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A new approach to integral-balance solutions of the diffusion equation of heat
(mass) with constant transport properties by applying time-fractional semi-de-
rivatives and semi-integrals of Riemann-Liouville sense has been developed. The
time-fractional semi-derivatives and semi-integrals replace the surface gradient
(temperature) which in the classical heat-balance integral method of Goodman
and the double-integration method should be expressed through the assumed pro-
file. The application of semi-derivatives and semi-integrals reduces the approxi-
mation errors to levels less than the ones exhibited by the classical heat-balance
integral method and double-integration method. The method is exemplified by so-
lutions of Dirichlet and Neumann boundary condition problems.
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Introduction

The integral-balance method [1] to parabolic models employs a concept of a pene-
tration depth which is physically motivated by the behaviour of the hyperbolic counterpart
model of diffusion transfer, thus defining a sharp forint of propagation. Integral-balance solu-
tions are extensively used with both pure analytical [2, 3] and practically oriented modelling
studies [4-9]. The simplicity of the method is still attractive for scientist [10-12] and various
modifications [13-15] have been developed.

The core of the integral method is the choice of a profile [16] which should satisfy
the conditions at both ends of the thermal penetration depth. This approach is a zeroth order
moment solution converting the governing partial differential equation to an ordinary differ-
ential equation with respect to the penetration depth. The common approach is to use quadrat-
ic or cubic polynomial profiles [2, 17, 18] as they originate from Goodman’s classical work
[1]. More flexible application of the integral balance solutions can be developed by use of a
parabolic profile with unspecified exponent [10, 11, 16, 19]. The principle approach and the
problems emerging in implementation of the integral-balance method are formulated next.

Transient diffusion (heat or mass) in a homogeneous medium with a constant
transport coefficient (diffusivity), a, is modelled by the parabolic equation in dimensionless
form (with respect to the temperature, concentration, only):
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2
%za%, O(x,t)=0 for <0 (1)
ot ox
The simplest method known as heat-balance integral method (HBIM) [1, 20] sug-
gests integration of eq. (1) with respect to the space co-ordinate over a finite penetration
depth, 4, namely‘

5
= j 0x,)dx = 0(3,0)°_- do _ j —edx == j 0(x,t)dx = —a %(O,t) (2a,b)
dr 0 ox

In the case of a semi-infinite medium the value of 6(x, ¢) far away from the boundary
x =0 is assumed 6(wx, ) = 0. The sharp front concept replaces these conditions by the follow-
ing ones:

0(6)=0 and %(5) =0 (3a,b)
ox

Replacing 8 by an approximate profile ,, an ordinary differential equation describ-
ing the time-evolution of d(¢) can be derived. The principle problem of HBIM is the approxi-
mation of the gradient of right-side of eq. (4), because it should be defined through the as-
sumed profile. A step, avoiding this problem, is the double-integration method (DIM) [11, 21]
when the Dirichlet problem is at issue.

The present work addresses a new technique improving the integration step in the
integral balance method. The new step considers the surface flux (the space derivative) or
temperature, to be expressed by the prescribed boundary conditions (BC) and Riemann-
Liouwville (RL) time-fractional semi-derivatives and integrals, thus avoiding their expressions
through the assumed profile which is a principle drawback of HBIM and DIM (when the flux
is prescribed at the boundary). Two examples demonstrate how this new approach can be im-
plemented together with the classical HBIM [1, 20] and the refined version known as DIM
[11,21].

Semi-derivative integral method (SDIM):
general relationships

The relationships between the temperature
and the flux at the boundary

Equation (1) can be represented as [22]:

020 _ o020 \faa "% 1 ET 0(x,0)
e o 1/2 0, o2 1/2 dr 0\/* \/_

where 0 29/ 0t"? = DJ2 is the time-fractional RL derivative of order 1/2, u — the dummy var-
iable, and I'(1/2) = 7" In eq. (4a) only the second term has a physical meaning [22]. Hence,
the time-fractional equivalent of eq. (1) is eq. (5a) [22], while eq. (5b) is a relation at x = 0,
namely:

(4a,b)

00 _ a0 _ 3"°0(0,0) _ (ae(o 0)

atl/z - a Ox = at1/2

(5a,b)

Applying the operator D, Y2 {6 both sides of eq. (5b) we get:
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o2 {ae(o t)} o2 o),

0(0,t) = —Ja 2, O(x,t e u 6a,b

0.0 =~Ja—z = 0 = 1/2 j I (6a,b)

The operator o7 20(x, t)/afl/ 2 =D, y 20(x,t) is the time-fractional (semi-integral)
of order 1/2 in RL sense [22], where u is the dummy variable. In a sense, following the re-
sults of [23, 24] the heat flux and temperature at any point, can be presented explicitly by the
relations:

12 -2
q(x.0) = %F agf’ H_ T\(/%)}, T(x,1) = %% +T(x,0) (Tab)

which are equivalent to egs. (5a) and (6a).

