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Heat transfer characteristics are investigated in natural convection flow of wa-
ter-based nanofluid near a vertical rough wall. The analysis considers five differ-
ent nanoparticles: silver, copper, alumina, magnetite, and silica. The concentra-
tion has been limited between 0-20% for all types of nanoparticle. The governing
equations are modeled using the Boussinesq approximation and Tiwari and Das
models are utilized to represent the nanofluid. The analysis examines the effects
of nanoparticle volume fraction, type of nanofluid, and the wavy surface geome-
try parameter on the skin friction and Nusselt number. It is observed that for a
given nanofluid the skin friction and Nusselt number can be maximized via an
appropriate tuning of the wavy surface geometry parameter along with the selec-
tion of suitable nanoparticle. Particular to this study cooper is observed to be
more productive towards the flow and heat transfer enhancement. In total the me-
tallic oxides are found to be less beneficial as compared to the pure metals.
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Introduction

Natural convection flow occurs due to the buoyancy force caused by temperature
difference between the solid surface and the ambient fluid. The free convection flows happen
frequently in natural and in engineering phenomenon. For example, the buoyant flow occurs
from heat rejection to the atmosphere, heating and cooling of rooms and buildings, flow driv-
en by temperature and salinity differences in oceans, flows generated by fire and in weather
systems convection cells formed from air raising above heated land or water, efc., in natural
processes. The cooling of molten metals and fluid flows around shrouded heat dissipation fins
and solar ponds are also the examples of natural convection applications in engineering pro-
cesses. Furthermore, the natural convection also takes place in various phenomenons such as
fire engineering, combustion modeling, nuclear reactor cooling, heat exchangers, petroleum
reservoirs, etc. The study of heat transfer in natural convection flow belongs to an important
class of boundary-layer flows. The quantity of heat transferred (to or from the fluid) is highly
dependent upon the flow character and surface texture within the boundary-layer. In radiator,
heat exchangers and heat transfer enhancement devices their surface is made intentionally
rough and irregular in order to enhance the heat transfer rates. The waviness and increased
surface area affect the heat transfer process significantly because of the increased conduction
and convection. However the consideration of nanofluid also contributes significantly towards
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heat transfer enhancement as a consequence of its enhanced material properties. Being in-
spired by this fact we intend to investigate the heat transfer phenomena in the natural convec-
tion flow of a nanofluid near a vertical wavy wall.

The low thermal conductivity of commonly known pure fluids such as air or water is
the main drawback against the heat transfer enhancement in the natural convection flows. A
mixture of pure fluid and nanometer-sized material particle is termed as nanofluid [1]. These
fluids are engineered colloidal suspensions of nanoparticles in the base fluid. The nanoparti-
cles used in nanofluid are typically made of metals, oxides, carbides, or carbon nanotubes.
The base fluids used are usually (but not limited to) water, ethylene, glycol, oil, efc. Because
of their improved material properties nanofluids have many applications in industry such as
coolants, lubricants, heat exchangers, micro-channel heat sinks, efc. Nanofluids have ex-
pressed unexpected properties which has increased their acceptance, particularly, in heat and
mass transfer sciences. Masuda et al. [2] noted the enhancement of thermal conductivity in
advance nuclear system by using nanofluid. Nanofluids have a distinctive characteristic which
are quite different from those of traditional solid-liquid mixtures in which millimeter or mi-
crometer-sized particles are involved. Such particles can clot equipment and can increase
pressure drop due to settling effects. Moreover, being large in size they settle rapidly creating
substantial additional pressure as pointed out by Khanafer et al. [3]. Enhanced thermal con-
ductivity is not a single benefit of adding the nanoparticle but there are other factors such as
nanoparticle size, volume fraction, particle agglomeration, Brownian motion, thermophoresis,
particle shape, temperature, and nanoparticle-liquid interface.

