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In this paper, we propose a numerical method to approximate the solutions of
time fractional diffusion equation which is in the class of Lie group integrators.
Our utilized method, namely fictitious time integration method transforms the un-
known dependent variable to a new variable with one dimension more. Then the
group preserving scheme is used to inte%rate the new fractional partial differen-
tial equations in the augmented space R***. Effectiveness and validity of method
demonstrated using two examples.
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Introduction

Partial differential equations of parabolic type have a significant role in the many
branches of science and engineering. Diffusion equation as an example of this class describes
the transport of a substance due to the molecular motion of the surrounding medium. The ap-
plications of anomalous diffusion equation can be found in electron transportation, heat con-
duction, compared with normal diffusion phenomena, dissipation, magnetic plasma, seepage,
and turbulence, anomalous diffusion.

On the other hand, the fractional calculus started recently to become very significant
in several branches of science and engineering [1-5]. Many important phenomena, e. g. elec-
tro-chemistry, electro-magnetics, control processing, acoustics, anomalous diffusion and vis-
co-elasticity are well described by fractional differential equations. It is well known that new
fractional order models are more satisfactory than integer ones and this is our motivation to
consider the time fractional diffusion equation (TFDE) as [6, 7]:

DAu+u=&V2u+Cc(xt), xeQcR? 0<a<l (1)

with initial condition:
u(x,0)=w(x), t=0 (2)

and boundary condition:
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u(x,t)=h(x,t), xedQ, t>0 (3)

where D{"u is the Caputo fractional derivative, u(x,t) — the solute concentration, C(x, t) — the
source term, w(x,t) — the initial solute concentration, h(x,t) — the boundary solute concen-
tration, a - the fractional derivative order, and x — the diffusion coefficient.

Fu et al. [8] have applied the Laplace transformed boundary particle method which
is an approach in the class of meshless methods, for solving the eq. (1) in two and three di-
mensions. Based on the meshless collocation formulation and moving least squares, an im-
plicit meshless method is introduced by Gu et al. [9] to approximate the solution of TFDE.
Pirkhedri and Javadi [10] considered the eq. (1) with the Sinc-Haar collocation method with
exponential convergence rate. Moreover, some alternatives of finite difference schemes have
been applied to the TFDE in [11-13].

In this paper, we construct a simple and accurate numerical method of FTIM to
solve the TFDE. This method firstly proposed by Liu [14] to solve an inverse Sturm-Liouville
problem. In the sense of stability and accuracy of FTIM, it would be very remarkable that it is
much satisfactory than other conventional numerical approaches.

The Fictitious time integration method

Several mathematical definitions about the fractional derivative have been proposed
until now [1-5]. Here we adopt the one usually used definition: the Caputo fractional differen-
tial operator:

Ug (X, s)

Dfu(x,t) = F(l 2 I t s)“

S, O<ax<l (4)

By using the above fractional derivatives we can write eg. (1) as:

t
Ug (X, S)

- 2
F(l—a)v!(t—s)“ ds +u = 2 + C(x, t) ©)

Now, we introduce a fictitious damping coefficient v, >0 into eq. (5) to increase
the stability of numerical integration:

t
us (X, 8)

r(l-a) ! (t-s)"

ds + vou —vaV2Uu —v,C(x, 1) =0 (6)

Then, we are ready to introduce the pivotal transformation:
v(x, t, 7) = (1+7) u(x, t), 0<y<1 (7)
Thus eq. (5) transforms to the following form:

t
Vo 1 Vs(X, s, 7)

ds+v—xVav—Cc(x,t) =0 (8)
1+7) 1"(1—05)0 (t-s)*

Differentiation of eq. (8) regards to the fictitious time z, concludes:

M =y(1+ 7)7_1U(X, t) 9)
or
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Hence, we can obtain:

t
N _ W 1 v (X, S, 7)

2 -1
5_(“07 o) O P ds+v—xVv—-C(xt) |[+y(A+7) u (10)

