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In the pres ent study, sec ond law anal y sis is in tro duced for cir cu lar cyl in der con -
fined be tween par al lel planes. An an a lyt i cal ap proach is adopted to study the ef -
fects of block age, Reynolds and Prandtl num bers on the en tropy gen er a tion due to
the lam i nar flow and heat trans fer. Four dif fer ent flu ids are con sid ered in the pres -
ent anal y sis for com par i son pur poses. Heat trans fer for the cyl in der at an iso ther -
mal bound ary con di tion is in cor po rated. In gen eral, the en tropy gen er a tion rate de -
creases as the block age ra tio de creases. In ad di tion, the en tropy gen er a tion rate
in creases with in creas ing Reynolds and Prandtl num bers. At a fixed Reynolds num -
ber, the ef fect of block age be comes more no tice able for higher Prandtl num ber
fluid. Sim i larly, for the same fluid, the ef fect of block age be comes more no tice able
as the Reynolds num ber in creases.
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In tro duc tion

A cyl in der placed in flows re stricted by walls is a com mon con fig u ra tion for many ap -
pli ca tions such as cross-flow heat exchangers, shrouded heat sinks, and elec tric heat ing el e -
ments in boil ers. Such flows are ac com pa nied by en tropy gen er a tion due to fluid fric tion and
heat trans fer thus lim it ing the ef fi ciency of the sys tem. There fore, it be comes ex tremely im por -
tant to ex am ine the ef fects of var i ous pa ram e ters on en tropy gen er a tion in such flow sys tems in
or der to re duce ir re vers ibil ity and sug gest more ef fi cient sys tem de sign. Poulikakos and John -
son [1] stud ied en tropy gen er a tion for com bined con vec tive heat and mass trans fer in ex ter nal
flows from a flat plate and from a cyl in der in cross-flow. They ob tained a gen eral ex pres sion
that ac counts for irreversibility due to the pres ence of heat trans fer across a fi nite tem per a ture
dif fer ence, mass trans fer across a fi nite dif fer ence in the chem i cal po ten tial of a spe cies, and
flow fric tion. They showed that the en tropy-gen er a tion ex pres sion can be min i mized and be
used in de fin ing the op ti mum de sign for the con fig u ra tions of in ter est. Fowler and Bejan [2]
showed how to cor re late the op ti mal sizes of bod ies with spec i fied ex ter nal forced con vec tion
heat trans fer, when the ob jec tive is to min i mize the to tal rate of en tropy gen er a tion for a cyl in der 
in cross-flow and for other con fig u ra tions. They found that the op ti mal size in creased
monotonically with the heat trans fer duty pa ram e ter. Abu-Hijleh [3] nu mer i cally eval u ated the
en tropy gen er a tion rate due to lam i nar mixed heat con vec tion from an iso ther mal heated cyl in -
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der in an air cross-flow. The pa ram e ters con sid ered were the Reynolds num ber, buoy ancy pa -
ram e ter, and cyl in der di am e ter. The au thor stud ied over all en tropy gen er a tion rate as a func tion
of cyl in der di am e ter and buoy ancy pa ram e ter at se lec tive val ues of Reynolds num ber and found
that large cyl in der di am e ters re sulted in less en tropy gen er a tion rate. Demirel and Kahraman [4]
an a lyzed the con vec tive heat trans fer in an an nu lar packed bed by ap ply ing the first and sec ond
laws of ther mo dy nam ics. They found that there ex isted equipartition of the en tropy gen er a tion
in the packed an nu lus along the space com pared with that of the empty an nu lus. Thus the con fig -
u ra tion lead ing to less dis si pa tion and lost en ergy could be rec om mended, pro duc ing ther mo dy -
nam i cally op ti mum de sign with min i mum lost en ergy. Sadeghipour and Razi [5] stud ied lam i -
nar nat u ral con vec tion from an iso ther mal hor i zon tal cyl in der con fined be tween ver ti cal walls.
They found that there is an op ti mum dis tance be tween the walls for which heat trans fer is max i -
mum. Naphon [6] pre sented the o ret i cal and ex per i men tal re sults of the sec ond law anal y sis on