At this point we have to stress the attention on the fact that the relationships (6a),
(6b), (7a), and (7b) are natural solutions in terms of the RL derivative. However, if we suggest
that the RL derivative could be replaced mechanistically by the Caputo derlvatlve for in-
stance, and therefore the relationship (5b) to be expressed as D/ 0(0,1) = —a"%00(0,t)/ox,
which is mathematically incorrect [22-24]. However, continuing in this direction with the Di-
richlet BC 6(0, #) = const. this approach provides aV 289(0 f)/éx =0. Since a* # 0 the flux at
the boundary is ¢, =06(0,¢)/0x and with the Caputo derivative in eq. (6a) it should be zero,
which is unphysical because this result means that the heat does not flow into the medium.
Therefore, we got a correct mathematical result which is unphysical only by the fact that RL
was mechanistically replaced by the Caputo derivative. With RL, as it is demonstrated further
in this article, see eq. (12a) and the text relevant to tab. 1, the flux is q, = 1/(7[t) and the
heat penetrates the medium.

The SDIM to HBIM solution (SDIM-1)
With initial condition 6(x, £) = 0, starting from the HBIM relation (2b) and using eq.

(5b) to eliminate 06(0,¢)/0x , with help of'eq. (6a) we get:
12
< j 0(x,1)dx = Ja 2000 (®)

o/

Equation (8) is the principle equation of SDIM-1. Since it was derived by a single
integration step and has some restrictions in applications, we will term this approach as
SDIM-1 or simple SDIM.

The SDIM to DIM solution (SDIM-2)

The SDIM-2 approach uses a double integration procedure with respect to the space
co-ordinate x as in the classical DIM [11, 21, 22], namely:

1*' integration
80(0, )

™ (9a)

j d O(x,t)dx = —a
! drt

2" integration
J x d d )
([ [Ee(x,t)dx}dx =—ab(0,1) = ajxe(x,t)dx =-ab(0,1) (9b,c)
00

0
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The right-side of eq. (9c) needs the surface temperature to be defined. When the Di-
richlet problem is at issue, eq. (9¢) is the case of DIM [11]. However, when the flux is speci-
fied at x = 0 and the surface temperature expression through the approximate profile should be
avoided, we use a relation coming directly from egs. (5a) and (5b). Precisely, when the sur-
face temperature is required, as a step of the solution procedure, it can be simply determined
by eq. (6a): this is the second principle step in the SDIM-2 approach. Finally, from egs. (9¢)
and (6¢) taking into account that 00(0,¢)/0x = —g,/A, we get:

a4 072 [66(0,1) q
E{x@(x,z)dx —aJa 1/2[ » } —j x0(x,1)dx = aval 1/2(,5} (10a,b)

Equation (10b) is the principle relationship of SDIM-2 when a surface flux is speci-
fied as a BC.

The method by examples

Prior to developing examples it is worth noting to recall that the time-fractional
semi-derivatives and semi-integrals are used in the right-hand side of the integral relations
only where surface or flux should be expressed thus avoiding the use of the assumed profile.
The assumed profile, however, has to be used in the BC at x = 0.