Pohlhausen [4] was the first who first analyzed the steady free convection flow of a
viscous incompressible fluid past a semi-infinite vertical plate by using integral method. Os-
trach [5] presented the similarity solution of natural convection along vertical isothermal
plate. Yao [6] analyzed natural convection heat transfer from vertical wavy surface using
simple co-ordinate transformation to change the wavy surface into a flat surface. Moulic and
Yao [7] discussed mixed convection heat transfer due to vertical wavy surface. Molla et al.
[8] studied natural convection heat transfer from vertical wavy surface using uniform surface
temperature with heat generation. Rees and Pop [9] studied the natural convection flow over a
vertical wavy surface in porous media saturated with Newtonian fluid. Hossain and Rees [10]
examined the heat and mass transfer in natural convection flow along a vertical wavy surface
with constant wall temperature and concentration. Cheng [11] discussed the solution of heat
and mass transfer in natural convection flow along a vertical wavy surface in porous medium.
Saddiqa et al. [12] studied the radiation effects in natural convection flow along vertical wavy
surface. Molla et al. [13] investigated natural convection flow along a vertical complex wavy
surface with uniform heat flux by assuming thermal conductivity of the fluid as constant.
Javed et al. [14] presented MHD effects of Cu-water nanofluid in a triangular cavity. Mustafa
et al. [15] discussed MHD mixed convection stagnation point flow of a nanofluid over a ver-
tical plate under the influence of viscous dissipation. Ghaffari et al. [16] investigated radiation
effects on oblique stagnation point flow of a non-Newtonian nanofluid over stretching sur-
face.

Being inspired from the mentioned studies the present work aims to investigate the
impact of surface roughness and the nanofluid towards heat transfer enhancement in natural
convection flow. The famous Tiwari and Das [17] model is being utilized to formulate the
boundary-layer equations which are subsequently solved through implicit finite difference
method. The results are discussed through graphs and tables and percent increase in rate of
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heat transfer is also calculated. It is observed that the nanofluid including gold nanoparticle is
serves to be the best coolant in comparison to the other considered metals.

Mathematical formulation

Consider a vertical surface with transverse undulations following sinusoidal pat-
terns. The surface texture of the vertical wavy surface is given by:

7 =§()_c)=§sin(%_j (1)

where & is the fixed amplitude, and / — the fixed wave length. The origin of the co-ordinate
system lies on the leading edge of the vertical surface as shown in fig. 1.
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the base fluid. The fluid properties are assumed to be described by the Tiwari and Das [17]
model in this study. According to this model the 2-D boundary-layer mass, momentum, and
energy conservation laws with the consideration of Boussinesq approximation are given by:
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where T is the temperature, p — the pressure, g — the gravitational acceleration, f,s — the
thermal expansion coefficient, p,s— the density, i — the thermal diffusivity of the nanofluid,
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V2 — the Laplacian operator, # and V are the components of velocity along the X - and ¥ -
directions, respectively. The relations for iaf, pns, (98)ns @ o, and (pcy)ye are given by:

thog = (pey)ar = U= P)pe, ) +(0C,) s s = (L= B)p; + 0,
1-¢) ©

(PBros = (- D), +9(oB),. aty =t Far (K 200) 2005 =)
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in which p, (pc,), and x are the density, heat capacity, and thermal conductivity, respectively.
The thermal conductivity x,; of nanofluid was first used by Garnett [18] in 1904. The sub-
scripts, £, p, and nf refer to the base fluid, nanoparticle, and the nanofluid, respectively, and ¢
— the solid volume fraction of nanoparticle.

According to the co-ordinate system along with the assumed flow conditions, the
appropriate boundary conditions for the velocity components and temperature function are de-
scribed:

y=Sx):u=v=0, T=T,, y->w:u=0, p=p,, T=T, (7a)

Since the boundary-layer starts to develop at x > 0, therefore at the leading edge
x = 0 the ambient flow conditions are assumed to be valid which are given by:

x=0p=p,, T=T, forall y=0 (7b)

