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In this paper a decomposition method based on Daftardar-Jafari method is ap-
plied for solving diffusion equations involving local fractional time derivatives.
The convergence of this method for solving these type of equations is proved.
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Introduction

Fractional calculus and fractional dynamics have become hot topics of research in
which there is rapid development and implementation in various fields of engineering and
science [1-5]. Analysis of the diffusion equation in mathematical physics have been of con-
siderable interest in the literature. Fractional diffusion equation has important applications
to mathematical physics. Nigmatullin [6] has employed the fractional diffusion equation to
describe diffusion in media with fractal geometry. Also this equation is used to model
anomalous diffusion in plasma transport. In the recent years several authors, Jafari et al. [7],
Chuna [8], and Saha Ray [9, 10], have solved the fractional diffusion-wave equations using
different methods.

Recently, local fractional calculus theory has been used to model some nondifferen-
tiable problems for mathematica physics [11-17] and the references therein. Our main aim in
this paper is to apply a new iterative method to solve diffusion equations involving local frac-
tional time derivatives. This method is introduced by Daftardar and Jafari [18], later referred
to as the Daftardar-Jafari method (DJM) [2]. The core of this approach is to solve non-linear
equations without using Adomian polynomials. In [2, 19] the convergence of this method is
discussed.

Basic definitions
Definition 1. A real function f(x) is said local fractional continuous on the interval
(a,b) if Vxe(a,b) limx_mof(x) = f(x;) which is denoted by f(x) e C,(a,b).

Definition 2. Let f(x)e C,(a,b), the local fractional derivative of f(x) of order «
at x = x; is defined as:

Corresponding author; e-mail: jafarh@unisa.ac.za; jafari@umz.ac.ir



Jafari, H., et al.: A Decomposition Method for Solving Diffusion Equations via Local ...
S124 THERMAL SCIENCE, Year 2015, Vol. 19, Suppl. 1, pp. S123-S129

= P00 i AU )

DY —
XXy (x — xo)

(1)

where A“[f(x) = f(x)] =T (a +DLf(x) = f(xp)].
Note that the local fractional derivative of high order and the local fractional partial
derivative of high order are written in the form:
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D f(x)= f* (x)=DZ - DZ f(x) )
k times
=22 ) 3)
oxke Y o  ox” Y

respectively.

Definition 3. The local fractional integral operator is defined as:

oAy f(X)= hm Zf(f )At; ) (4)

1
T(a+1)
where At =t —t;,At= max{Aty,At;,---, At -}, [t,t4]), =0, ,N-1,t, =a,and ty =b,

J VARNAS.
isa partltlon of the mterval [a,b].
The following properties hold:
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Definition 4. In fractal space, the Mittage-Leffler function, sine and cosine functions
are defined on Cantor sets are defined as:

o0

Z“1“(1+0m) O<as<l ©)

Q2n+)a

i =Sy
sin, (x*) n;)( 1) i+ GniDal’ 0<a<l (7

Zna

cos,, (x*) = Z( 1)" , 0<a<l (®)

n=0 [1+2 ]
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Note that:

a a

SCED) _p ©)
dxa
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Ll g, (o) (10
Analysis of the method

In this section, a decomposition method based on Daftardar-Jafari method is applied
for solving diffusion and heat equation involving local fractional derivative [18]. This decom-
position of the non-linear function is quite different from that of Adomain decomposition. we
investigate the general form of non-linear local fractional partial equation:

n 2. =
Dfu(x, )= yi(x, t)%%— o(x, Hu"™ (X, 1) (11)
i=1 i
u(x,0)=g(x) (12)

where m=0,1, 2,..., x =(x},...x,),and y;(x,t)eC,. For m=0or 1, and0<a <1, eq.
(11) represents linear fractional diffusion equation (homogeneous if ¢(x,f)=0 and non-
homogeneous otherwise). It represents non-linear diffusion equation for m =2, 3,...