Example 1: SDIM-1 and constant temperature (concentration)
boundary condition at x = 0

The exact solution of this problem is [25]: 6, =1—erf(r7/2) Where n=x/ (at)l/2 i
the Boltzmann similarity variable. Assuming a general parabohc profile as 0 =0,(1-x/8)",
and applying the Goodman BC (3a) and (3b) we get 6,(0,1) =6, =1. Replacmg 0 by the ap-
proximate profile HaT in the principle equation of SDIM—I, eq. (8) we get:

—I(l‘—J dr e ( c C = const.= 1 (1)

Taking into account that RL derivative of a constant C is 0V2crat? =c/ (m)l/2

integration of eq. (11) with the initial condition J(z = 0) = 0 yields:

1 ds 2(n+1)
ria Vg = (128

The classical HBIM and DIM, using the same assumed profiles, to the same prob-
lem through eq. (2b) and 06(0,7)/0x = —n/d, provide [10, 11]:

(BIv) =at \2n(n+1), 5, (o) =at\[(n+1)(n+2) (13a,b)

Accuracy of approximation: tests with
stipulated exponentsn =2 andn =3

The plots in fig. 1 reveal that the profiles generated by SDIM-1 are practically indis-
tinguishable from the exact solution. The pointwise errors presented in fig. 2 strongly indicate
that the SDIM-1 solutions with either n = 2 and n = 3 are better than HBIM solutions and in
some cases better than DIM profiles (the case of SDIM-1 with n = 3). In all the cases, the
SDIM-1 solutions with stipulated exponents exhibit pointwise errors less than 0.02.
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Figure 1. Plots of SDIM-1 solution with Figure 2. Pointwise errors of various integral-balance
stipulated exponents compared to the exact solutions with respect to the exact solution; the solid
solution lines correspond to SDIM-1 solutions

Accuracy of approximation: tests
with optimized exponents

Since the method developed here and the classic HBIM and DIM are moment meth-
ods, the accuracy of approximation depends on the values of the exponent n. The undefined
exponent of the profile has been analyzed in [8] and the problem has been further developed
towards definition of the optimal exponents of the profile via minimization the mean-squared
error of approximation [10, 11].

We stress the attention on the fact that the approximate profile satisfies the heat-
balance integral but not the original heat conduction equation and therefore the residual func-
tion can be defined:

2
ou, _aoauza (14)
Ot ox

The residual function ¢[u,(x, £)] should be zero if u, matches the exact solution; oth-
erwise it should attain a minimum for a certain value of the exponent # (the only unspecified
parameter of the approximate profile). We will use the definition (14) to find some constraints
which the exponent 7 should obey. With u, = (1 — x/5)" and x = 0, we have (0, {) = [-n(n —
—1)/6%]. Thus, searching for positive values of n, the heat equation is satisfied for n > 1. How-
ever, in order to satisfy the Goodman BC u,(d, f) = Ou,(d, £)/0x = 0, it is required that n > 1.
Moreover, for x — o0 we have ¢i0, ) = lim_ 5o, ¢ = [-n(n -
- 1)/52]1imx_,(5(1 - )C/(S)”f2 and get the condition that the diffusion equation is satisfied at x = ¢
when n > 2. Therefore, with the previous constraint (n > 1) we get the general constraint n > 2.

Applying the Langford criterion [2] for the integral-balance method we need:

Plu, (x,0)]=

E, - (n t)—f Oy, Oa | g i (15)
LT\ . ot 0 6)62
Representing the approximation profile u = (1 — x/0)" through the Zener’s co-
-ordinate [26] & =x/8, 0< & <1, we get V(E,t)=(1-&)" [10, 11]. Hence, the diffusion eq.
(1) in &-space becomes:
dogov_ V1

=q,—— 16
dt 5 0& a06§252 (16)
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Further, the expression about Jr is

3.40pF Fixed temperature BC _
- \ SDIM1 solution (12];) a{nd.the .product o(do/dr) = 2ap(n +
= 538 Nopt = 2.248 +1)“/m is time independent. Then, after the
=T integration from 0 to & = x/0 = 1 the error
[a]
3 measure E;7(n, ) can be expressed as a ra-

© 336 tio Erpspiv-1y = eT(SD[M—1)(n)/54 [10, 11].

Therefore, the squared error of minimiza-

tion Er7(n, t) decays rapidly in time and

searching or the optimal exponent of the

profile the procedure focuses on the min-

imization of epspmv-1)(n) the nominator

- with respect to n. The procedure is well
26 described for the linear eq. (11) [10, 11]
Figure 3. Plots of the function ersppy_1)(%7) defining and for non-linear problems in [27].

the optimal exponent n = 2.248 SDIM-1 solution of The function exspiv-1y(7), see eq. (17) and
the fixed temperature BC problem fig. 3.

