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This paper examines MHD flow of Powell-Eyring fluid by a stretching cylinder 
with thermal radiation. Analysis has been presented through inclined magnetic 
field. Characteristics of heat transfer are analyzed with advanced boundary con-
dition (i. e., Newtonian heating). Suitable transformations convert the non-linear 
PDE to the non-linear ODE. Convergent series solutions of momentum and en-
ergy equations are developed. Effects of different pertinent parameters on the ve-
locity and temperature distributions are shown graphically. Numerical values of 
the skin friction coefficient and Nusselt number are also computed and analyzed. 
Comparison of the present study with the previous published work is also exam-
ined. Higher values of fluid, M, and curvature parameters show enhancement in 
the fluid velocity while opposite behavior is observed for Hartmann number and 
suction parameter. Conjugate and radiation parameters lead to an increase in 
temperature.
Key words: stretching cylinder, MHD, thermal radiation, Powell-Eyring fluid, 

Newtonian heating

Introduction

Analysis of non-Newtonian fluids is still of great interest to the researchers because 
these fluids are more appropriate in the industrial applications such as food engineering, power 
engineering, petroleum production, and in the industries of polymer solutions. Non-Newtonian 
fluids can not be described by a linear relationship between stress and rate of strain. Non-New-
tonian fluids are more complex than the Newtonian fluids due to their diverse characteristics. 
Powell-Erying fluids [1] is one of the non-Newtonian fluids which has some advantages over 
the power law model i. e.: it is based on kinetic theory of liquids and at low and high shear 
rates it shows Newtonian behavior. Patel and Timol [2] studied numerical treatment of MHD 
Powell-Erying fluid flow using the asymptotic boundary conditions. Hayat et al. [3] examined 
radiative effects in 3-D flow of MHD Erying-Powel fluid. Ara et al. [4] studied radiation effect 
on boundary-layer flow of Erying-Powell fluid over an exponentially shrinking sheet. Bound-
ary-layer stagnation point flow of Powell-Erying fluid with melting heat transfer was presented 
by Hayat et al. [5].

* Corresponding author, e-mail: zakir.qamar@yahoo.com



Hayat, T., et al.: Magnetohydrodynamic Flow of Powell-Eyring Fluid by ... 
372 THERMAL SCIENCE: Year 2018, Vol. 22, No. 1B, pp. 371-382

The MHD describes the mutual interaction of the magnetic fields and fluid flow. The 
MHD flows are discussed for the fluids which are electrically conducting and non-magnetic 
include strong electrolytes, liquid metals and hot ionized gases. The analysis of MHD flow is 
very important and has widespread applications in the areas of technology and engineering. 
Such flows appear in design cooling systems, MHD generators, electric motors, blood flow 
measurements, pumps and flow meters, etc. Ishak [6] discussed MHD boundary-layer flow due 
to an exponentially stretching sheet with radiation effect. Noor and Hashim [7] studied MHD 
flow and heat transfer adjacent to a permeable shrinking sheet embedded in a porous medium. 
Turkyilmazoglu [8] explored heat transfer characteristics in MHD flow induce by a shrinking 
rotating disk. Heat and mass transfer effects in MHD stagnation point flow of second grade fluid 
by a stretching cylinder was examined by Hayat et al. [9]. Sheikholeslami et al. [10] presented 
MHD boundary-layer flow of nanofluid using KKL model. Natural convection in MHD flow 
over a flat plate with convective condition was analyzed by Rashidi et al. [11].

Merkin [12] suggested four common ways of heat transfer from wall to ambient tem-
perature distribution i. e.: constant or prescribed surface temperature, constant or prescribe 
surface flux, conjugate or convective boundary condition and Newtonian heating describing 
that the heat transfer from any material surface with a finite heat capacity is proportional to the 
local surface temperature. Newtonian heating phenomenon is especially important in practical 
applications such as to design heat exchanger, conjugate heat transfer around fins and also in 
convective flow. Ramzan et al. [13] explored the characteristics of MHD flow of couple stress 
fluid with Newtonian heating. Salleh and Nazar [14], Salleh et al. [15], Narahari and Dutta [16] 
discussed in detail about free convection boundary-layer flow of micropolar fluid due to solid 
sphere with Newtonian heating.