When I/*) = D* and by applying L™ to eq. (11), we get:

n 2. =
u(x, ) =u(x, 0)+ L\ [p(x, " (x, )] + L™ {Zy/,. (%, t)%} (13)

i=l1 X;

Following Daftardar-Jafari method, the unknown function can be shown in terms of
an infinite series as:

u=yu (14)
For m =0 we set:

F@) =ux, 00+ L7 [o(x,1)]

N = £y e THED (1)
i=1 i
and for other values of m =1, 2, ... we set:
f(@)=u(x,0)
Nw) = o (E, 0u" (5, 0]+ 159 Y (%, t)ﬁsz”) (16)

i=1 X

The non-linear function N can be decomposed as:

N(iuij=N(u0)+i[Nzi:uj—Nizl:uj) 17)
i=0 =0\ j=0 7=0
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Substituting egs. (14) and (17) in eq. (13), we have:

0 0 i i—1
g{;ui=f+N(uO)+;(NZuj—NZuj]

j=0 j=0
then we have the recurrence relations:
uy=f
up = N(up) (18)
Uy =N@ug+...+u,) =Ny +...+u,_;), n=1,2,---.

and

0

u=f+>u (19)

=1
are calculated.

Theorem 1. 1If the series solution defined in eq. (19) is convergent, then it converges
to an exact solution of eq. (11).

m
Proof. The truncated series > u; is used as an approximation to the solution u(z) of
eq. (11), using the above we have: =0

du=f+NYu (20)

Taking limits of eq. (20), it gains:

u= hmzu = lim [f+NZu ]— lim f + thZM —f+N11mZM =/ +N(@)

m—)ool 0 m—>0 m—0 m—>0 — m*)ool 0

Hence u is the solutions of eq. (11) and the proof is complete.

Illustrative examples
To demonstrate the effectiveness of the method we consider here some fractional
diffusion and heat equations with local fractional time derivative.

Example 1. Consider the diffusion equation with local fractional time derivative:

*u(x, 1)

N —o<x<o, t>0 (21)
x

]

Dfu(x,t)=—

u(x,0)=¢"*, ae(0,1)
By applying Lg_a) =1 on both side of eq. (21) and using initial condition, we get:

82u(x t)

~ (22)

u(x,t)=e " -

Following this method, u(x, t) is represented as:
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u=yu (23)
i=0
and we get:
2
Ny =10 24D 24)
ox

where the non-linear function N can be decomposed as:
0 0 i i—1
NZui=N(uO)+Z NZuj—NZuj (25)
i=0 =0\ j=0 j=0

According to the Daftardar-Jafari method and applying, we obtain:

uy(x,t)y=e*

ul(x> t) = N(u())

n n—1
uml(x,t):NZUj —NZuj n=1,2,..
j=0 =0

In the first iteration we have:

. a azuo _ 1 ‘ —X a _ X ta
w (x, 1) =—1 (axzj F(a+1)~(|;e () =—e D (26)
t2a
uy(x,t)= e m (27)

In similar manner, we can derive the other approximation. Finally, the compact solu-
tion becomes:

ta tZa

- + -
IMNa+1) T'Qa+1)

u(x,t)y=e " {1 } =e¢ " {1 + iﬂ} =e "E,(-t%) (28)
n=1

I'(na+1)

where E,(kz®)= Y (k"z*")/T(an+1) denotes Mittag-Leffler function defined on Cantor
sets. n=0

Example 2. Consider the fractional diffusion equation with local fractional time de-
rivative:

2
Dfu(x,t) = w +u(x,t) (29)
ox

u(x, 0)=cos(nx), «a<(0,1)

According similar procedure as in the previous example, we can structure the same
local fractional iteration procedure of eq. (18):
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ug(x,t) =u(x, 0)
uy (x, 1) = N(up) (30)

n n—1
unH(x,t):NZuj —NZuj n=1,2,..
j=0 j=0

Making use of eq. (30), we present:

ug (x, t) = cos(mx) (31

u (x,6)=[1- nz]cos(nx)ﬁ (32)
2a

wy (x, 1) =[1 -2 P cos(ﬂx)m (33)

Proceeding in this manner, we can derive the other approximation. Thus, the final

solution reads:

a 2a

u(x,t)=cos(mx)+[1— nz]cos(nx)ﬁ +[1- z* ]2 cos(nx)m +...

[I—sz]ta . [1_n2]2t2a
INa+1) rQa+1)

= cos(nx)[l + + ] =cos(m)E,, ([1-n* %) (34)

where E, (kz®) denotes the Mittag-Leffler function defined on Cantor sets.

Conclusion

In this work, we applied the Daftardar-Jafari method to solve the diffusion and heat

equations involving local fractional derivative. The results show that this method is accurate
and effective and can be used for non-linear local fractional differential equations. This meth-
od have an advantage over the Adomian decomposition method in that the Daftardar-Jafari
method can solve non-linear problems without using Adomian polynomials.

Mathematica has been used for computations and programming in this paper.
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