3.34

3.32

3.30

0405437(n +1)° n(n=1) 1.273479n(n~1)(n +1)
n2n-1)Q2n+1)  2n-3 2n-1)(2n+1)

(17)

erspm-1) (") =

The rational function exspmv-1y(7) exhibits the only physically realistic minimum at
n=2248 (ﬁg 3) resulting in ELT(SDIM—]) ~0.01834.

The numerical simulations of the approximate SDIM-1 solution and the exact one are

shown in fig. 4(a). The pointwise errors of HBIM, DIM and SDIM-1 solutions, fig. 4(b), with

optimal exponents reveal that SDIM-1 exhibits better accuracy compared to the behaviour of

HBIM and DIM approximations. The effect is due to the fact that the key step in the SDIM-1 so-
lution: avoiding the approximation of space derivative at x = 0 through the assumed profile.

op Fixed temperature BC 0.05 Fixed temperature BC Integral — balance
61 F SDIM-1 solution solutions with
o8k Nopt = 2.248 X 0.04 optimal exponents
- HBIM
3 < 5
| =~
x
06} b 003} /\ DIM
L § L /.,' ‘\ .
04} S 002k-—- b A _ ___ 1! Endsofthe
b T A -t approximate
2 TN
é solutions
0.2F S 0.01
o
0.0 L 0.00 k== PR
0 3 4 5 0 5
(a) nH (b) nk-l

Figure 4. (a) SDIM-1 solution with optimal exponent compared to the exact solution; fixed temperature
BC problem, (b) pointwise errors of various integral-balance solutions (with optimal exponents) with
respect to the exact solution; the solid line corresponds to the SDIM-1 solutions

Moreover, as an expected results the penetration depths corresponding to 6, = 0, that
1S Nfinal, with the optimal exponents are: 5T(SDIM—1) =~ 3665, 5T(HBIM) =~ 3475, and 5T(DIM) ~3471.
Hence, with SDIM-1 we get the longest penetration depth that affects the approximation er-
ror close to the end of the solution.
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Surface flux approximation

Moreover, the dimensionless surface flux, O, can be expressed as Q = go(ar)"*/A[6(0,
?)]. The estimations of Q obtained by different integration techniques are summarized in tab.
1. The exact solution [25] 1S Qexact = 1/x'?. The data in tab. 1 indicate that in all the cases the
approximate solutions overestimate the surface heat flux.

Table 1. Evaluation of the dimensionless surface flux Q = qo(at)l/zli[f)(o, ?)] for various integration
approaches and fixed temperature BC

Solutions with stipulated exponents Solutions with optimal exponents
(0] HBIM DIM SDIM-1 Exact HBIM DIM SDIM-1
n=2 0.577 0.577 0.590 0.577 0.586 0.613
(+0.023) (+0.023) (+0.046) 0.564 (+0.023) (+0.039) (+0.087)
n=3 0.612 0.670 0.663
(+0.085) (+0.085) (+0.117) Nopt = 2.008 | 1oy =2.074 | ngy =2.248

Note: the data in the brackets are the approximation errors

Moreover, despite the lower pointwise errors of SDIM-1 with either stipulated or
optimized exponents, better approximations of the surface flux at x = 0 are provided by HBIM
and DIM. Hence, if we need low approximation error across the penetration depth and close
to its front, then SDIM-1 is the adequate solution. Otherwise, if the surface flux is the target,
then HBIM or DIM should be used.

Example 2: SDIM-2 and fixed flux
boundary condition at x = 0

With the BC —[06(0, t)/0x] = g the exact solution of eq. (1) is [25]:

2
do 1 x X X
0., (x,t)=2—A/at| —=exp| —— ——erfc(—}
¢ A L/; 4at | ~at 2 at
9o Nat 9o
0.(0,t)=2—+>—~1.1283 ==+/at
ex( ) ﬂ, \/E /1 a

The classical HBIM, eq. (2b), needs in its right hand side the gradient at x = 0 to be
defined. In this case no additional refinements are required since the BC is [06(0, £)/0x] = qo/A.
The result is dqmusmm) = (at)?[n(n + 1)]"? [10, 16]. For that reason, it is more challenging to
see how the solution of the DIM approach could be improved by applying the SDIM-2 ap-
proach.