the heat trans fer and flow of a hor i zon tal con cen tric tube heat exchanger. The au thor dis cussed
the ef fects of the in let con di tions of both work ing flu ids flow ing through the heat exchanger on
the heat trans fer char ac ter is tics, en tropy gen er a tion, and exergy loss. He showed that the hot wa -
ter and the cold wa ter mass flow rates had sig nif i cant ef fect on the en hance ment of en tropy gen -
er a tion. He also in di cated that for a given hot wa ter mass flow rate at con stant in let cold wa ter
tem per a ture, the en tropy gen er a tion in creased rel a tively steadily with in creas ing in let hot wa ter
tem per a ture. Taufiq et al. [7] pre sented an a lyt i cal sec ond law anal y sis for the op ti mal ge om e try
of fin ar ray by forced con vec tion. Their anal y sis in volved the achieve ment of a bal ance be tween
the en tropy gen er a tion due to heat trans fer and en tropy gen er a tion due to fluid fric tion. They
found that the in crease in cross-flow fluid ve loc ity would en hance the heat trans fer rate that
would re duce the heat trans fer ir re vers ibil ity. They also de ter mined the op ti mum thick ness for
fin ar ray based on en tropy gen er a tion minimization. Haseli et al. [8] eval u ated the op ti mum
cool ing wa ter tem per a ture dur ing con den sa tion of sat u rated wa ter va por within a shell and tube
con denser, through minimization of exergy de struc tion. They found that as the up stream steam
mass flow rate in creased, the op ti mal in let cool ing wa ter tem per a ture and exergy ef fi ciency de -
creased, whereas op ti mal exergy de struc tion in creased. Their re sults were higher for op ti mum
val ues at a higher con den sa tion tem per a ture com pared to those at a lower con den sa tion tem per -
a ture. Ibrahim and Moawed [9] con ducted an ex per i men tal in ves ti ga tion of the heat trans fer
char ac ter is tics and en tropy gen er a tion of elec tri cally heated el lip tic tubes with lon gi tu di nal fins
sep a rately in stalled in a square tun nel. Their re sults re vealed that the fin po si tion on the el lip tic
tube had an ef fect on the re sults of heat trans fer co ef fi cient, fric tion fac tor, and ir re vers ibil ity ra -
tio. They also found that the ir re vers ibil ity ra tio of the el lip tic tube with out fins was greater than
that with fins. Nwosu [10] em ployed the minimization of en tropy gen er a tion method in siz ing
the pin fin. His re sults in di cated that high ef fi ciency of the op ti mized fin im proved the heat ab -
sorp tion and dis si pa tion po ten tial of a so lar air heater. Khan et al. [11] in ves ti gated the block age
ef fects on fluid flow and heat trans fer from a cir cu lar cyl in der con fined be tween par al lel planes.
They ob tained closed-form so lu tions for the fluid flow and heat trans fer from the cyl in der with
block age ra tio, and Reynolds and Prandtl num bers as pa ram e ters. They showed that the block -
age ra tio con trols the fluid flow and the heat trans fer from the cyl in der. The au thors did not con -
sider the block age ra tio ef fects on the en tropy gen er a tion. En tropy gen er a tion in chan nels has
been the sub ject of many re cent pub li ca tions due to its im por tance in fluid flow end heat
exchanger ap pli ca tions [12-15]. 

In the pres ent study, a cir cu lar cyl in der con fined be tween par al lel planes is con sid ered. 
An an a lyt i cal ap proach is adopted to study the ef fects of block age, Reynolds and Prandtl num -
bers on the en tropy gen er a tion rate due to fluid fric tion and heat trans fer.
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Anal y sis

A cyl in der placed in flows re stricted by
walls is a con fig u ra tion that has re ceived con -
sid er able con sid er ation in the lit er a ture be cause 
of the wide range of ap pli ca tions. Such flows
are ac com pa nied by en tropy gen er a tion due to
fluid fric tion and heat trans fer thus lim it ing the
ef fi ciency of the sys tem. There fore, it be comes
nec es sary to ex am ine the ef fects of var i ous pa -
ram e ters on en tropy gen er a tion in such flows to
re duce ir re vers ibil ity and sug gest more ef fi cient sys tem de sign. 

