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Present paper examines the boundary-layer flow of magnetic nanofluid over a ra-
diative plate moving in a uniform parallel free stream. Water is considered as the
base fluid which is being filled with magnetite-Fe;O, nanoparticles. Energy balance
equation is formulated with non-linear radiation heat flux. Mathematical analysis
is carried out through the famous Tiwari and Das model. Similarity approach is
utilized to construct self-similar form of the governing differential system. Numer-
ical computations are made through standard shooting method. Ferrofluid velocity
is predicted to enhance upon increasing the nanoparticle volume fraction which
contradicts with the available literature for non-magnetic nanofluids. It is found
that Fe;O ~water ferrofluid has superior heat transfer coefficient than pure water.
Results reveal that consideration of magnetic nanoparticles in water leads to bet-
ter absorption of incident solar radiations. The well-known Blasius and Sakiadis
flows are also explicitly analyzed from the present model.

Key words: ferrofluid, heat transfer, numerical treatment, non-linear radiation,
Blasius problem

Introduction

Traditional sources of heat transfer liquids are incapable to deliver the modern cooling
requirements primarily because of their weak convective heat transfer coefficients. Researches
proved that nanoparticles, generally made of metals or oxides enhance conduction and con-
vection coefficients and hence allow for rapid higher heat transfer rates out of the coolants.
Thus heat transfer and efficiency of thermal systems can be improved via nanoparticle working
fluid. Owing to their enhanced thermal conductivity, nanofluids have promising applications
in several areas of industry and biomedicine. These include engine cooling, cooling of trans-
former oil, space and defense, electronics cooling, solar water heating, nuclear reactor cooling,
refrigeration, and many others. Detailed reviews about the possible heat transfer applications
of nanofluids have been presented by Wang and Mujumdar [1], Saidur ef al. [2, 3], Mahian et
al. [4], and Kasaeian et al. [5]. In the past, nanofluid flow and heat transfer due to moving or
stationary surfaces have been given tremendous attention by the researchers [6-18]. Magnetic
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nanofluids, known as ferrofluids, are more beneficial than the ordinary nanofluids because their
thermophysical properties can be amplified through external magnets. Ferrofluids possess a
form of heat transfer known as thermomagnetic convection which is beneficial when usual con-
vection heat transfer is insufficient. Saharifi ez al. [19] suggested using ferrite-based ferrofluids
for drug delivery and hyperthermia treatment for cancer. Ferrofluids may serve to form liquid
seals around the spinning drive shafts in hard disks. Some recent pertaining to the heat transfer
characteristics of magnetic nanofluids can be seen through [20-24].

Study of radiative heat transfer has noteworthy importance in various branches of
science and engineering. Raptis and Perdikis [25] investigated the radiation effects on visco-
elastic fluid-flow over a stationary heated plate. In this work, radiation term in the heat transfer
equation was linearized through the assumption of negligible temperature differences within the
flow. Later, such approximation has been adopted for investigating several other boundary-layer
flow problems even in recent past. Rahman and Eltayeb [26] firstly presented the heat transfer
analysis through the exact expression of radiative heat flux. They investigated the flow of nano-
fluid bounded by a non-linearly stretching radiative surface. Blasius flow of viscous fluid with
non-linear radiation was numerically explored by Pantokratoras and Fang [27]. Mushtaq et al.
[28] viscous flow due to a bi-directional stretching surface subjected to non-linear radiation.
Flow adjacent to a stationary vertical plate influenced by non-linear thermal radiation was in-
vestigated by Pantokratoras [29]. Mustafa et al. [30] studied the exponentially stretched flow in
the existence of non-linear radiative heat flux. In another paper, flow of power-law fluid subject
to non-linear radiation was studied by Mustafa et al. [31].