In this case the characteristic length is the wave length, /, and all the lengths are non-
-dimensionalized by /. Temperature difference 7,, 7., is used to non-dimensionalize the tem-
perature function. The surface undulations are assumed to be small enough such that & < &
where & is the boundary-layer thickness. This assumption provides the reason for neglecting
the pressure term Jp/0x in eq. (3). In this way the governing equations in dimensionless form
under the boundary-layer assumptions read:
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where the dimensionless variables are described:
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where f is the dimensionless stream function, Gr = gf{(T,, —T. )P/vié the Grashof number,
Pr = w/o; — the Prandtl number, the subscript ¢ denotes derivative with respect to £ and ' de-
notes differentiation with respect to 7. The parameter o =(1+ Sé )2 denote the wavy contri-
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bution in the governing equations, where S;: denotes the partial derivative of S with respect to
¢&. The material parameters m, my, m,, ms, and my are given by:

m="0 oy =<1—¢)“[1—¢+¢&} m 199"
Pr

K¢ Pr
(pc,), (Ph), (v
m3{ e ¢(/’C )J { o ¢(ﬂ)f}
Following eq. (10), the boundary conditions in dimensionless form are described:
f(6.,00=0, f(£.,0=0, 6(5.,00=1, f'(£.,0)=0, 6(,0)=0 (12)

The parameters of physical interest in the current heat transport problem are the skin
friction coefficient and the local Nusselt number which are defined:

T xq
Cp=—2_ Ny =—Tv (13)
¢ pr2 Kf(Tw_Too)

where U = [(yf)/(lpf)]Grl/2 is the characteristic velocity, 7,, — the wall shear stress, and g,,— the
wall heat flux which are given by:

Ty = Har (VLT : ﬁ)y:On 9w = —Knr (VL_l ’ ﬁ)y:O (14)

where 7 =(=S;/0,1/0) is the unit normal to the wavy surface, and V — the gradient operator.
After using egs. (10) and (14), the skin friction coefficient and local Nusselt number takes the
form:

~ Gr 1/4
Cr=Cx (7) (- ¢)

The dimensionless average skin friction and average Nusselt number are defined:
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where S = fo‘f wd& is the surface area of the wavy sheet over an unit dimension. The average
skin friction and average Nusselt number in eq. (16) have been calculated numerically.

Result and discussion

The governing non-similar egs. (8) and (9) subject to boundary conditions (12) are
solved numerically using an implicit finite difference scheme known as Keller-Box method
[19-21]. In order to validate the present solution scheme, the already existing results by Alim
et al. [22], Hossain et al. [23], and Kabir et al. [24] have been reproduced. A comparison be-
tween the present results and already existing data is given in tab. 1 where the results are in
excellent agreement. This authenticates our present solution scheme and allows us to utilize it
in solving the current equations.

The effects of nanoparticle volume fraction and wavy amplitude on the transient ve-
locity and temperature profiles of the Cu-water nanofluid are plotted in figs. 2 and 3 for dif-
ferent values of o and ¢. From fig. 2 it is observed that the velocity increases at crest and
trough locations on the wavy surface but decreases at node. This fact is due to the increase in
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Table 1. Comparison of present results with existing data at a =0

/70,0) —0'(0,0)

Pr Present Hossain Alim Kabir Present Hossain Alim Kabir
etal [23] | etal. [22] | et al. [24] etal [23] | etal [22] | et al. [24]
1 0.9082 0.908 0.90814 | 0.90813 0.4010 0.401 0.40101 0.40102
10 0.5928 0.591 0.59269 | 0.59270 0.8268 0.825 0.82663 | 0.82662
25 0.4876 0.485 0.48733 | 0.48732 1.0690 1.066 1.06847 1.06848
50 0.4176 0.485 0.41727 | 0.41728 1.2896 1.066 1.28879 1.28878
100 0.3559 0.352 0.35559 | 0.35558 1.5495 1.542 1.54827 1.54828

Pr=7.0,¢=0.2 h Pr=70,0=02
£=05—— \ §=05
§=10---- £=10----

fi&.n), T(&.n)
o
o]

