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Two solutions of time fractional differential equations are illustrated. The first
one converges to functional space in term of Weyl transform in L°(R), while the
second solution approaches to the Fox function with respect to time, by using the
Fourier and Laplace-Mellin transforms. The fractional calculus is taken in the
sense of the Riemann-Liouville fractional differential operator.
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Introduction

In the last few decades, the class of fractional differential equations has been con-
templated to be successful patterns of real life phenomenon. One of the essential applications
of the fractional calculus is formed by the intermediate physical process. A very significant
type is the fractional diffusion and wave equations. It has been found that the diversity of the
universal electromagnetic, acoustic, mechanical, and responses can be formulated precisely
applying fractional diffusion-wave equations [1-6].

Various considerations of the fractional diffusion equations have been imposed in
different fractional operators such as the Riemann-Liouville, Caputo, and Rize fractional dif-
ferential operators [7, 8]. Furthermore, the authors studied a maximal solution of the time-
space fractional heat equation in a complex domain. The fractional time is considered in the
sense of the Riemann-Liouville operator, while the fractional space is introduced in the Sri-
vastava-Owa operator for complex variables [9].

Transform is a considerable mechanism to deal with mathematical problems by find-
ing exact and approximate solutions. numerous beneficial transforms for solving unlike prob-
lems adapted in wide literatures, such as the Laplace transform, the Fourier transform, wave-
let transformation, the Bucklund transformation, the local fractional integral transforms, the
integral transform, the fractional complex transforms, the Hankel integral transforms, and ma-
trix transform Miura type [10-15].

Recently, the fractional heat equation is studied by many authors. Anwar et al. [16]
imposed the double Laplace transform of the partial fractional integrals and derivatives to get
a solution of partial differential equations in the sense of the Caputo operator. Yang and Ba-
leanu [17] processed the heat equation of fractional order by using the variations iterative
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method. Chen et al. [18] established the existence and uniqueness of weak solution for a class
of fractional heat equation.

In this study, the two solutions of time fractional differential equatlons are illustrat-
ed. The first one converges to functional space in term of Weyl transform in L*(R) while the
second solution approaches to the Fox function with respect to time, by using the Fourier and
Laplace-Mellin transforms. The fractional calculus based on the the Riemann-Liouville frac-
tional differential operator.

Mathematical setting
Let o € I*(C). The Weyl transform b, : *(R) —» I*(R) is defined by [19]:

(/273 o(x, Ve, v)(x, y)dxdy, ¢,y e *(R)
=i

2R)

where p is the Wigner transform of ¢ and y . Consider the set of all functions ¢ by F(C)
such that:

[l w(z)dz <o
where dz refers to the Lebesgue measure on the complex plan C, and:
w(z)=n"'exp(-|z ), zeC
Let € be a measurable function on C. The Bargmann transform B8 is defined by:

\/En;(z—(;gz +zz)
2

(BO)(z)=n""* I O(y)exp dy <o, zeC

—00

Lemma 1. Let ¢ € F(C). Then:
(Bboy) B~ 9)(2) = g(e(nz), z€C

Let 7 be a non negative differential function on (0,) satisfying the condition:

0<n()<1, te(0,)
and
lim A(¢) =1

t—0

Let f e L*(R). Our aim is to determine the solution of the fractional heat equation
of the form:

650
—(Z, 1= Z (DT (2, 1) (1)

n=l1

foreach k€N, y eR, >0, p €(0,1) such that:
T(,t)> feI*(R), as t—0 )

where 0¥ denoted the Riemann-Liouville fractional differential operators [1]:

t“’ dtIF(l— dz
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and for a =0 we consider the form 0% /or*.
We need the following results:
Lemma 2. [20] Let one of the following assumptions be achieved:

w1 €d([0,K]) and v ed’ ([0,K]), p<p<I
ved([0,K]) and xed”([0,K]), p<p<I
ued?([0,K]) and ved’([0,K]), po<B<pf+5, B, 5€(0,1)
where 97 ([0, K])={¢:[0, K]—>R/| (s)— {(s — j) |= O(j” ) uniformly for 0<7—j<s<K}.

Then
0% (Lb)(s) = ((s)0Yb(s) +b(s)0 L(s) + R, (s)
where
Ry (s):=—— j[f(f) - E(S)][b@ by, UbGs) (
I(1-g), (s—1)¥ I(1-)s ¥
point-wise.