To our knowledge, the non-linear radiation effects in ferrofluid flow have never been
reported previously. Therefore, present work aims to address the consequences of non-linear
radiation heat flux in the boundary-layer flow of Fe;O,-water ferrofluid due to constantly mov-
ing plate in parallel free stream. Such analysis even for non-magnetic nanofluids is not yet
performed. Thermal conductivity of ferrofluid is estimated through the Maxwell model which
is valid for spherical nanoparticles. Computational analysis is performed through the shooting
method. Graphical illustrations for the effects of embedded physical parameters are presented
and discussed in detail.

Model development

Consider a laminar flow of Fe;O4-water ferrofluid over a moving plate having con-
stant velocity, U,. The plate is coincident with the plane y = 0 while ferrofluid occupies the
semi-infinite region y > 0. Let U, be the free stream velocity. Flow is subjected to non-uniform
magnetic field of strength B(x) = B,/x"? in the transverse direction. The plate is kept at constant
temperature, 7,, whereas T,, denotes the temperature at the far field. Thus relevant boundary-
-layer equations governing the nanofluid flow and heat transfer with viscous dissipation and
thermal radiation effects are expressed below (see [12] for details):
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and the boundary conditions are:

u=U, v=0, T=T,  at y=0 @)
u—->U, T->T, a y—>o
In eqgs. (1)-(4), u(x, y) and v(x, y) denote the velocities along the x- and y-directions,
respectively, g, = —(40"/3k")OT*/ Oy is the radiation heat flux in which ¢* = 8.61-10° eV/k is
the Boltzman constant and & is the mean absorption coefficient. Further the effective density,
Py, the effective viscosity, u.g, the effective thermal diffusivity, o, the effective heat capacity,
(pc,)nr, and effective thermal conductivity, k,, are defined:

M k
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in which ¢ denotes the volume fraction of nanoparticles and subscripts s and findicate solid and
fluid phases, respectively.
Electrical conductivity of nanofluid o, is proposed by Maxwell [32]:
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We consider the following transformations [6]:

N N A e
U—y\/;’ u=Uf"(n), v= 2x (/"= 1), TR0 @

with U = U,, + U.,. In view of eq. (8), eq. (1) is satisfied and eqs. (2)-(4) assume the following
forms:

L f"’+(1—¢+%Jﬁ”+Haﬁ(,1—f')=0 )
(1-9) Pr O
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7(0)=0, f'(0)=1-4, 6(0)=1
f(®)=2 0(x)=0
in which Pr = (u.),/ksis the Prandtl number of pure water, Rd = 16 ¢'T%,/3kk" — the thermal
radiation parameter, Ha = 6Bj/p,U — the Hartmann number, Ec =U?/ ¢,(T,, — T.,) — the Eckert
number, and 4 = U,/ U — the velocity ratio parameter. It is worth noting here that Ha = 0 cor-
responds to the case of non-magnetic nanofluids which is not yet explored. egs. (8)-(10) corre-
spond to the classical Blasius problem when 4 = 1 while Sakiadis flow problem is achieved by
setting 4 = 0.
Skin friction coefficient, C;, and the local Nusselt number, Nu,, are defined:

(1)
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where 7, and ¢,, denote the wall shear stress and wall heat flux, respectively. These are expressed:

Ou oT
Tw = ﬂnf A H qw = _knf A

+qg.
% o (13)

y=0 »=0

Invoking variables from eq. (8) into eq. (12) one obtains

Re . 1 " Nu, _ N\
/ : Uf_(1_¢)2‘5f(0), N (Ky /e, + RdO})0/(0) (14)

where Re, = Ux/ v, is the local Reynolds number.

Numerical results and discussion

Non-linear differential system given in egs. (9)-(11) have been evaluated numerically
through standard shooting method with fifth order Runge-Kutta (RK) integration and Newton’s
method. First of all we transformed egs. (8) and (9) into a system of first order equations by
suitable substitutions: (x; =f, x, =", x3 = f", x, = 0, and x5 = 0'). We get:

— x2 T
X
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subject to the following conditions

X, 0
X, 1-4
5= W (16)
X, 1
L X5 | u,

First order system (16) is then integrated numerically by RKS5 through a suitable
choice for f(0) and 0'(0). These values are refined by employing Newton’s method until the
solutions for /" and 6 exponentially decay to zero with error tolerance less than 107, The aver-
age CPU time for one set of outputs is around 1.5 second.

