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Introduction

Fractional partial differential equations are generalization of the classical differential
equations of integer order. In recent decades, fractional differential equations have gained a
lot of attention as they are widely used to describe a variety of complex phenomena in many
fields [1-3]. In the past, many powerful methods were established and developed to obtain ex-
act solutions and numerical solutions of the fractional differential equation (FDE), such as the
finite difference method [4], the Adomian decomposition method [5], and so on.

In this paper, we use the existed fractional sub-equation method to search for exact
solutions for the space-time fractional Whitham-Broer-Kaup (WBK) equations in the sense of
modified Riemann-Liouville derivative defined by Jumarie [6], which is a fractional version
of the known (G/G) method [7]. This method is based on the following fractional ODE:

D}*G(£)+ ADFG(&) + uG(£) =0 (1)

Jumarie's modified Riemann-Liouville derivative
and existed fractional sub-equation method

We list some important properties for the modified Riemann-Liouville derivative

[6]:
e
DI[f(g®)]=g®D; f()+ f()Df g(t) 3)
Df f1g()] = f,[gIDf g(t) = DY flg(1)]lg '®)]" “4)
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In order to obtain the general solutions for eq. (1), we suppose G(¢) = H(#) and use
the well-known fractional complex transformation [8], # = &/I'(1 + ). Then by using eq. (2)
and the first equality in eq. (4) and eq. (1) can be turned into the following second ODE:

H "(n)+AH '(n)+ uH (1) =0

since DZG(§) = D7 H(n) =H'(n) Dfn=H'(17), we obtain:

JA2 -4 A’ -4
C, sinh i & i &%

R E— +C, cosh ~———
_i+\//12—4,u 2T +a) : 2r(1+a) 2 —aus0
2 2 [,2 2 ’
C, cosh VA Zdp &% +C, sinh VA Zdu i
2T (1+a) M (1+a)
DEG
DG | A, GIl+a) ’ 240005
G(&) 2 r(+a)+Ce”
Nau-1* du-A*
—C, sin ~————— +C, cos ————
_i+\/4u—;ﬂ ! 2F(1+a)§ 2 2F(1+a)§ 240
2 2 / 2 2 ’
C, cos VA=A~ EY+C, sin NAu= A" &
A (1+a) M (1+a)

Description of the existed fractional sub-equation method

In this section, we describe the main steps of the existed fractional sub-equation
method.
Step 1. Suppose that a non-linear FDE, say in two independent variables x and #:

P(u,u,,u,, Df'u, D{u,--)=0, O<a<l 6)

where D u and D{u are Jumarie's modified Riemann-Liouville derivatives of u, u = u(x, )
is an unknown function, P — a polynomial in u, and its various partial derivatives, in which the
highest order derivatives and non-linear terms are involved.

Step 2. By using the traveling wave transformation:

u(x,t)=u($), &=x+ct+¢; (7)

then, by the second equality in eq. (4) and eq. (6) can be turned into the following fractional
ODE with respect to the variable &

P(u, cu',u', ¢* Dfu, Dfu,---)=0 (8)
Step 3. Suppose that the solution of eq. (8) can be expressed by a polynomial in
D?G/G:
(04

m DG
u(@)=> q 5G )
i=0
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where G = G(¢) satisfies eq. (1), and a;(i = 0, 1, ..., m) are constants to be determined later
with a,, # 0. The positive integer m can be determined by considering the homogeneous bal-
ance between the highest order derivatives and non-linear terms appearing in eq. (8).

Step 4. Substituting eq. (9) into eq. (8), using eq. (1) and collecting all terms with
the same order of DgG/G together, the left-hand side of eq. (8) is converted into another
polynomial in D G/G. Equating each coefficient of this polynomial to zero yields a set of al-
gebraic equations for a(i=0, 1, ..., m).

Step 5. Solving the equation system in Step 4 and using eq. (5), we can construct a
variety of exact solutions for eq. (6).

Applications

The space-time fractional WBK equations:

D%u +uD%u + D%v+ BD**u =0
{ t X X ﬂ X (10)

D*v+ D% (uv) — fD*v+ yD3*u =0

can be used to describe the dispersive long wave in shallow water. Here u = u(x, ) is the field
of horizontal velocity, v = v(x, f) is the height deviating from equilibrium position of liquid, S
and y are real constants that represent different diffusion powers. When a = 1, f = 0, and
y =10, eq. (10) is the classical long-wave equations that describe the shallow water wave with
diffusion. When a = 1, =0, and y = 1, eq. (10) reduces to the variant Boussinesq equations
[9] which are very important in fluid mechanics.