Space function solution

This section deals with the existence of solutions of the initial value problem (1)-(2).
Note that the uniqueness follow by the general theory for the heat equations.
Theorem 1. The solution 7'(y,¢) of the initial value problem (1)-(2) is presented

by:
T(x.0)=Oom /)2 x€R, >0
Proof. Define a function T on the set:
S:={(,7):{eC, >0}
formulated by:

T(z,0)=(BT)¢,7), (£,71)€S
and let ¢ be the function on C introduced by:

() =Bf)), ¢e€C
By Lemma 1, we receive that for each £ € C and 7> 0:
T(¢, 1) = (BboyB™ X&) = gl(®)pln(2)¢ ]
Consequently, by Lemma 2, we obtain:

615/‘)

o°T _ Y g
(’;‘t_g’(g’ 7)= g[h(T)]ﬁ[h(T)é’] + 87[7’7(7)](P[h(2')§] +

By the definition of 7 yields that R, (z) =0. Thus, we obtain:
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0T
—(C =g h(T)] [h(f)é ]+ [h(T)](D n(r)¢]=

o) B n)

gla(D)]pln(7)¢] T[h( Y +a;[h(r)] gln@)leln(r)¢ ] = €)

=w T +w,y (&, TS, 7)
where lim7i(z) — 1. Thus, again in view of Lemma 2, we have:

o (BT)

(€, D) =wm(ENBTXE, 7) + Wy (ENBT)(S, 7) (4)
By taking the inverse Bargmann transform and applying Lemma 2, we attain to:

(T)

)= ZW T (g, 1), k=3 )

n=1

where

-1 07(BT) B!
1
B at‘o ( X )_a_(//{a ) BT ——— 81 (lat) R

and from the condition [im, - ¢i(z) =1, we conclude that Rgg (x,7)=0. Thus:

We proceed to prove that:
T(,7)> feI*(R), 70

In virtue of the Lebesgue's dominated convergence theorem and spectral theorem,
we conclude that:

||ba(h)f_f"i2(R) —0, as 70

This completes the proof.
Theorem 2. For each ¢ > 0:

| 7C.0) ||L2(R) <Cla@)]| f ||L2(R)

where C[7(¢)] is a positive function on (0,0).
Proof. It is clear that:

|7

R) "ba (h)f"Lz(R)
Therefore, by the Cauchy-Schwartz inequality yields:
”bcr(h)f"Lz(R) < "O-(h)”LZ(R) ||f||L2(R)

Assume that C[7a(?)]: ||0(h)|| 2R consequently, we obtain the desired assertion.
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Time solution

In this section, we process another solution for the initial value problem (1)-(2) in
term of time.
Theorem 3. For each ¢ > 0:

T(x, z):t%, pe,1)

Proof. By employing the fractional integral operator:

oo =0
Ifu(t) = | ) v(r)dzr
on eq. (1), we have:
k
T, )= fQO)+ 2w, (OIFT(x, 1) (6)
n=1

The Fourier transform of the function 7 is computed by the integral:

o0

T(x,t)= I T(y,t)exp(ixy)dy

—00

Thus eq. (6) in the Fourier domain yields:
T(x,t)=1+1°W, (x)T(x,t), neN (7)

where W, (x) is the Fourier transform of the coefficients. A Laplace transform of eq. (7) im-
plies that:

got

— 8
EY -, (x) ®

T(x, E)

To reduce x in term of time, we utilize the mean square displacement, which is giv-
en by:
< (0)>=[T(r. 07 dy =—cT(x,0)|,g
where ¢ > 0. This leads to:
<0)>1°
By applying the Mellin transforms:

(&) = MIA(D)6]= [ A(r)de
0

and utilizing the relation:
1
r{d-¢)

where L is the Laplace transform, we obtain:

M[A(r), 1= M {E[A(7),E] 1-¢}
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1T Ere!

T(x,6)= [———

rad-¢)yw,+E*

where the assertion is the inverse Laplace transform of eq. (8). Consequently, we receive that:
= 1 —s/p
T(x,6) = ————W," " Bl(c/ 9), (1-¢/ )] ©)
pI'(1-¢)

where [ denoted the beta function. The inversion of eq. (9) into the time domain implies:

[Wnl/z@ ¢ |(0,1/@) ]

T(x,1)= (0.1/0), (0,1)

l
2
where H is the Fox-Wright function:
(blaﬁl)a'"a(bqaﬁq)
qu 77‘ :q Hp[nﬂ(bjiﬂj)l,qﬂ (ajﬁaj)l,p]
(a,y),....(a,,a))
2 L +npy)... I, +np,) i
=0 F(a1 +nay)...I'(a, +na,) n!

F(b +n,8 )
1

-
Il

5

n=0 n!

=

F(a +na;)
1

~.
Il

with a;,b; eR, ;>0 for all Jj=lng,a;>0 for all j=1,..,p and 1+X @, -
29 1ﬁ >0 for |77 |<1. But H1 5 can be expanded in power series: o
1 0

(_l)n 2ngp
T(x,0)= nZ%)F(Z )(an)

Hence, the solution is monotonic decreasing function with the asymptotic behavior
at ¢ — oo:

T(x,t):L, t>0
e

This completes the proof.

Conclusions

We conclude that the solutions of the fractional differential heat equation, under
some special conditions, can be converted into two formulas. The first one depends on the
function space, which is given by the initial condition. While, the second one translated into
time domain by using the concept of the asymptotic behavior, when ¢ — . We utilized dif-
ferent transoms in both cases. On the first case, we employed the Weyl transform in term of
the Wigner transform and the Bargmann transform (see Theorem 3). The second case deled
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with the Fourier transform together with the Laplace transform as well as the Mellin trans-
form. This viewed that the theory of transforms is very active to convert solutions.
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