A uni form flow of a New to nian fluid (Pr ³ 0.71) past a sta tion ary cir cu lar cyl in der of
di am e ter, D, con fined be tween par al lel planes is con sid ered as shown in fig. 1. The ap proach ing
ve loc ity of the fluid is U4 and the tem per a ture is T4. The sur face tem per a ture of the cyl in der wall
is, Tw, for the iso ther mal bound ary con di tion. 

The flow is as sumed to be lam i nar, steady, and 2-D. The re sults are pre sented for dif -
fer ent flu ids: air, wa ter, eth yl ene gly col, and en gine oil. The thermophysical prop er ties used in
the anal y sis are sum ma rized in tab. 1. Con stant prop er ties can be as sumed for the range of tem -
per a tures used in this study.

The main ob jec tive of this study is to in ves ti gate an a lyt i cally the ef fects of block age
ra tio, b = D/ST , on the en tropy gen er a tion due to ex ter nal fluid flow and heat trans fer from a cyl -
in der un der iso ther mal bound ary con di tion. Khan et al. [11] per formed an an a lyt i cal study to in -
ves ti gate the ef fects of block age on fluid flow and heat trans fer from a cir cu lar cyl in der con fined 
be tween par al lel planes. The au thors ob tained a cor re la tion for to tal drag co ef fi cient:
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Fig ure 1. Phys i cal model and co -or di nate
sys tem [11]

Ta ble 1. Themophysical prop er ties and pa ram e ters used [16]

Thermo-phys i cal pa ram e ter Air Wa ter Eth yl ene gly col En gine oil

In let fluid tem per a ture [K] 300 300 300 300

Wall tem per a ture [K] 350 350 350 350

Ref er ence tem per a ture [K] 325 325 325 325

Prandtl num ber 0.704 3.42 64.25 1585

K [Wm–1K–1] 28.2e-03 645e-03 259e-03 142e-03

m [Nsm–2] 196.4e-07 528e-06 6.6e-03 11.2e-02

r [kgm–3] 1.0782 987.2 1092.8 868.8

cp [Jkg–1K–1] 1008 4182 2014 2527



The au thors also ob tained a cor re la tion for heat trans fer from the cyl in der un der the
iso ther mal bound ary con di tion:

Nu D

D

b
Re Pr

. . exp( . )
/ /

.
1 2 1 3

2 50843 025 265= - - (2)

The previous cor re la tions will be used in ad di tion to an an a lyt i cal ex pres sion of to tal
en tropy gen er a tion to per form a sec ond law anal y sis for a flow across a cir cu lar cyl in der con -
fined be tween par al lel planes. The to tal rate of en tropy gen er a tion as so ci ated with ex ter nal flow
across a body at uni form tem per a ture is given by Bejan [17]:
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where kf is the ther mal con duc tiv ity of the fluid, A – the sur face area of the cyl in der in
cross-flow, and FD is the to tal drag force.

The to tal drag force FD is given by:
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where Ap is the pro jected area of the cyl in der.
De fin ing a dimensionless en tropy gen er a tion rate as:
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is a pa ram e ter that in di cates the sig nif i cance of ki netic en ergy of in com ing flow rel a tive to its
enthalpy. The x clearly de pend ence on Reynolds num ber and the fluid into con sid er ation. Ta ble

2 sum ma rizes the val ues of x at dif -
fer ent Reynolds num bers for the
dif fer ent flu ids adopted in this
study. The val ues tab u lated are for a 
1cm di am e ter cyl in der.

Re sults and dis cus sion

Four flu ids with wide range of
Prandtl num ber vari a tion, tab. 1, are 
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Ta ble 2. Val ues of x for the dif fer ent flu ids and
Reynolds num bers

Dimensionless
parameter x

Air Wa ter
Eth yl ene

gly col
En gine

oil

x for ReD = 100 1.10e-07 2.28e-11 6.04e-09 2.19e-06

x for ReD = 1000 1.10e-5 2.28e-09 6.04e-07 2.19e-04

x for ReD = 3000 9.88e-05 2.05e-08 5.43e-06 1.97e-03



con sid ered to study the ef fect of the block age
ra tion, b, on the en tropy gen er a tion for ex ter nal
flow past a sta tion ary cir cu lar cyl in der be tween
par al lel planes. 