Then upon using U =V/(1+7)”, eq. (10) can be converted into a new type of func-
tional PDE for v:

t
N_ 1 Vs (xS, 7) ds+v— &V —C(x, 1) |+ (11)
0r  (L+7) | T(-a)d (t-9)" 1+e
From
i{ v }: v, 7v1 (12)
or| (+7) | (A+7) (@Q+0)¥7

and after multiplying the integrating factor 1/(1+7)” on both sides of eq. (11), one can obtain:

t
9 v _ " 1 Ve(X, S, 7) oo
51{(1+7)7} (1+7)% F(l—a).([ (t—s) ds+v—&Viv-C(x 1) (13)

Now, by using u =V/(1+7)” again, we can obtain a new type of functional PDE for u:

_ " 1 tus(x, S, 7)
1+7) F(l—a)o (t—s)

ds+u—&V2u—c(x,t) (14)

Here, we must stress that above 7, is a fictitious time, and is used to embed eq. (5)
into a new functional PDE in the space of R As well as, u is an unknown function with
u=u(x,t,z) subjecting to the constraints in eq. (1), for all z>0, and u(x,t,7)|.-, is given
initially by a guess.

Let ul(z):=u(x 4 ,7) be a numerical value of u at a grid point (x; t;), and at a ficti-
tious time 7. Note that in one dimensional case we have x; = x; and in two dimensional case
X = (xi1 Y, ). Applying a semi-discretization to the eq (14) we get:

() = Us (X, S, 7)
= | T a)j (t; -9)"
+uij _ ( |+1_Zi2+ulll +Uij+1_2AL:i2] +Uij_l]_c(xi,tj):| (15)

where in two dimensional case we have:

i i i
UILI—ZUJ +UJ _ ul +1,i, 2u|1 i, +u|1—1| + |1 i, +1 2u| iy +U|1 i,—1

AX? B AX? Ay?
and
gt
i i,

1 1 i+l o]
J+ 2U1+UJ Uiy 2ui1,i2+u

At? At?
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Moreover:
t; j-1
J. u (le S, 7'-) u(XI ! tI+1’ T) u(XI’ tll T) (16)
(% —s)* = (t; —4)*

and in the two dimensional case we have:

t;

Us(%,8,7) | = u(xi s Yi,» tya, ) —UCX i o, 7)
'[ (x5 —s)* ; (t; —4)*

where Ax = (Ax, Ay) =[a/(n, 1), b/(n, -1)],, x; = (i—1)Ax, and t; = (j -1)At.

The GPS for differential equations system
Upon letting u = (u},u2,...,u)" = (U, u%, ....u 22,)" eq. (15) converts to a system
of ODE:
uU'=Y(u,7), uerM, rer (17)

where Y denotes a vector with i, j - component being the right-hand side of eq. (15), and
M =n; xn, xny is the number of total grid point inside the domain Q = (0,a) x (0,b) x (0,T].
Now, we can develop a GPS, introduced by Liu [15], to solve eq. (17):

X1 =GN X, (18)

where X, denotes the dlscrete value of X at 7;,and G(l) € SOy(M,1) is the group value of
Gat 7;. Note that, X:=(u",|u[)" is a vector in the Minkowskian space which transforms eq.
(16) into dX/dz = AX where:

Y(u,7)
0
= o ||u|| so(M,1)
Y (u,7) 0 ’
Jul

is a Lie algebra of the proper orthochronous Lorentz group SO,(M,1).
An closed-form representation of exponential mapping of G(l) can be written:

o _1Y i A

Iy +——
Y
G, =exp[aArA(D] = (19)
Y
_— (04
il |
where
v ol o ai] 20
| jul " Ju

Substituting eq. (19) for G, into eq. (18), concludes:
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DYy + 5 ulY
U|+1=U|+(aI N+ Al I||Y|=U|+77|Y| (21)

s

This scheme (GPS) keeps group properties for every Az > 0. More details of this
method can be found in [16-18].