It has been analyzed from the literature survey that boundary-layer flow of non-New-
tonian fluids over a stretching cylinder with Newtonian heating is not investigated yet. There-
fore, our main object is to explore the radiative MHD flow of Powell-Eyring fluid over a 
stretching cylinder with Newtonian heating. Rosseland approximation is used to describe the 
radiative heat flux. A system of non-linear PDE is converted into the non-linear ODE. Homo-
topy analysis method (HAM) [17-35] is used to achieve the convergent series solutions of the 
momentum and energy equations. Behaviors of various pertinent parameters on the velocity 
and temperature distributions are analyzed through graphs. It is found that present analysis 
reduces to the flow over a flat plate for zero curvature. The HAM solutions are good than the 
numerical solutions in aspect of the following reasons. 

Firstly HAM provides the solution within the domain of concern at each point while 
numerical solution controls only set of discrete points in the domain.

Secondly approximate solutions obtained by algebraically need less time and accept-
able accuracy when compared with numerical solutions. 

Thirdly most of the scientific packages although need a few initial guesses for the 
solutions are not convergent generally. In such cases approximate solutions can present im-
proved initial guess that can be readily better to the exact numerical solution in few iterations. 
In short an approximate solution if it is analytical, is the most favorable than the numerical 
solutions.

Mathematical formulation

Consider the steady 2-D MHD flow of Powell-Eyring fluid due to a permeable stretch-
ing cylinder with Newtonian heating. The dissipation effects is not included in heat transfer pro-
cess. Magnetic field is assumed in the inclined direction i. e., makes an angle, ϕ, with the cylin-
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der. Heat transfer is carried out with thermal radiation. Cylindrical co-ordinates are selected in 
such a way that z-axis is along the axial direction of stretching cylinder and r-axis normal to it.

Under the boundary-layer approximations, i. e., u = O(δ), r = O(δ), w = O(1) and  
z = O(1), the continuity, momentum, and energy equations are expressed:
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where u and w denote the velocity components in the r- and z-directions, respectively, uw 
– represents the suction (uw > 0) or injection (uw < 0), U0 – the reference velocity, l – the 
characteristic length, ν – the kinematic viscosity, ρ – the density, β and c – the fluid parameters, 
cp – the specific heat, k – the thermal conductivity, ϕ – the angle of inclination of permeable 
cylinder, σ∗and k∗– the Stefan-Boltzman constant and Rosseland mean absorption coefficient, 
respectively, σ – electric charge density, β0 – the strength of magnetic field, hs – heat transfer 
coefficient, T and T∞ – the temperatures of the fluid and surrounding, respectively, and we – 
the stretching velocity. The results for magnetic field in transverse direction is obtained when  
ϕ = π/2. Using the transformations of the form:
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the equation of incompressibility is identically satisfied while eqs. (2) and (3) are reduced to:
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where γ is the curvature parameter, M and λ – the fluid parameters, R – the radiation parameter,  
K2 – the Hartmann number, Pr – the Prandtl number, α – the conjugate parameter for Newtonian 
heating, and S – the suction/injection parameter. The definitions of these parameters are:



Hayat, T., et al.: Magnetohydrodynamic Flow of Powell-Eyring Fluid by ... 
374 THERMAL SCIENCE: Year 2018, Vol. 22, No. 1B, pp. 371-382

3 2 2 3
20 0

2 3 2
0 00

41, Pr , , , K , , ,
2

p
w s

o

c U z l Tl lM R S u h l
k c U U UU R l c v k k
µ σβ σν νγ λ α

µβ ρ ν

∗
∞

∗ ∗= = = = = = = =
′  (9)

Skin friction coefficient and local Nusselt number can be defined:
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Dimensionless forms of skin friction and local Nusselt number are:
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where Rez = wez / n is the local Reynolds number.

