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This article presents the fractal heat transfer problems from the local fractional
calculus point of view. At low and high excess temperatures, the linear and
non-linear heat transfer equations are presented. The non-homogeneous linear
and non-linear oscillator equations in fractal heat transfer are discussed. The re-
sults are adopted to present the behaviors of the heat transfer in fractal media.
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Introduction

Fractional calculus (FC) has potential applications in applied science and engineer-
ing practice with the help of kernel functions that are differentiable [1-8] or non-differentiable
[9-11]. The local fractional calculus (LFC) is adopted to describe the non-differentiable prob-
lems in physics, such as Burgers’ equation (BE) [12], parabolic Fokker-Planck equation
(PFPE) [13], oscillator equation (OE) [14], diffusion equation (DE) [15-18], wave equation
(WE) [19-21], Laplace equation (LE) [22], signal processing [23], and others [24, 25].

Based upon the results, we plan to structure the fractal heat transfer equations in frac-
tal media at low and high excess temperatures. In this communication, our main aim is to pro-
pose the linear and non-linear heat transfer equations from the local fractional calculus point of
view and to present the linear and non-linear oscillator equations arising in fractal heat transfer.

The non-homogeneous heat equation in fractal media

The non-homogeneous heat equation in fractal 3w-dimensional space is written in
the form [9-11]:
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or
where V2 = V®V®[9-11], 1*“ is the heat conductivity of fractal materials, p,, — the density of
fractal materials, c,, — the specific heat of fractal materials, ®(6, &, ¢, 1) — the temperature of
fractal materials, and ®(6, 9, ¢, 7) — the energy generation of fractal materials.
The non-homogeneous heat equation in fractal w-dimensional space reads [9-11]:

0°0(¢, 1) pr 8’"0(4, 7)

C
P or® a¢2w

w-w

—O(p,7)=0 (2a)

where 1*“ is the heat conductivity of fractal materials, p,, — the density of fractal materials,
¢, — the specific heat of fractal materials, ®(¢, ) — the temperature of fractal materials, and
@(¢, 7) — the energy generation of fractal materials.

The initial-boundary conditions of eq. (2a) are:

8”0(0, 7)

o4° =p3(0),  O(4,0)=y(9) (2b,c)

The linear heat transfer equations in fractal media

At low excess temperatures, accounting for the radiative loss of heat p c, @ ©(g, 7),
the heat transfer equation in fractal media is presented:

"0, 7) e 8°"0(4, 7)

+p c.@ O 17)-D(p, 7)=0 3a
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which leads to:
@ 20 20
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Setting @, (¢, 7) = D(¢, 7)/p,c,, and Kk = i P,Co» €4. (3b) is rewritten:

0°0(p, 7) e o’ O(¢, 7)
az_a) a¢2w

+@0(¢, 7) = D@, (¢, 7) (3e)

subject to the initial-boundary conditions:

0°0(0,7)

PYZ ?5(7), O, 0)=y () (3d,e)

Equation (3c¢) is the non-homogeneous heat transfer equation in fractal media.
When @ (¢, 7)=0, the homogeneous heat transfer equation in fractal media is
written in the form:

0°0(p, 7) e o’ O(¢, 7)

P Y +@ O(h, 7)=0 (4a)
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subject to the initial-boundary conditions:

5°0(0,7)

2 95(7),  ©(4,0)=y(9) (4b,c)

In view of eq. (4a), we obtain the steady non-homogeneous heat transfer equation
(the oscillator equation with the driving force in fractal heat transfer) in fractal media:

3 %+ 7 0) = ®,,(9) ©

20

where @ (¢) is the driving force term.
With eq. (5), the steady homogeneous heat transfer equation (the oscillator equation
without the driving force in fractal heat transfer) in fractal media reads:

20
40

20

+@ O(@)=0 (6)

The non-linear heat transfer equations in fractal media

At high excess temperatures, the radiative heat-loss given by p, c,@ 0%, 1), we
obtain the non-linear heat transfer equation in fractal media:

0°0(¢, 7) e *“0O(¢, 1)

or” sgpn TR D=2,00) (7a)

subject to the initial-boundary conditions:

0°0(0,7) _

o4° ?,(7),  O(p,0)=y(9) (7b,c)

where & =¢gy/Sp,c,. Here, ¢ is the Stefan’s constant (SC), ¢ — the characteristic constant
(CCQ) of fractal material, y — the sectional perimeter (SP) of the fractal bar, and S — the cross-
-sectional area (CA) of the fractal bar.

Equation (7a) is non-homogeneous non-linear heat transfer equation in fractal me-
dia.

When @ (¢, 7) =0, eq. (7a) is rewritten:

0°0(¢,7) e O’ O(¢,7)

4
+ ,T)= 0 83.)
Py 0 O (¢,7) (
subject to the initial-boundary conditions:
0°0(0, T
T oe” ;w ) ?3(7), 04, 0)=y(9) (8b,¢)

where ¢ is a constant. Equation (8a) is the homogeneous non-linear heat transfer equation in
fractal media.



Zhao, D., et al.: On the Fractal Heat transfer Problems with Local Fractional Calculus
1870 THERMAL SCIENCE, Year 2015, Vol. 19, No. 5, pp. 1867-1871

The steady non-homogeneous non-linear heat transfer equation (the non-linear oscil-
lator equation with driving force) in fractal media is:
Ld70) |
dg*®
where @ (¢) is the driving force term.

The steady homogeneous non-linear heat transfer equation in fractal media (the non-
-linear oscillator equation without driving force) is presented:

+50%(9) = @, () )

d2(u®(¢)

ez +E0*(9)=0 (10)

Conclusions

In this work the linear and non-linear heat transfer equations via LFC are presented.
Meanwhile, the linear and non-linear oscillator equations in fractal heat transfer are discussed.
This result opens a new direction in fractal heat transfer.
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Nomenclature

0, 9, ¢ — space co-ordinates, [m] 0} — time fractal dimensional order, []

T — time, [s] 0”/0t” — local fractional partial derivative, [-]
O(¢, 7) — temperature, [K] d”/d¢”— local fractional derivative, [-]
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