(18a,b)

With assumed profile 87 = 67(1—x/5)" and applying the BC (3a) and (3b) we get:
97 :q_oé(l_ﬁj (19)

In the basic DIM®, eq. (9¢), where the product af(0, ¢) balances the double heat-
balance integral the surface temperature 6(0, ?) is approximated through the assumed profile
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setting x = 0, i. e. we use af,(0, £) = a(qo/A)(6/n). Then, the result is the classical DIM solution
[10, 11]:

ds®> &5
n(n+ li(n ) d G Catom =at,[(n-+1(n + 2)‘ (20a,b)

Alternatively, if the use of the assumed profile in the definition of the surface tem-
perature in the right-hand side of the integral relation is avoided, then following the SDIM-2
eq. (10b) we get:

d5Q() o 3 —1/2( 2 qoj_Lqu 2\/;
as i n(l Ejdx aa—; /J D; (7—7 o) @b

Therefore, from eq. (21a) we get:

1
5 1
1 do a2 2\f 52 = Jar 4nn+)(n+2) 3 5 =\/EF,2(n) (22a,b,c)
n(n+1)(n+2) dt N N q S
The difference between dqpimv), €q. (20b), and 552, eq. (22b) is in the function F(n)
depending on the exponent n and the integration approach applied. Moreover, the dimension-
less approximate proﬁles expressed in terms of the similarity variable 7 = x/(ar)'* as
Ol (n)=01(n)Alg, (at)"? allow comparing them to the exact solution. Therefore, we have

() = [Fu(mn][1 ~ n/E(m)]"

Fied fluxge  Accuracy of approximation: tests with

stipulated integer exponents
SDIM-2 (n = 4)

Tests demonstrating pointwise approxima-
tion errors with the SDIM-2 solution when the
exponent 7 is stipulated, as in the classical inte-
gral-balance solutions [1, 16], are presented in
SDIM-2 (n = 3) fig. 5. The numerical experiments were per-
formed with n = 3 and n = 4 because the opti-
mal exponents (discussed in the next section)
are between these two integer values. We do no

DIM (n = 3)

L=mal L

5

nH show the plots of the approximate solutions
Figure 5. Pointwise errors of integral-balance since they are undistinguishgble visually and
solutions developed by different integration '.[hereffore, We stress the' atteptlon on the approx-
techniques and stipulated integer exponents imation errors. The pointwise errors (fig. 5) in-

dicate that, in general, better accuracy is pro-
vided by the DIM solution with n = 4 over the entire range of variations of #. Especially for
the SDIM-2 solution with either n = 3 or n = 4, the acceptable approximation errors are in the
range 2.5 < < 4.5, but in both cases the surface temperature approximation is unacceptable.

Accuracy of approximation: tests with
optimized exponents

Similar to Example 1, the residual error function can be constructed for the case of
fixed flux BC. We skip the details in the expression of the residual function since it is available
elsewhere [11, 27, 28]. Minimization of the squared error of approximation represented as
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Eip(n, t) = eLQ(n)/64 over the penetration depth provided ngpmv—o(opt) = 3.979 and E;p(n) =
0.0257. At the same time, the optimal exponents of HBIM and DIM to the same problems are
nfipp (opt) = 3.535 and nf,, (opt) ~3.798. These are expected differences because the di-
mensionless functions F,(n) multiplying the length scale (af)"? depend on the integration
method applied.

The plots in fig. 6(a) reveal that the performance of SDIM-2 is better than that DIM.
Since the HBIM is the correct approach rather than DIM, as commented, the fact that the
SDIM-2 solution is comparable to that of HBIM confirms additionally the appropriateness of
the approach used here. Since the determination of the optimal exponent is based on the min-
imization of e;p(n) it is quite informative to demonstrate what the solution behaviour is when
the exponent of the SDIM-2 solution varies around nsppy 2(opt) = 3.979, as it is shown in fig.
6(b). For n < 3.979 the solutions have unacceptable approximation errors when 77 < 2 but for
larger 7 the accuracy is better that the case when the optimal exponent is used. Similarly,
when n > 3.979 worst approximations are exhibited for # < 1 while the accuracies better that
the optimal solution can be attained for larger #.