Figure 2. The effect of « on velocity and Figure 3. The effect of ¢ on velocity and
temperature profile temperature profile

values of a which highlights the role of surface undulation towards enhanced convection. Fig-
ure 3 displays the influence of various values of the nanoparticle volume fractions ¢ on ve-
locity profile. It can be seen from fig. 3 that the velocity profile decreases at crest, node and
trough locations on the wavy surface on increasing ¢ but velocity is minimum at node as
compared to crest and trough. The temperature profiles under the influence of same values of
aand ¢ (¢ =a=0.0, 0.1, 0,2) are also plotted in figs. 2 and 3, respectively. The effect of a on
temperature profile is shown in fig. 2. It is seen that variation in a does not bring significant
change in the temperature profile at crest and trough positions but increases at node. Figure 3
shows the influence of various values of the nanoparticle volume fractions ¢ on temperature
distribution. It is noted that the thermal boundary-layer thickness increases by increasing the
values of ¢. Since the cooper has high thermal conductivity therefore the maximum increase
in thickness is observed for Cu-water nanofluid. Figures 4 and 5 depict the variations of the
local skin friction coefficient and the local Nusselt number with increasing values of wavy
amplitude a for Cu-water nanoparticle. An increase in a results in increasing the wavy ampli-
tude of the curves which further grows downstream keeping the wavelengths constant in both
graphs. The variation of skin friction and Nusselt number with ¢ is shown in figs. 6 and 7, re-
spectively. Evidently the volume fraction parameter does not effect the skin friction signifi-
cantly as compared to the Nusselt number. This fact highlights the direct impact of nanoparti-
cle concentration on the heat transfer rate.
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Figure 5. Nusselt number plotted against ¢
for different values of a

Figure 4. Skin friction graph for different
values of a

The current analysis has been carried out for five different types of nanoparticles,
namely, Ag, Cu, AL,Os, Fe;04, and SiO,. Table 2 shows the thermophysical properties of wa-
ter and the five elements Ag, Cu, Al,Os, Fe;04, and SiO,. Here we investigate the effect of
different nanoparticle on skin friction and heat transfer on a vertical wavy surface. To com-
pare the Skin friction and heat transfer for different nanoparticle, where base liquid is consid-
ered to be water. It is worth mentioning here that this study reduces the governing eqs. (8) and
(9) to those of a pure or regular fluid when ¢ = 0. Skin friction and Nusselt number are plotted
against the solid volume fraction ¢ and wavy amplitude o for different type of nanoparticles
(Ag, Cu, Al,O;, Fe;04, and SiO,) in figs. 8-11. Figures 8 and 9 illustrate the variations of the
local skin friction coefficient and the local Nusselt number with nanoparticle volume fraction
parameter ¢. These figures show that these quantities increase almost linearly with ¢ and max-
imum increase in skin friction is observed for Ag and in Nusselt number for Cu. This shows
that the presence of the nanoparticles in the base fluid increases the effective thermal conduc-
tivity of the fluid quite appreciably and consequently enhances the heat transfer characteristics
as seen in these figures. Similarly the variation in local skin friction and Nusselt number
against wavy amplitude is shown in figs. 10 and 11 for different nanoparticles. Clearly the
variation due to these parameters is almost linear but the nature of nanoparticle does matter.
Maximum increase in skin friction is observed for Ag and in Nusselt number for Cu. It is
worth mentioning that according to eq. (15) the Nusselt number is a product of the tempera-
ture gradient and the thermal conductivity ratio (conductivity of the nanofluid to the conduc-