Table 1. Thermo-physical properties In order to investigate the physica} ef-
of water and magnetite-Fe;0, fects of embedded parameters on the solutions,
wepreparedthefigs. 1-8. Thermophysical prop-
p lkgm?] | G, [Tkg'K™'] | k[Wm'K™] erties of water and magnetite are listed in tab. 1.
Figure 1 gives the velocity distribution for dif-
ferent values of A when ¢ = 0 (pure water) and
Fe,0, 5180 670 9.7 ¢ = 0.2. Fluid flows faster above the plate
when larger values of 1 are accounted. The pa-

Water 997.1 4179 0.613
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rameter A compares the free stream velocity with the velocity of the plate. The variation in velocity
with ¢ appears to be non-monotonic here.

Figure 2 perceives the influence of Hartmann number on the velocity profile. The ap-
plication of magnetic force in the y-direction gives resistance to the momentum transport due to
which boundary-layer thickness decreases. Similar variations in f” with Hartmann number exist
in Blasius and Sakiadis flows. In Blasius flow, the plate is at rest and only free stream velocity
is present due to which there is inverted boundary-layer structure. An increase in magnetic field
parameter opposes the momentum transport due to which boundary-layer thickness decreases.
This can be observed through fig. 2 in which velocity profiles move towards the wall when
Hartmann number is increased. The reduction in momentum boundary-layer thickness accom-
panies with an increase in the velocity near the wall region.

1
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Figure 1. Effect of 1 on f'(%) Figure 2. Effect of Hartmann number on f'(#)

In fig. 3, we plot the skin friction coefficient 1/(1 — ¢)2.5"(0) against the volume
fraction, ¢, in case of both Blasius and Sakiadis flow problems. As ¢ enlarges, there is almost
a linear growth in skin friction coefficient for any given value of Hartmann number. The mag-
nitude of skin friction coefficient significantly rises when Hartmann number is incremented.

Figure 4 is presented to foresee the influence of volume fraction, ¢, on the temperature
profile. As expected, a growth in the nanoparticle volume fraction, ¢, augments the temperature
and the thickness of thermal boundary-layer. Moreover, temperature distribution in Sakiadis
flow problem is larger in comparison to the Blasius flow problem.

Figure 5 captures the behavior of temperature, 6, as the radiation parameter, Rd, varies
from to Rd = 1. Temperature 0 rises sharply when Rd is inreased. Temperature € is also directly
proportional to the Eckert number. For sufficiently large values of Eckert number, an overshoot
in temperature profiles near the wall is observed.

The influence of temperature ratio parameter, 8,,, on temperature distribution is sketched
in fig. 6. The parameter 6, enhances the penetration depth of temperature function. In contrast
to linear radiative heat transfer, here the energy balance equation involves thermal diffusivity
of the form (o, + 16 6" T3/ 3k k), which is temperature dependent. From this expression, it is
evident that thermal boundary-layer will be much thicker in the non-linear radiation case when
compared with the linear radiation case. When 6, is increased, the profiles become broader and
take a special S-shaped form with an inflection point.

Figure 7 gives the plot of local Nusselt number Nu,/(2Re,)"? vs. the volume frac-
tion ¢. The magnitude of local Nusselt number linearly increases with ¢ only when sufficient-
ly stronger magnetic field strength is considered. Figure 8 shows the local Nusselt number



Mushtaq, A., et al.: Consequences of Convection-Radiation Interaction for ...