Homotopic solutions

To find the series solutions of the governing equations by HAM, it is necessary to have 
the initial guesses ( f0, θ0) which satisfy the given boundary conditions and the linear operators 
(Lf, Lθ). The initial guesses and linear operators are taken:
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Convergence analysis

Convergence region is of great importance for acquiring the series solutions. In 
these series solutions there is a vast opportunity to select the value of the auxiliary parameter 
ћ which confirms the convergence region. Therefore, we have plotted the ћ-curves in figs. 1 
and 2. Here the admissible ranges of the auxiliary parameters ћf and ћθ are −1.6 ≤ ћf ≤ −0.5 
and −1.3 ≤ ћθ ≤ −2.5.
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Discussion

Theme of this section is to analyze the effects of various parameters on the velocity 
and temperature profiles. Figure 3 is plotted for the effect of Hartmann number on the velocity 
profile. It is noted that velocity and boundary-layer thickness decrease for higher values of Hart-
man number. Infact higher values of Hartmann number results in the enhancement of Lorentz 
force which provides resistance to fluid motion and consequently the velocity profile decreases. 
Figure 4 is sketched for the influence of Hartmann number on the temperature distribution. It is 
observed that temperature distribution increases for larger values of Hartmann number. 
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Figure 3. Influence of K on f′(η) Figure 4. Influence of K on θ(η)

Figure 5 shows the behavior of curvature parameter on velocity profile. It is concluded 
that as the values of γ increase the velocity profile decreases near the surface and it increases 
away from the cylinder. In fact when the value of curvature parameter increases then radius 
of the cylinder decreases. Thus contact area of the cylinder with the fluid decreases and offers 
less resistance to the fluid motion. Hence velocity profile increases. Behavior of curvature pa-
rameter on temperature profile is analyzed in fig. 6. Temperature distribution decreases near 
the surface of cylinder while it increases away from the surface. Through increase of curvature 
parameter the radius of cylinder decreases which results in the reduction of conduction of heat 
process near the surface while it enhances the convection heat transfer away from the the sur-
face. Therefore, temperature first decreases and then increases. 
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Influence of angle of inclination on velocity profile is displayed in fig. 7. Velocity 
profile is higher for larger values of ϕ. In fact higher values of ϕ correspond to larger magnetic 
field. Figure 8 is sketched for the variations of angle of inclination ϕ on temperature profile. It 
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is concluded that temperature profile enhances for larger values of ϕ. Because the values of ϕ 
correspond to strong magnetic field and Lorentz force. So temperature profile increases. 
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Figure 9 provides the analysis for the effects of fluid parameter, M, on the velocity 
profile. It is seen that velocity profile and boundary-layer thickness increase with an increase 
in fluid parameter M. In fact for higher values of M the viscosity of the fluid tends to decrease 
which is responsible for the enhancement of velocity profile. Characteristics of fluid parameter 
M on temperature profile is presented in fig. 10. It is concluded that higher values of M result in 
the reduction of temperature profile. Further thermal boundary-layer thickness also decreases. 
It is due to the fact that viscosity of the fluid decreases as fluid parameter M increases.
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Therefore temperature profile decreases. Influence of conjugate parameter, α, on tem-
perature distribution is displayed in fig. 11. It is depicted that temperature distribution is higher 
for larger values of conjugate parameter α. Further thermal boundary-layer thickness also in-
creases with an increase in conjugate parameter heat transfer coefficient which results in the 
enhancement of temperature profile. Figure 12 shows the behavior of Prandtl number on tem-
perature distribution. It is concluded that temperature distribution and thermal boundary-layer 
thickness decrease with an increase in Prandtl number. It relates the momentum diffusivity 
to thermal diffusivity. Hence higher Prandtl number corresponds to lower thermal diffusivi-
ty and ultimate the temperature distribution 
decreases. Variation of suction parameter, 
S, on velocity and temperature profiles are 
sketched in the figs. 13 and 14, respectively. 
It is analyzed that both velocity and tempera-
ture profiles decrease with increase in suction 
parameter. Behavior of radiation parameter,  
R, on temperature profile is illustrated in 
the fig. 15. Temperature and the associated 
boundary-layer thickness increase for larger 
values of radiation parameter. Here higher 
values of radiation parameter result in the 
reduction of mean absorption coefficient and 
thus the temperature profile increases.
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Table 1 shows the convergence of the series solutions for the governing momentum 
and energy equations. It is observed that 15th and 20th order of approximations are sufficient for 
the convergence of momentum and energy equations. Table 2 represents the numerical values 
of f′′(0) with the previous results in the limiting case when γ = 0, K = 0, and S = 0. It is con-
cluded that both the results are in good agreement. Table 3 presents the comparison of skin 
friction coefficient with the previous published work [36] when γ = K = S = 0. It is evident that 
both the results are in good agreement. Skin friction coefficient increases with an increase in 
M and it decreases with λ. Therefore, small values of M and large values of λ can be used for 
the reduction of skin friction coefficient. Table 4 presents the numerical values of skin friction 
for various parameters. It is concluded that skin friction increases for larger curvature param-
eter γ and Hartmann number, K2, and it decreases with increase in the values of fluid param-
eter M. Table 5 depicts the numerical values of Nusselt number for various parameters. It is 
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concluded that Nusselt number increases 
with the increase of curvature parameter, 
γ, fluid parameter, M, conjugate parame-
ter α. suction/injection parameter, S, and 
Prandtl number while it decrease with 
fluid parameter, λ, inclination angle, ϕ, 
Hartmann number, K2, and radiation pa-
rameter, R. As rate of heat transfer is high 
for large values of curvature parameter γ 
and fluid parameter M, so these parame-
ters can be used as coolant agent. Thus 
it is concluded that cylindrical shape de-
vices with large curvature i. e, with small 
radius have high rate of heat transfer.

