Liu, F.-J., et al.: He's Fractional Derivative for Heat Conduction in a Fractal ...
THERMAL SCIENCE, Year 2015, Vol. 19, No. 4, pp. 1155-1159 1155

HE’S FRACTIONAL DERIVATIVE FOR HEAT CONDUCTION
IN A FRACTAL MEDIUM ARISING IN
SILKWORM COCOON HIERARCHY

by
Fu-Juan LIU*", Zheng-Biao LI°", Sheng ZHANG", and Hong-Yan LIU*

# National Engineering Laboratory for Modern Silk, College of Textile and Clothing Engineering,
Soochow University, Suzhou, China
b Nantong Textile Institute, Soochow University, Nantong, China
° College of Mathematics and Information Science, Qujing Normal University, Qujing, China
4 School of Mathematics and Physics, Bohai University, Jinzhou, China
® School of Fashion, Zhongyuan University of Technology, Zhengzhou, China
Original scientific paper
DOI: 10.2298/TSCI1504155L

He’s fractional derivative is adopted in this paper to study the heat conduction in
fractal medium. The fractional complex transformation is applied to convert the
fractional differential equation to ordinary different equation. Boltzmann trans-
form and wave transform are used to further simplify the governing equation for
some special cases. Silkworm cocoon are used as an example to elucidate its nat-
ural phenomenon.

Key words: fractional differential equation, fractional complex transform

Introduction

There are many definitions on fractional derivatives. Here are some definitions. Ca-
puto fractional derivativeis defined as[1]:

T t)n —-a-1 d f(t) dr

. _ 1
DN =0 £ (x " )
Riemann-Liouville fractional derivative reads[1]:
DW= dxi oy (ods @
Jumarie’ s modification of Riemann-Liouville fractional derivativeis[2]:
DU = T -0 - rOa ©)

F(n—a) " g

Xiao-Jun Yang's fractional derivative gives[1]:
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Ji-Huan He' s fractional derivative is defined as[3]:
1 I’l

b= C(n—a) dt”
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where fo(x) is aknown function.
In this paper He's definition [3] is adopted to study the heat conduction in a fractal
porosity.

Heat transfer in fractal medium
The Fourier's Law of thermal conduction in a fractal medium can be expressed as

[1]:

o°T
q=-D (6)
ox”
and
a
GT _0d%q %
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where g is the heat flux, T — the temperature, D — the thermal conductivity of heat flux in the
fractal medium, and 0“/ox* —the He' sfractiona derivative defined as [3]:

oT* 1
ox% F(n @) dx"
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where Tp(x) can be the solution of its continuous partner of the problem with the same bound-
ary/initial conditions of the fractal partner.
From both egs. (6) and (7), we can derive the fractional heat conduction equation,

which shows:
or_a (D 0 T] ©

ot ox” ox“

where ¢ isthe fractional dimension of the fractal medium.
The fractional complex transformation [4-6] can convert a fractional differential
equation to a partial differential equation. By the fractional complex transformation [4-6]:

xa

- rl+a)

(10)

Equation (9) is converted to a partial differential equation, which reads:
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Introducing the Boltzmann variable A defined as:

xa

S
A=—rs=——— 12
Jio T+ a) 2
We can convert eg. (11) into the following ordinary differential equation:
d dr) AdrT
—| D—|+=—=0
d/l( dl] 2d4 (13)

Equation (13) can be solved by the variational iteration method, the homotopy per-
turbation methods and others. A complete review on various analytical methods is available in

[7].

If awave solution of eq. (11) is searched for, we can introduce the transform:

o

X
T(s,1)=T(&), =s—kt= —kt 14
(5,0)=T(5), ¢&=s rira) (14)
Equation (11) becomes:
k ar + 9 D o\ 0 (15)
dg of\ o0&
Solving eg. (15) by integration, we obtain:
k
T(£)=c +c, e (— 35] (16)
where ¢; and ¢, areintegral constants.
Substituting eg. (14) into eq. (16) resultsin ageneral exact solution:
Kkt fox®
T(x,t)= exp| ———— 1
(x.f)=ci+c, p[[) DFa+a)] 17

As an example, we consider heat conduction in cocoon, which is considered as a
fractal medium. As you know, in continuous media, heat transfer of an isotropic medium
without inner heat source can be regarded as one-dimensional steady case, that is:

dr
D—= 18
vt (18)
The solution of eg. (18) is:.
T=T,+ %x (29)

where Tp istheinitial temperature at x = 0 and Q — the heat flux.
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However, heat transfer in the discontinuous hierarchic silkworm cocoon can be ex-
pressed as.

oT

D—=0 20
% 2 (20)
Integrating eg. (20) resultsin:
- - 0 x°
T=To+= 21
°* DT+ a) (21)

where T istheinitial heat flux concentration, T — the heat flux concentration, and Q0 — the
heat flux in the hierarchic silkworm cocoon.

Suppose the heat flux of hierarchic silkworm cocoon is equal to that of continuous
media, that is, 0=0Q. It isobvious that:

T-T, T'(l+a) (22)

Discussions

Due to continuous media, T —To = =T —T, in the eq. (22). Suppose the fractional
dimension o = 0.618, then x = 1.33. x represents the smallest mearsuring size between layer
and layer, shown in fig. 1.

For the hierarchic silkworm cocoon,

o g = also suppose the fractional dimensions
7 & o = 0.618. The various values of (7' —To)/
== (T -T,) aregivenintab. 1.
s :

As can be seen, when x < 107, the
Figure 1. Schematic diagram of hierarchic heat nanoeffect is very significant. Especialy,
transfer path in cocoon when x reaches 10 nm, heat transfer prop-
Table 1. Therelation between x and heat flux in erty of fractal media is so much unusua
hierarchic silkworm cocoon Compared W|th that Of continuous med|a.
So the structure feature of cocoon provides
us with an optimal template, which could

x 100| 1 |1.33]/102|10*| 10° | 10°®

T-To be duplicated in biomimic fabric design to
r-g, 019|111 1 1648|376 2186|1269.7) improve the heat-moisture comfort ahility
of an apparel.
Conclusions

He's fractional derivative follows chain rule [3], and the fractional complex trans-
formation can convert the fractional differential equation into partial differential equation,
which can be further simplified into ordinary differential equation by either Boltzmann trans-
form or wave transform, so that we can adopt all analytical methods or numerical methods
developed for ordinary differential equations can be applied for fractional calculus.

The fractal model for heat transfer in hierarchic porous cocoons has been proposed
for the first time based on the local fractional calculus theory. Moreover, the nanoeffect of this
model for heat transfer has been proved to be very significant at nanoscales. Therefore, it
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would be helpful for biomimic design in many fields, such as biomaterials, functional textiles
and aviation industry.
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