448 THERMAL SCIENCE: Year 2018, Vol. 22, No. 1B, pp. 443-451

Nu,/(2Re,)"? as a function of Prandtl number at different values of Eckert number. We observe
that magnitude of Nu,/(2Re,)"? has direct relationship with the Prandtl number while it is in-

versely proportional to the Eckert number.

Figure 3. Effect of 4, Hartmann number
and ¢ on C;
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Figure 4. Effect of ¢ on 0(y)
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Numerical results of local Nusselt
number Nu,/(2Re,)"? for different values of
4, 0., and Rd are provided in tab. 2. Inter-
estingly, a drastic rise in wall heat flux is
observed when the velocity ratio parameter
A is varied from 4 =0 to A = 0,5. Moreover,
both temperature ratio parameter and radia-
tion parameter support the heat transfer rate
from the plate.

Concluding remarks

A numerical study for the boundary-
-layer flow of magnetite-water ferrofluid
over a constantly moving horizontal plate
with parallel free stream is presented. Nu-
merical results are derived by shooting
method. The major aspects of this work are
outlined below:

449
Table 2. Numerical values of local
Nusselt number Nu, / (2Re,)"> when
Ha=1,Pr=6.2, Ec=0.5,and ¢ = 0.2
A 0, Rd —(kat/ ky+ Rd0O,?) 6€'(0)
0 L5 1 —0.0062596954
0.2 1.9233832
0.5 2.8784479
1 0.17352702
0.5 1.1 2.4715736
1.5 2.8785745
2 3.5724593
2.5 43961313
1.5 0 1.9517906
0.5 2.4641607
1 2.8785745
1.5 3.2432484

e Skin friction coefficient in Fe30O4-water ferrofluid is much larger in comparison to pure

water.

e Different from the non-magnetic nanofluids, the velocity of the ferrofluid has non-mono-

tonic relationship with ¢.

e Both magnetic field effect and free stream velocity serve to enhance convective heat trans-

fer coefficient of ferrofluid.

® The parameter 4 has a dual behavior on the hydrodynamic boundary-layer. When A = 1, the

velocity profile f* is a straight line.

e Temperature € and heat transfer rate from the plate are directly and non-linearly proportion-

al to the radiation parameter.

®  When wall to ambient temperature ratio, 6,, is increased, temperature profile changes from
normal shape to S-shaped form with a point of inflection, and
® The well-known Blasius and Sakiadis flow problems can be obtained as the special cases

of present model.

Nomenclature
B(x) —magnetic field strength, [Nm'A™]
C,  —skin friction coefficient

¢,  —specific heat, [Jkg'K']
Ec  — Eckert number

f — dimensionless x-components of velocity
Ha  — Hartmann number

k — thermal conductivity, [Wm™'K™]

Nu, - local Nusselt number

Pr  —Prandtl number

q,  —Rosseland radiative heat flux, [Wm™2]
q.  —wall heat flux, [Wm™]

Rd  —radiation parameter

Re  —local Reynolds number

T — fluid temperature, [K]

T,  —wall temperature, [K]

T,  —ambient fluid temperature, [K]

U — positive constant, [ms™]
U,, U, —velocity of the stretching sheet and far
field, respectively, along x-directions,

[ms ]
(x, y) —2-D Cartesian co-ordinate system, [m]
u, v — velocity components along the x-,

y-directions, [ms™]
— 1 order derivative with respect to
— 2" order derivative with respect to 7
— 3" order derivative with respect to #

’
"

m

Greek symbols

o — thermal diffusivity, [m2s™']
n — similarity variable

0 — dimensionless temperature
0,  —temperature ratio parameter
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A — velocity ratio parameter @ — nanoparticle volume fraction

u — dynamic viscosity, [kgm's™] .

v — kinematic viscosity, [m?s™] Subscript

p — density, [kgm™] N — nanoparticle material

o — electrical conductivity, [1Q'm™] f — base fluid

7,  —wall shear stress, [kgm's?] nf  —nanofluid
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