Table 2. Comparison of f ′′ (0) of the present results (in brackets)  
with the previous work [36] when γ = 0, K = 0, and S = 0

λ/M 0.0 0.2 0.4 0.6 0.8 1.0

0.0 –1 –0.9131 –0.8452 –0.7906 –0.7454 –0.7071

(–1) (–0.91287) (–0.84516) (–0.79057) (–0.74536) (–0.70711)

0.1 –1 –0.9159 –0.8493 –0.7950 –0.7498 –0.7114

(–1) (–0.91590) (–0.84929) (–0.79503) (–0.74979) (–0.71137)

0.2 –1 –0.9190 –0.8536 –0.7997 –0.7544 –0.7158

(–1) (–0.91900) (–0.85358) (–0.79968) (–0.75442) (–0.71584)

0.3 –1 –0.9222 –0.8580 –0.8045 –0.7593 –0.7205

(–1) (–0.92218) (–0.85804) (–0.80453) (–0.75927) (–0.72048)

0.4 –1 –0.9254 –0.8627 –0.8096 –0.7644 –0.7254

(–1) (–0.92543) (–0.86267) (–0.80960) (–0.76436) (–0.72538)

0.5 –1 –0.9288 –0.8675 –0.8149 –0.7697 –0.7305

(–1) (–0.92878) (–0.86749) (–0.81493) (–0.76971) (–0.73053)

0.6 –1 –0.9322 –0.8725 –0.8205 –0.7754 –0.7360

(–1) (–0.93221) (–0.87252) (–0.82053) (–0.77534) (–0.73598)

0.7 –1 –0.9357 –0.878 –0.8264 –0.7813 –0.7418

(–1) (–0.93574) (–0.87777) (–0.82643) (–0.78133) (–0.74174)

0.8 –1 –0.9394 –0.8833 –0.8327 –0.7877 –0.7479

(–1) (–0.93938) (–0.88327) (–0.83267) (–0.78768) (–0.74788)

0.9 –1 –0.9431 –0.8891 –0.8393 –0.7954 –0.7544

(–1) (–0.94312) (–0.88905) (–0.83930) (–0.79446) (–0.75443)

1.0 –1 –0.9470 –0.8951 –0.8464 –0.8017 –0.7615

(–1) (–0.94698) (–0.89513) (–0.84637) (–0.80172) (–0.76145)

Table 1. Convergence of the series solutions  
for different order of approximations when  
γ = 0.1, λ = 0.1, M = 0.3, K = 0.1, S = 0.1,  
R = 0.2, ϕ = π/3, α = 0.1, and Pr = 1.2

Order of approximations −f ′′(0) −θ′(0)

1 0.0552 0.1167

5 0.0434 0.1277

10 0.0412 0.1355

15 0.0409 0.1401

20 0.0409 0.1408

25 0.0409 0.1408
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Table 3. Comparison of skin friction coefficient (Rez)1/2Cf of the present results 
(in brackets) with the previous work [36] when γ = 0, K = 0, and S = 0

λ/M 0.0 0.2 0.4 0.6 0.8 1.0
0.0 –1 –1.0954 –1.1832 –1.2649 –1.3416 –1.4142

(–1) (–1.09545) (–1.18322) (–1.26491) (–1.34164) (–1.41421)
0.1 –1 –1.0940 –1.1808 –1.2620 –1.3384 –1.4107

