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By using the improved hyperbolic function method, we investigate the variable
coefficient Benjamin-Bona-Mahony-Burgers equation which is very important in
Sfluid mechanics. Some exact solutions are obtained. Under some conditions, the
periodic wave leads to the kink-like wave.
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Introduction

Nowadays, non-linear partial differential equations (NLPDE) are becoming more
and more important, especialy their broad applications on modeling many physical phenom-
ena. For instance, solid state physics, fluid mechanics, and so on [1]. It is very valuable to do
some research on how to solve NLPDE exact solutions and investigate the property of the so-
lutions.

The Benjamin-Bona-Mahony-Burgers (BBMB) equation:

u,—u,, —ou, +uu, +u, =0

is proposed as a model to study the unidirectional long waves of small amplitudes in water,
which is an alternative to the KdV equation [2]. It is an important model in fluid mechanics.
In this paper we will study the variable coefficient BBMB equation:

ut - j“(t)u)cct - a(t)uxx + IB(t)uux + }/(t)ux = 0 (1)

where A(¢), a(t), p(t), and y(¢) arearbitrary time-dependent coefficients.

If a(f) =0, A(¢) = 1, and y(r) = 1, eg. (1) is an alternative to the regularized long wave
equation proposed by Benjamin et al. [3] and Peregrine [4]. The variable coefficient BBMB
eg. (1) [5] is proposed to describe long waves of small amplitudes broadcasting in non-linear
dispersive media. This model has been introduced [6], which plays a very important role in
mathematics and fluid. During the past few years, numerous methods in solving BBMB equa-
tions have been discovered by many authors, such as G'/G method, homotopy analysis meth-
od, He' method, etc. [7, 8].
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Hyperbolic function method was first proposed in [9], which is based on the fact that
most solitary wave solutions have form of hyperbolic function. This method has been used to
find the exact solutions of many non-linear wave eguations, such as Burgers equation, KdV
equation, etc. [9, 10].

Improved hyperbolic function method
For partial differential equation (PDE) of two independent variablesx, ¢

P x, u., u, u,,..)=0 2
we consider its traveling wave solution of the form:
u(x,)=9(&),  S=k(x)+c(t)+! (©)

where k(x) and ¢(f) are functions of single variable.

By using this traveling wave transaction, we can change non-linear PDE eqg. (2) to a
variable coefficient differential equation (VCDE).

Supposing that the solution of thisVCDE is:

HO=% af +3 b fi @
i=0 j=1
where
__ 1 __snhg
f_cosh§+r' & cosh & + 7 ®)

and a;, b;, and r are coefficients to be determined. m can be determined by balancing [11] the
highest order derivatives and highest order non-linear terms appearing in VCDE, what's more:

fr=—fa, ge=1-g’-rf. gP=1-2f+(r*-1f? (6)

By substituting eg. (4) into eg. (2), and using eqg. (5) to simplify the VCDE until it
only involves exponential term of fand g (the degree of g isless than 1). Then combining the
similar terms of f'and g, we will establish a set of equation. By solving this set of equation, the
exact solution of eg. (2) will be obtained.

Obtain exact solution of BBMB equation by
improved hyperbolic function method

Firstly, we consider the following transformations:
ulx, ) =), S=k(x)+c()+! (7)

wherek(x), c(¢) are arbitrary functions.
Substituting eg. (7) into eg. (1) we have the equation:

[¢() = (K" (x) + ¥ (D ' (£) = [A(0)e (VK" (x) + ()™ ()] " (£) +

+BOK (2)p(&) (&) = 20)e D)k (x)9"(£) = 0 (8)

By using eg. (4) and balancing the highest order derivatives and highest order non-
linear terms appearing in eg. (8), we get m = 1. Thus we have:
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#(&)=ao+af +big (9)

By substituting eqg. (9) into eq. (8), simplifying the eg. (8) until it only involves ex-
ponential term of fand g (the degree of g is less than 1), by supposing their coefficient equal
to zero, we obtain the system:

Q) b +D(r-DA() (), (x) =0
2) (r+D(r—D{aA@)(@O)E" " (x) + aby (k' (x) + [ (2) + 12blr/'t(t)c’(t)]k2, (x}=0
@ [BayrA(t)c'(6) - by(A—r*)a(O]k"(x) + by (Bayr + ag — agr?) B(¢) + A= r?)y (O]K'(x) +
+ [Bayra(t) + b(Tr2 = A A1) ()1,? (x) + b (A-r2)c' (1) =0
(@ [brc' () = bra(t) — aA)c' (O1" (x) +[agrbyB(t) — ab (1) + byry (1)]K'(x) -
— [ama(t)+ blrﬂ,(t)c'(t)]kZ’ (x)+byrc'(1)=0
B) [Brat)c'(t) + aa ()" (x) + (67— aga) () — ayy ()]’ (x) +
+ [ay (O)c' () + byra (O], (x) — ayc'() = 0
(6) 25,(r? ~DAW)C (k" (x) = (B —bir? —af) UK (x) +
+ [2b,(r% = Da() + 6ayr A(r)c' (1)]k? (x) =0
) a(r+)r-DAE) k% (x)=0

Solving this system by Maple gives the following results:
(1) When A(¢) =0, we obtain:

K(x) =220 (10)
a(t)
4 =+(r* -1 b (11)
C,(ZL) — b]_}/([)ﬂ(ti‘(:)aoblﬂz(l) (12)

Equation (10) indicatesthat S(¢)/a(¢) must be a constant:
BO)=ca@),  Kx)=-ha,  (0)=baly@)+ap@)]
We obtain the solution of variable coefficient BBMB eg. (1):

b2 -1 | by Sinh[k(x) +c() +1]

u(x, t)=agt
r+cosh[k(x)+c(t)+1] r+coshlk(x)+c(t)+]]

(13)

where
k() ==beyx, ot = by [ [1(0) + apBO)]de

and ag, b1, and ¢ are constants.
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Figure 1 shows a special solution of eq.
(1), when we suppose that:

ap =1, b=c=r=2, =0,
y(t) = cost, p)=sint

From the figure we can see that the
wave is a kind of kink-like wave and the am-
plitude is constant in the process of transmis-
sion. Since y(f) and A(f) are time dependent
periodic function, wave velocity (both size
and direction) periodically changes over time.

(2) When a; = =0, we have:

Figurel.ap=1,b1=c;=r=2,1=0, y(f) = co¥, K (x) = — b () (14)

and g(f) = sint 2a(2)
C,(t) — b]]/(t)ﬂ(t) + aOblﬂz (t) (15)
2a(t)

Equation (14) indicates that 5(£)/a(f) must be a constant.
Then, we have:

K== 2em )= o] [0+ a0

The solution of variable coefficient BBMB equation eg. (1) is:

(1) = o + by sinh[k(x) + c(t) +1] (16)
' Oyt cosh[k(x) + c(t) +1]
where
k(x)=- % CoX

o) =2 &, [ [0+ ao O

and ag, b1, and ¢, are constants.
Figure 2 shows a specia solution when
we suppose that:

Figure2. ag=by=1,¢,=2,1=0,(f) = cos, and ag=b =1 Cy =2, /=0,
ple) = sint y(t)=cost,  Blt)=sint
From the figure we can see that the amplitude of the wave tend to be a constant over
time in the process of transmission.
Conclusions

In this article, the improved hyperbolic function method is utilized to find the solu-
tions of the variable coefficient BBMB equation. It is very important in fluid mechanics. Aswe
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know, hyperbolic function method is an effective method in solving non-linear partial differ-
ential equations. We also indicate that hyperbolic function method is a strong method not only
in solving constant coefficient non-linear partial differential equations but also in solving var-
iable coefficient non-linear partial differential equations.
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