0.020 Fixed flux BC 0.03 Fixed flux BC
T Solutions with
= optimal exponents
©°0.015 T
1 —= 0.02
x o 0
o [
0.010 < Nopt = 3.979
0.01
0.005
0.000 0.00 .
1 2 3 4 5 4 5
(a) nH (b) n-l

Figure 6. Pointwise errors of integral balance solutions with optimal exponents of the parabolic profile;
(a) comparison of HBIM, DIM, and SFIM-2, (b) comparison of pointwise errors of SDIM-2 solutions
when the exponent varies around the optimal value

In addition, as an expected results the penetration depths corresponding to 8 =0,
that is #gnq, With the optimal exponents are: dyspmm—s) = 4.4666, dymmiy = 4.0039, and
Oqm) = 4.3064. Hence, with SDIM-2 we get the longest penetration depth that affects the ap-
proximation error close to the end of the solution.

Surface temperature approximation.

As a next step of evaluation of the method, the dimensionless surface temperature,
0, can be expressed as O, = 16(0, t)/qo(at)l/ 2. Thus we may estimate ® obtained by different
integration techniques (tab. 2). The exact solution [25] iS Os exact = 2/m'.

The data in tab. 2 (the columns to the left of the exact solution) reveal that better ap-
proximation is provided by the HBIM solution, which confirms the previous comments. Fur-
ther, using the optimal exponents, the SDIM-2 solution overestimates the surface temperature,
while HBIM and DIM underestimate it. However, the approximation errors are of one and the
same order of magnitude.
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Table 2. Evaluation of the dimensionless surface temperature @, = 46(0, #)/qy(a?)

for various integration approaches and constant flux BC

172

0 HBIM [ DIM [ SDIM-2 Exact HBIM DIM SDIM-2
Solutions with stipulated exponents Solutions with optimal exponents
=3 1.154 1.217 1.186 1.132 1.133 1.122
(+0.089) | (+0.089) (-0.094) 1.128 (-0.004) (-0.005) (+0.006 )
—4 1.118 1.118 1.121
" (-0.010) (-0.01) (+0.05) Aopt = 3.563 | Nope =3.798 | noy =~ 3.979

Note: the data in the brackets are the approximation errors

Brief analysis of the method developed and conclusions

At the end of this article we have to emphasize on some principle points of the de-
veloped solutions, among them:

o The examples demonstrated a new approach in solutions of transient heat conduction prob-
lems by the Goodman integral balance method where the principle step is the use of frac-
tional-time semi-derivative of RL sense to relate the heat flux and the surface temperature
at the front (x = 0) of the heated medium.

o Looking precisely at the integration techniques used so far with the Goodman method
(commented in the Introduction) we may define two principle groups:

(1) Single equation approach. This is, in fact, the classical Goodman’s’ HBIM expressed by
eq. (2b). The main problem emerging in application of eq. (4) is that the gradient at x =
0 should be expressed through the preliminary defined approximate profile. This princi-
ple drawback of HBIM can be avoided by the DIM resulting in eq. (9¢c). However, with
DIM we face a similar problem when the surface flux is prescribed at x = 0. To this
point, we have to emphasize on the fact that eqs. (2) and (4) express the zeroth moment
of eq. (1), while the left-side of the DIM equation, eq. (9¢) is the first moment of 0.

(2) Two equations approach. The philosophy of these solutions bring into play the zeroth
moment expressed by eq. (2b), see also eq. (23a), and a moment-like equation (devel-
oped by multiplication of eq. (1) by 8 and integration over the penetration depth, see
eq. (23b), namely:

%00 4% 1920 40— af02?
jadx:agade and '([Hadxza!;@—dx

— (23a,b)
X

2

Introducing the approximate profile in both eqgs. (23a) and (23b) and solving them
simultaneously we get a set of two equations with two unknowns: the penetration depth ¢ and
the gradient 06(0, £)/0x. Classical examples of this approach are the problems solved by Zien
[29, 30] despite the fact that approximate profile used in these works differs from that used in
the present work.

Consequently, the reasonable question is: To which group of integration methods the
developed SDIM approach belongs? Certainly, the conceived SDIM is a two-equation meth-
od. The first equation is either the classical HBIM equation (zeroth moment) of DIM equation
(first moment). The second equation is eq. (6a) relating the flux and the temperature at any
point of the medium; it is especially used at boundary x = 0, see eq. (6b). This point is a quite
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important element of the SDIM solution because the use of the approximate profile in presen-
tation of the right-hand side of the integral-balance equations is completely avoided.
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