Table 2. Thermophysical properties of base fluid and nanoparticle

Properties C, [Tkg 'K ] p [kem™] x [Wm 'K £107° [K!]
Fluid (water) 4179 997.1 0.613 21.0
Au 128 19320 318 0.01416
Ag 235 10500 429 1.89
Cu 383.1 8954 386 1.67
ALO, 765 3970 40 0.85
Fe;0, 670 5180 9.7 0.5
Si0, 703 2200 12 0.056
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tivity of the base fluid). Increasing ¢ leads to an increase in the thermal conductivity ratio which
in turn increases the Nusselt number. Isotherms are plotted for same values of « and ¢ (a = ¢ =
= 0.0, 0.1, 0,2) in figs. 12 and 13. The wavy pattern can easily be seen in the isotherm graphs.
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Figure 6. Skin friction profile for different values Figure 7. Nusselt number graph for different
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Numerical values of skin friction and rate of heat transfer for different values of a
and ¢ when Pr = 7.0 for Cu on the vertical wavy surface at x = 0.5, x = 1.0, and x = 1.5 are
presented in tab. 3. It is observed that the both Nusselt number and skin friction increase with
the increase of ¢ and the skin friction increases and Nusselt number decreases with increase of
a. Table 4 shows percent change in skin friction and Nusselt number for Cu nanoparticle for
different values of o and ¢ when Pr = 7.0 in comparison to wavy and flat vertical plate at
three different locations; crest, node, and trough on the vertical wavy surface. It is observed
that at crest skin friction increases and Nusselt number decreases by increasing the wavy am-
plitude at fixed concentration of nanoparticle. Similarly for a fixed value of a both skin fric-
tion and Nusselt number increase by increasing the nanoparticle concentration. The similar

Table 3. Variation in skin friction and Nusselt number for different values of a and ¢
when Pr =7.0 for Cu

¢ ) o Cy Nu
0.0 0.7675 0.9111
02 0.1 0.7702 0.9070
0.5 (Crest) 0.0 0.6460 0.7337
0.1 0.2 0.7034 0.8151
0.7771 0.8959
0.2 0.0 0.6567 0.8224
0.1 0.7134 0.8947
1.0 (Node) 0.0 0.4914 0.6971
0.1 0.2 0.5358 0.7757
0.2 0.5927 0.8536
o2 0 0.6567 0.8224
0.1 0.7688 0.9055
1.5 (Trough) 0 0.6437 0.7312
0.1 0.2 0.6997 0.8111
0.2 0.7721 0.8906
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behavior is followed by the skin friction and Nusselt number at the trough location but at the
node both skin friction and Nusselt number increase with the increase of wavy amplitude and
concentration of nanoparticle. The nature of nanoparticle has fundamental role in enhancing
the convective heat transfer phenomena. Nanoparticle of five different materials (Ag, Cu,
Al O3, Fe;04, and Si0,) including two metals and three oxides have been considered in tab. 5
towards the calculations of percent increase in the magnitude of skin friction and the Nusselt
number. It is observed that maximum increase in metals of about 24.9% in skin friction is ob-
tained for Ag with 20% concentration in the base fluid and minimum increase in metals of
about 20.3% in the value of skin friction is obtained for Cu with 20% concentration when the
present results are compared with the value £70.5, 0) = 0.6460 at a = 0.2, and ¢ = 0.0. Simi-
larly for oxides, maximum increase of about 13% in skin friction is obtained for Al,O; with
20% concentration in the base fluid and minimum increase of about 4.7% in the value of skin
friction is obtained for SiO, with same concentration. On the other hand for metals, maximum
gain in metal of about 22.1% in Nusselt number is obtained for Cu and minimum of 20.7%
for Ag with 20% concentration in the base fluid when the present results are compared with
Nu =0.7337 at & = 0.2 and ¢ = 0.0. Similarly, for oxides, maximum increase of about 19.4%
in Nusselt number is obtained for Al,O3; with 20% concentration in the base fluid and mini-
mum decrease of about 11.2% in the value of Nusselt number is obtained for SiO, with same
concentration. The percent increase in skin friction and Nusselt number is also calculated in
comparison to /” = 0.6375 and Nu = 0.7455 at a = 0.0 and ¢ = 0.0. For metals, maximum of
26.5% and 20.2% increase in skin friction and Nusselt number is obtained and a minimum of

Table 4. Percent increase in skin friction and Nusselt number for Cu in comparison to pure fluid
(¢ = 0) with wavy (a # 0) and flat plate (¢ = 0) case when Pr =7.0

