749 –0.07192 0.36475 –0.92069 0.12783

Pr = 6.2, Re = 1, Ec = 0.5,  M = 0.5, m = 0.5, λ = 0.5

φ  = 0.01, 0.05, 0.1
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Figure 2. Radial velocity profile with increasing 
nanoparticles concentration
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Figure 3. Transversal velocity profile with 
increasing nanoparticles concentration
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Figure 4. Temperature profile with increasing 
nanoparticles concentration 
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Figure 5. Radial velocity profile with increasing 
Hartmann number
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On the other hand, the impact of Joule heat on the thermal boundary-layer appears 
through the Hartmann number. It is clear from fig. 7 that the presence of Joule heating increase 
the nanoparticles motion which, respectively, increase the boundary-layer temperature. 

The effect of Hall current.

Figures 8-10 show the effects of Hall current on the boundary-layer velocities and 
temperature. It is clear that the increase of the Hall current parameter, m , increases the radial 
velocity but decreases the transversal velocity and temperature. Moreover, one can observe that 
the impact of this parameter is clear and effective on the radial velocity compared to the trans-
versal velocity. Figure 9 shows that the impact of Hall parameter on Al2O3-water is higher than 
that on CuO-water.
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Figure 6. Transversal velocity profile with 
increasing Hartmann number.
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Figure 7. Temperature profile with increasing 
Hartmann number.
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Figure 8. Radial velocity profile with increasing 
Hall current parameter
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Figure 9. Transversal velocity profile with 
increasing Hall current parameter

Tables 4 and 5 show the effect of magnetic field with/without Hall current on the skin 
friction and the rate of heat transfer, it is clear that the presence of magnetic field without Hall 
current decreases the radial velocity gradient and increases the transversal velocity and tem-
perature gradient. Such behavior results in decreasing the skin friction in the radial direction, 
increasing the skin friction in the transversal direction and increasing the rate of heat transfer. 
The skin friction along the transversal direction and the rate of heat transfer have no change in 
behavior in the presence of magnetic field with Hall current but the main change appears in the 
radial direction such that the value of skin friction in this direction increases with the increase 
of Hartmann number.
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The effect of porous medium

The effect of the permeable medium considered in the study is taken from the porosity 
parameter. Figures 11-13 show the impact of λ  on the velocities and temperature of the bound-
ary-layer. It is clear that the velocities in the both direction decrees by the increase of  λ . On the 
other hand, considering λ  increases the temperature. One can also observe that the effect of this 
parameter on the temperature is clear in the case of Al2O3-water more than the case of CuO-water.

Rate of heat transfer and the transverse skin friction both increase by the increase of 
λ  as shown in tab. 5 and the opposite is true for the radial skin friction.

The effect of viscous dissipation and thermal radiation

Figure 14 show the effect of Eckert number and radiation parameter on the bound-
ary-layer temperature. Eckert number is the ratio between the flow’s kinetic energy and the 
enthalpy. According to the profile of the temperature, the increase of Eckert number increases 
the kinetic energy that consequently increases the temperature. The same effect appears in fig. 
15 for the radiation parameter, Rd, such that increasing the Rd decreases the mean absorption 
coefficient, which consequently increases the temperature.

Table 6 shows the effect of Eckert number and radiation parameter on the temperature 
gradient. It is clear that the temperature gradient decreases in the presence of any of them.

Table 4. Values of the velocity gradient and the temperature gradient on 
the surface at Pr = 6.2, Re = 1, ϕ = 0.05, Rd = Ec = m = λ = 0.5

 CuO-water
m M f  "(0) g'(0) θ'(0) Cf Cg Nu

0
0.00 0.29667 –0.61692 –0.22819 0.33726 –0.70133 0.38281
0.50 0.24915 –0.74264 –0.08973 0.28324 –0.84425 0.15053
1.00 0.21642 –0.85899 0.05666 0.24603 –0.97652 –0.09505

0.5
0.00 0.29667 –0.61692 –0.22819 0.33726 –0.70133 0.38281
0.50 0.30464 –0.74114 –0.08113 0.34633 –0.84254 0.13611
1.00 0.31565 –0.84924 0.04186 0.35884 –0.96544 –0.07023

  Al2O3-water
m M f  "(0) g'(0) θ'(0) Cf Cg Nu

0.5
0.00 0.27453 –0.60162 –0.23038 0.31209 –0.68393 0.39660
0.50 0.28477 –0.72950 –0.07866 0.32374 –0.82931 0.13541
1.00 0.29761 –0.83975 0.04634 0.33833 –0.95465 –0.07978

Table 5. Values of the velocity gradient and the temperature gradient 
on the surface at Pr = 6.2, Re = 1, ϕ = 0.05, Rd = Ec = m = 0.5

CuO-water
  f  "(0) g'(0) θ'(0) Cf Cg Nu

λ
0.00 0.37016 –0.60062 0.02537 0.42080 –0.68279 –0.04255
0.50 0.30464 –0.74114 –0.08113 0.34633 –0.84254 0.13611
1.00 0.25999 –0.87389 –0.10570 0.29557 –0.99346 0.17732

Al2O3-water
  f  "(0) g'(0) θ'(0) Cf Cg Nu

λ
0.00 0.35074 –0.58338 0.02874 0.39873 –0.66320 –0.04947
0.50 0.28477 –0.72950 –0.07866 0.32374 –0.82931 0.13541
1.00 0.24128 –0.86600 –0.09909 0.27429 –0.98449 0.17058
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Figure 10. Temperature profile with increasing 
Hall current parameter
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Figure 11. Radial velocity profile with increasing 
porosity parameter

Figure 12. Transversal velocity profile with 
increasing porosity parameter
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Figure 13. Temperature profile with increasing 
porosity parameter

Figure 15. Temperature profile with increasing 
radiation parameter
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Figure 14. Temperature profile with increasing 
Eckert number

Conclusions

In this paper, we have studied analytically the magnetic field with Hall current and 
Joule heating, viscous dissipation effects on flow and heat transfer over a rotating disk into po-
rous medium consists of water with two types suspended nanoparticles. The following results 
are obtained.
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yy From the profiles showed the radial velocity of the flow over the rotation disk increases in 
the presence of Hall current and the increasing of nanoparticles concentration. While the 
opposite effect appears in the presence of magnetic field and porosity parameters.

yy The transversal velocity of the flow over the rotation disk decreases in the presence of Hall 
current, magnetic and porosity parameters.

yy Boundary-layer temperature increases with the increase of nanoparticles concentration, po-
rosity parameter, Eckert number, and radiation parameter. 

yy Rate of heat transfer over the disk increases in the presence of magnetic field and decreases 
with the increase of Hall current.

yy The effect of Hall current is clearer and bigger on the radial skin friction than that on the 
transverse skin friction. 
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