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An improved extended tg-function method, which combines the fractional com-
plex transform and the extended tanh-function method, is applied to find exact so-
lutions of non-linear fractional partial differential equations. Generalized
Hirota-Satsuma coupled Korteweg-de Vries equations are used as an example to
elucidate the effectiveness and simplicity of the method.
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Introduction

For recent decades, there has been an increasing interest in the study of exact or ap-
proximate solutions of non-linear fractional differential equations that can be used to describe
many phenomena in fluid mechanics, plasma physics, and heat conduction in porous media.
Many effective methods have been proposed for fractional calculus, such as exp-function
method [1], fractional sub-equation method [2], and so on.

However, to the best of our knowledge, it is still on a preliminary stage to search for
exact analytical solutions of non-linear fractiona differential equations. The motivation of
this paper is to indicate how the exact solutions of non-linear fractional generalized Hirota-
Satsuma coupled Korteweg-de Vries (KdV) equations can be constructed by the extended
tg-function method. To achieve this aim, we recur to the well-known fractional complex
transform method [3] and the extended tg-function method [4]. The fractiona derivatives used
in this present paper are in Jumarie's modified Riemann-Liouville sense.

Improved extended tg-function method

In this paper an auxiliary egquation method based on the extended tg-function method
[4] is improved, and is therefore called the improved extended tg-function method. The key
steps of the improved extended tg-function method are provided.

Step 1. Consider the following non-linear space-time fractional differential equation:

P(u,Df’u,Dfu,thau,Dfﬂu,---):O, O<a, p<1 @
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where P is a polynomia in u and its various partia derivatives in which the highest order de-
rivatives and non-linear terms are involved.

Step 2. By the fractional complex transform [3]:
i) a
X t

T ‘Trw @
Equation (1) can be written into an ordinary differential equation (ODE):
P(u, —cu',u', cu u", ) =0 ©)
Step 3. Suppose that the solution of eq. (3) can be expressed as a polynomial in [J:
u =2a,¢f @
where [ satisfies the Riccati equation in thef(;rm:
#(&)=b+4(©) (5)

Step 4. Substituting eq. (4) along with eq. (5) into eq. (3), get a set of algebraic equa-
tions about the parameters ay, -+, a,, . Solving the obtained algebraic equations with the help
of MATHEMATICA and taking advantage of the known solutions of eq. (5), we can obtain
exact solutions of eg. (1) in concern.

For convenience, the solutions of eq. (5) are listed [4]:

—J=b tanh(V=b&) or —~/-b coth(-b&), b<0

1
_ 1 b=0 6
#(%) : (6)

\/Z tan(\/gf) or \/Z cot(\/zgf), b>0

The exact solutions of fractional generalized Hirota-Satsuma
coupled KdV equations

Consider the following fractional generalized Hirota-Satsuma coupled KdV equa-
tions:

Dtau—%Djau+3quu—3Df(Vw):0
D*v+ D3**v—3uD% =0 Y
Dw+D¥*w-3uD*w=0, O<a<l

By the fractional complex transform & = (x* — ct*)IT (1+ «), €g. (7) can be convert-
ed into the ODE:

—cu'—% u" +3uu'—3(w) =0

—ov'+v"=3w' =0 (8

—cw +wW" =3unw' =0
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By balancing the highest order derivative terms and non-linear terms in eg. (8), we
suppose that:

U=dg+ap+ad?,  v=by+bp+bp?,  w=cy+cd+cd’ (9)

Substituting eg. (9) aong with eq. (5) into eq. (8) and taking advantage of
Mathematica, yields the results:

4(3cy + 2ccy — 4eyb) by = 4 (10)

1
== (-c+8b), =b =¢, =0, =4, by=-— ,
o 3( c ) a=b=¢ a () 3C§ o

Therefore, we get three types of quasi-traveling wave solutions of eqg. (8):

=—(—c+8b)+4{\/7tanh(\/7x HZ

Il+a)
2
v =— 4(3cq + 2ccy — 4c2b) \/— ah @
35 r(1+ a)
2
)C
Wy =Co+C;p {\/»tanh( (l+a)H
(11)
1 2
L ever)+a| Vb coth | Vb X
3 {r ( F(1+a) H
4(3cy + 2 deb) 4 2
V2= B+ cczo_ b 4 J=b coth \/7x
3¢ ¢ L+ a)
2
Wy =CotCp \/7? coth x
(1+ a)
if b<0and ¢y, c,arearbitrary constants that make the solutions eg. (11) meaningful.
2 2
up=-Cpa Qv o AGorZe)  AT(ta)
3 (x"—a”) 3 ey (x% —ct®) 1)
e, T (L+a)
(x® —ct™)

if b=0and ¢y, c,are arbitrary constants that make the solutions eqg. (12) meaningful.



Cui, L.-X., et al.: New Exact Solutions of Fractional Hirota-Satsuma Coupled ...
1176 THERMAL SCIENCE, Year 2015, Vol. 19, No. 4, pp. 1173-1176

:-( c+8b)+4[\/—tan{\/_x HZ

Irl+ea)
2
_ AMBep +2ccp — 4c2b) X
A Aa =)
2
W4:CO+CZ{\/_tan(\/_)li(l O!)H
(13)
2
u5=:—]3'(—c+8b)+4|:\/gcot(\/7)Ii(lea)]}
N 4(3cy + 2ccy — 4c2b) \/Z cot| b X<t x” ’
° 32 i (+a)

2
= + \/Z COt \/— i
B { [ r(l+a)
if b>0and ¢y, c,are arbitrary constants that make the solutions eg. (13) meaningful.
As o approaches to 1, egs. (11)-(13) become exact traveling wave solutions of
standard form of Hirota-Satsuma coupled KdV equations. These fractional solutions cannot
be obtained by other approximate methods.
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