Suppose that u = u(x, ), v = v(x, ), where £ = x + ct + &, k, ¢, & are all constants
with &, ¢ # 0. Then by use of the second equality in eq. (4) and eq. (10) can be turned into:

c“Dfu+k*uDZu+k“Dgv+ kZ“,BDéau =0

(11)
c*DEv+k*DE (uv) + k** BD; v+ k**y DF*u =0
Assume that the solution of eq. (11) can be expressed by:
m (peG
5
u(l&)=>) a

&) g(;, i { G ]

(12)

m, DIZG d
©=2 b | =
o5

Balancing the order of Dé“u, uD{u, Dg“u, and Df (uv) in eq. (11), we can obtain
m;=1,and mp, =2.
We have:

W) =ay +a fT

o ac Y (13)
@ =ty +b 2 4, | 250
Vi) =% 70—~ 2 g
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Substituting eq. (13) into eq. (11), using eq. (1) and collecting all the terms with the
same power of DgG/G together, equating each coefficient to zero, yields a set of algebraic
equations. Solving these equations yields:

c“ 2
aO:—k—aik“ﬂ, L +y

a, =2k A +y
by = k> [ﬂﬂﬂ\/ﬂz +y —2ﬂ2ﬂ—2ﬂ7j (14)

b = k* (ﬁm B+ —2,82/1—2/1;/)

b, = k** (iZﬂ B +y-2p° —27)

Substituting eq. (14) into eq. (13) and combining with eq. (5), we can obtain the ex-
act solutions of eq. (10).

When 4> — 44 = 0, we have:

uz(x, l)———+ka/1\1ﬂ +y £2k%N P+ I: Grd+a) }

2 Cr(1+a)+CE”

vy (x, 1) =k (ﬁﬂﬂ\/ﬂz +y —2ﬁ2ﬂ—2ﬂ7j+

+hi2 (+2ﬂl B +y—28%1— 2@){

(15)
A, Gli+a) }r
2 COI(l+a)+C¢”

2
A, Gl+a) }

+k2@ [iZﬂ ,82+7—Zﬂ2_27j{— 2 CT(+a)+ CoE
1 2

where & = kx + ct + &,.
When /> — 44> 0:

a
ul(x,t)z—;—aikal B4yt

VAT —dp + C, cosh VA —dp 4’”

AP -4
TEYCN 2 ~ 2r(1 20+ (16)

c “562“4“

C, cosh
21+ r(l+e)
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(e t) = k2 (izﬂm/ﬂz 28 2;,7) el (iZ,B/h/,Bz ty -2 2/1y)~
C, sin VA —dp 4 4’”

C, cosh~———

A NA-4u 2F(1+a) 2r(1+ a)
2 2 12 2
C coshgf +CzsinhM§“
2r(1+a) 2T (1+a)
+k2“(12ﬂ1/,6’2+7—2,82—27)-
2
B C, sinh VA —dp zcosh7“2_4’u§“
. _§+ 12—4;1 2r(1+ ) 2T(1+a) (16)

2 2
Cycosh~——— \/ — £+ G, sinhufa
201+ @) (1 +a)
where & = kx + ct + &,.
When 42 — 4u<0:

a

Uy (x, t)=—lc€—aik0% Byt

— \/ H— 12 \/ H— /12
+ 2k%N B +y —§+ 42 _ 2F(1 2F(1 )

C,cos ———
2F(1+ ) 2F(1 a)

vy(x, 1) = k** (izﬂm/ﬂz +;/—2ﬂ2,u—2y)/j+k2“ (J_rzﬂ/z in +7—2ﬁ2/1—2/1;/j-
o ,,u /12 /,u 12
_i+\/4ﬂ—/12 "ora +a) 2F(1+a) .
2 2 / ,,U /12

C, cos Gy s 2F(1 )
+ Kk (ﬁﬂ ﬂ2+7—2,82—27/j~ (17)

2
L NAu=2 o VAH=2" /12
z+\/4u—;ﬁ Gs "ora+ Sora+ )

2 2 \/u /12 LC \/4,U—/12 «
Srra) ©

where & = kx + ct + &,.
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Conclusions

In this paper, the existed fractional sub-equation method has been successfully ob-
tained the exact solutions of the space-time fractional WBK equations. The above procedure
shows that:

e the fractional sub-equation method is an efficient and powerful method in solving a
wide class of equations, and

e the method is straightforward without any restrictive assumptions and special tech-
niques. Whether we can introduce other new feasible algorithms to solve FDE, we hope
this question will be further studied.
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