Now we can utilize the GPS, by supposing the initial value of u; 1(0) = uJ 0), to in-
tegrate eq. (17) from the initial fictitious time 7 =0 to a selected flnal flctltlous time 7.
Stopping criterion for this numerical integration is:

N3 o MM . 2
JZZ[u# (1+)-u/ ] = JZZZM,E (+D-u), O] <& (22)

i=1j=1 i,=1i,=1j=1

where ¢ is a selected convergence criterion. The solution of U is obtainable from:
i
L Vvi(r
L= W)
(1+17,)

where 7,(< 7¢) satisfies at the above criterion. The parameters v, and » can strengthen the
stability of and enhancing the convergence speed of numerical integration, respectively.

(23)

Numerical examples
In this section, we examine the performance of our FTIM to solve the TFDE.

Example 1
Consider the one-dimensional TFDE [6]:

Dfu(x, t) +u(x, t) = u, (x, t) + C(x, t), ae(0,1), x€l0, 2], t>0
u(x,00=0, xe[0,2] u(0,t)=u(2,t)=0, t=0

where C(x,t) =[2/0(3 - a)]x(2 - X)t>% +t?x(2 - X) + 2t> and exact solution of this problem
is given by u(x,t) = t?x(2 = x). From one-dimensionless of space direction, we have n,=0
and other applled parameters in FTIM are n, =19, ny =19, v,=04, y=1le-4,

Ar=1e-5, and uJ (0) =1e-3. Here, we suppose the final time T =10 and fractional order
a =0.5. In fig. 1 we plot the approximate solution and absolute error plot of this example.

High accurate solutions of applied method for this equation can be seen from these figures.

Example 2
Let us consider the two-dimensional TFDE [6]:

Dfu(x, z, t) +u(x, z,t) =u, (X, z, t) +u,, (X, Z, t) + C(x, z, t), X, 2 €]0, 2], t>0
u(x,z,00=0, xze[0,2] u(0,zt)=u(2 z,t)=t’z(2-2)
u(x,0,t) = u(x,2,t) = t*x(2 - x)

where C(X, z,t) =[2/T(3— &) It> *[X(2— X) + 2(2 - X)] + t2[X(2 - X) + 2(2 - 2)] + 4z° and ana-
lytical solution is given by u(X,z,t) =t?[x(2 - x) +z(2—z)]. In this example we use the values
v0=0401 n,=n,=n; =19, y=le—-4, Ar=1e-5, and u'j (0) =1e-3. Also, the fractional
order is supposed « =0.7 in figs. 2 and 3 where T =10 is the final time in both of them. Ap-
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proximate solutions and related error contour plots are demonstrated in fig. 2 and fig. 3 with
z=2.5 and z=1.5 respectively. Efficiency and power of FTIM can be seen from these figures.

Approximate solution Contour of error x10-"

10 v 2
t
8
6
B 1
4
2 2
0
0 05 1 1.8 " 2 0

Figure 1. Plotting the numerical solution and contour plot error of Example 1 for a TFDE
(for color image see journal web-site)
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Figure 2. Plotting the numerical solution and contour plot error of Example 2 with z = 2.5 for a TFDE

(for color image see journal web-site)
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Figure 3. Plotting the numerical solution and contour plot error of Example 2 withz = 1.5
for a TFDE (for color image see journal web-site)

Conclusions

Using the novel FTIM and introducing a fictitious variable, we have transformed
TFDE into another type of fractional differential equation in a one-dimension higher space.
By employing the GPS we numerically integrated the discretized equations that the coeffi-
cient v, is utilized to enhance the stability of current method. After suitably choose of the
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constant y, to fast the convergence of numerical solutions, two numerical examples were de-
vised, which demonstrate that FTIM is applicable to the numerical solutions of TFDE.

Nomenclature

A — augmented matrix w(x, t) — initial solute concentration
C(x,t)  —source term X — space dimension

G —an element of Lorentz group

h(x, t) — boundary solute concentration Greek symbols

I — M-dimensional unit matrix — fractional derivative order
M — number of discretized points

— diffusion coefficient
— fictitious time

SOy(M, 1) —M-dimensional Lorentz group

a
y — convergence rate parameter
K

so(M, 1) —the Lie algebra of SOy(M,1) T

t —time v, - fictitious damping coefficient

At — time stepsize Y - M-dimensional vector field in eq. (17)
u — solute concentration Il - Euclidean norm
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