(–1) (–1.09395) (–1.18084) (–1.26199) (–1.33838) (–1.41073)
0.2 –1 –1.0924 –1.1784 –1.2590 –1.3351 –1.4072

(–1) (–1.09245) (–1.17843) (–1.25902) (–1.33506) (–1.40718)
0.3 –1 –1.0909 –1.1776 –1.2560 –1.3317 –1.4036

(–1) (–1.09092) (–1.17598) (–1.25600) (–1.33167) (–1.40356)
0.4 –1 –1.0894 –1.1735 –1.2529 –1.3282 –1.3999

(–1) (–1.08938) (–1.17349) (–1.25291) (–1.32821) (–1.3999)
0.5 –1 –1.0878 –1.1710 –1.2498 –1.3247 –1.3961

(–1) (–1.08782) (–1.17096) (–1.24976) (–1.32467) (–1.39609)
0.6 –1 –1.0862 –1.1684 –1.2466 –1.3211 –1.3922

(–1) (–1.08625) (–1.16838) (–1.24655) (–1.32106) (–1.39223)
0.7 –1 –1.0847 –1.1658 –1.2433 –1.3174 –1.3883

(–1) (–1.08465) (–1.16575) (–1.24327) (–1.31736) (–1.38827)
0.8 –1 –1.0830 –1.1631 –1.2399 –1.3136 –1.3842

(–1) (–1.08304) (–1.16308) (–1.23991) (–1.31357) (–1.38422)
0.9 –1 –1.0814 –1.1603 –1.2365 –1.3097 –1.3801

(–1) (–1.08141) (–1.16035) (–1.23646) (–1.30968) (–1.38006)
1.0 –1 –1.0798 –1.1576 –1.2329 –1.3057 –1.3758

(–1) (–1.07975) (–1.15756) (–1.23293) (–1.30569) (–1.37578)

Conclusions

Here we presented the flow of Powell-Eyring flu-
id by a stretching cylinder. The HAM is used to find 
the convergent series solutions of dimensionless mo-
mentum and energy equations. Main observations are 
as follows.

 y Fluid parameter increases the velocity while it decreas-
es temperature of the fluid.

 y Larger curvature parameter leads to enhancement in 
both velocity and temperature of the fluid.

 y Hartmann number decreases the velocity while it in-
creases temperature of the fluid.

 y Magnitude of velocity for Powell-Eyring fluid is great-
er than viscous fluid for both flat plate and cylinder 
cases.

 y Temperature in viscous fluid is greater than Powell-Ey-
ring fluid for both flat plate and cylinder cases.

Table 4. Numerical values of  
skin friction for different 
parameters

M K2 γ Cf (Rez)1/2

0.0 0.1 0.2 0.050318

0.1 0.048337

0.3 0.045014

0.3 0.0 0.2 0.036821

0.1 0.045014

0.3 0.052441

0.3 0.1 0.0 0.036719

0.1 0.041062

0.2 0.045014
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 y Higher values of curvature parameter has more rate of heat transfer and thus can be used 
for the cooling of systems.

Table 5. Numerical values of Nusselt number for different parameters

α M ϕ K γ R Pr S Nuz(Rez)1/2  

0.1 0.3 π/3 0.1 0.1 0.2 1.2 0.1 0.3428
0.2 0.3912
0.3 0.4031
0.1 0.0 π/3 0.1 0.1 0.2 1.2 0.1 0.3687

0.1 0.3968
0.4 0.3990

0.1 0.3 0.0 0.1 0.1 0.2 1.2 0.1 0.4050
π/3 0.3899
π/2 0.3702

0.1 0.3 π/3 0.0 0.1 0.2 1.2 0.1 0.4208
0.1 0.3852
0.3 0.3605

0.1 0.3 π/3 0.1 0.0 0.2 1.2 0.1 0.3556
0.1 0.3968
0.2 0.4263

0.1 0.3 π/3 0.1 0.1 0.0 1.2 0.1 0.4307
0.1 0.4275
0.2 0.4119

0.1 0.3 π/3 0.1 0.1 0.1 0.8 0.1 0.3843
1 0.4115

1.2 0.4407
0.1 0.3 π/3 0.1 0.1 0.1 1.2 0.0 0.2430

0.1 0.2821
0.2 0.4117
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