% increase in Cy % increase in Nusselt number
& a ¢ Verses Verses Verses Verses
wavy plate flat plate wavy plate flat plate
at¢=0.0 at¢=0.0 at ¢ =0.0 at ¢ =0.0
0.0 - 20.4 - 222
0.1 02 20.4 20.8 222 21.7
0.5 (Crest) 0.0 0.0 2.7 0.0 -1.6
0.2 0.1 8.9 10.3 11.1 9.3
20.3 21.9 22.1 20.2
0.0 0.2 - 20.4 - 222
0.1 20.5 11.9 222 20.0
1.0 (Node) 0.0 0.0 -22.9 0.0 —6.5
0.2 0.1 9.0 -15.9 113 4.1
20.6 -7.0 22.5 14.5
0.0 0.2 - 204 - 222
0.1 20.3 20.6 22.1 21.5
1.5 (Trough) 0.0 0.0 -0.4 0.0 -1.9
0.2 0.1 8.7 9.7 10.9 8.8
0.2 19.9 21.1 21.8 19.5
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21.9% and 18.8% increase in skin friction and Nusselt number is obtained, respectively. Simi-
larly for oxides, maximum of 14.5% and 17.5% increase in skin friction and Nusselt number
is obtained and a minimum of 6.1% increase in skin friction and 12.6% decrease in Nusselt
number is obtained, respectively. Through tab. 5 it is easy to identify the role of surface
roughness and of nanofluid towards heat transfer enhancement.

Table 5. Percent change in skin friction and Nusselt number for different nanoparticle when
Pr=7.0,a=0.2,$=0.2

% increase in —Cy % increase in Nusselt number
£ Nanoparticle Verses Verses Verses Verses
material f7=0.6375 at £7(0.5,0) = 0.6460 Nu = 0.7455 Nu =0.7337
a=¢=00 ata=02,4=00 | ata=¢=00 | ata=024=00

Au 4.2 2.8 8.4 10.1

Ag 26.5 249 18.8 20.7

Cu 21.9 20.3 20.2 22.1

02 Fe;0, 10.9 9.4 11.8 13.6

Al,O3 14.5 13.0 17.5 194

SiO, 6.1 4.7 -12.6 -11.2

Conclusions

In the present study, we have numerically investigated the natural convection heat
transfer of nanofluid along five different types of nanoparticles, Ag, Cu, Al,O;, Fe;0,4, and
SiO, with a valid range of particle concentration (0-20%) by taking water as base fluid. An
excellent agreement between the present results and already published data proves the validity
of present results. Our analysis reveals that:

e The skin friction increases and Nusselt number decreases by increasing the values of
wavy amplitude a.

e An increase in concentration of nanoparticles in the base fluid produces an increase in the
skin friction coefficient and the local Nusselt number.

e Maximum increase in skin friction is about 24.9% for Ag and in Nusselt number is about
22.1% for Cu with 20% concentration.]]

e Minimum increase in skin friction is about 4.7% and in Nusselt number is —11.2% for
SiO, with 20% concentration.
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Nomenclature
¢ — specific heat, [Jkg'K™'] P — dimensional pressure, [kgms™]

— dimensionless stream function, [—] S — dimensional wavy surface parameter, [—]
g —acceleration of gravity, [ms~] T — local temperature, [K]
l — characteristic length of the wavy plate, [m] (u, v) —velocity component in x- y-direction, [—]
Pr — Prandtl number, [-] (ir,v) — velocity component in X- y-direction, [ms™]

P — dimensionless pressure, [—] (x, ) —dimensionless co-ordinates, [-]
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— local density, [kgms™]
— kinematic viscosity, [m*s ']
— electrical conductivity, [ Qm]
a — dimensionless amplitude of the — solid volume friction
wavy surface, [—] w — dimensionless stream function, [kgm™'s™']

(¥,y) — dimensional co-ordinates, [m]

Greek symbols

<. Q <

a — dimensional amplitude of the

Subscripts
wavy surface, [m]
¢ n —new computational independent variables, [—] f —base fluid
a* —thermal diffusivity, [m%s™'] nf — nanofluid
B — coefficient of thermal expansion, [K™'] p —nanoparticle
6 — dimensionless temperature, g—] w  — condition at the surface
x — thermal conductivity, [Wm 'K '] o — condition far away from surface
u  — dynamic viscosity, [kgms's™']
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