Fig ure 2 shows the vari a tion of the en -
tropy gen er a tion rate with the block age ra tio b
for two Reynolds num bers. It is to be noted that
log a rith mic scale is used along the y-axis for the 
dimensionless en tropy gen er a tion rate due to
the vari a tion in Prandtl num bers thus lead ing to
large vari a tion in the en tropy gen er a tion be -
tween the var i ous flu ids in cor po rated in this
study. The en tropy gen er a tion de creases with b. 
This is be cause both the drag and the Nusselt
num ber de crease, figs. 3 and 4, as the b de -
crease, thus lead ing to more avail able work and
less en tropy gen er a tion. Fur ther more, at a fixed
Reynolds num ber, the ef fect of the block age be -
comes more no tice able for the flu ids with
higher Prandtl num bers. This can be as so ci ated
with the be hav ior of Nusselt num ber as ob -
served in fig. 3. That is, the slope of the Nusselt
num ber vari a tion with b in creases as Prandtl
num ber in creases. Nusselt num ber is al most
con stant as b var ies for the low est Prandtl num -
ber fluid. It is clear from the fig ures that at a
fixed Reynolds num ber the en tropy gen er a tion
in creases as the Prandtl num ber in creases. This
can be as so ci ated di rectly with the in crease in
the amount of heat trans fer rep re sented by the
in crease in Nusselt num ber as Prandtl num ber
in creases. This can be in ferred from eq. (2) and
is de picted clearly in fig. 3.

The drag force does not de pend di rectly
on Prandtl num ber. How ever, the drag force is
as so ci ated with the fluid type through its de -
pend ence on den sity, r, and vis cos ity, m, (eq.
4). It can be in di rectly de duced from the
aforementioned and from the pre sented data
that for low Prandtl num bers drag con trols the
en tropy gen er a tion and is the dom i nant fac tor
lead ing to loss of avail able work. On the other hand, heat trans fer con trols the en tropy gen er a -
tion for high Prandtl num bers and is the dom i nant fac tor lead ing to loss of avail able work. This
can be un der stood if the def i ni tion of Prandtl num ber as the ra tio of mo men tum diffusivity to
ther mal diffusivity is re called. 

Fig ures 5(a) and 5(b) show the vari a tion of the en tropy gen er a tion with the block age
ra tio for four Prandtl num bers and three Reynolds num bers. It should be noted that a log a rith mic 
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Fig ure 2. Ef fect of block age ra tio and Prandtl
num ber on dimensionless en tropy gen er a tion

Fig ure 3. Ef fect of block age ra tio and
Prandtl num ber on Nusselt num ber



scale is used for the dimensionless en tropy
gen er a tion rate in the bot tom half of fig. 5(b).
The en tropy gen er a tion de creases with the
block age ra tio. Fur ther more, at a fixed
Prandtl num ber, the ef fect of the block age
be comes more no tice able at higher Reynolds
num bers. This has to be at trib uted to both the
be hav ior of heat trans fer and drag ef fects as
Reynolds num ber var ies. It can be shown that 
Nusselt num ber and con se quently the heat
trans fer rate in crease as Reynolds num ber in -
creases [11]. For the Reynolds num bers con -
sid ered in this work, the drag force de creases
as the Reynolds num ber in creases from 100
to 1000 as de picted in fig. 4. Drag force then
sig nif i cantly in creases when Reynolds num -
ber equals 3000. This in crease can be as so ci -

ated with tur bu lence ef fects as tran si tion to tur bu lence is ex pected to oc cur at this value of
Reynolds num ber. It is clear from figs. 5(a) and 5(b) that at a fixed Prandtl num ber the en tropy
gen er a tion in creases as the Reynolds num ber in creases. For the high est Prandtl num ber (Pr =
=.1585) en tropy gen er a tion in creases with Reynolds num ber. How ever, the curves show ing the
vari a tion of the dimensionless en tropy gen er a tion with the block age ra tio are al most par al lel.
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Fig ure 4. Ef fect of block age ra tio and Reynolds
num ber on drag force

Fig ure 5(a). Ef fect of block age ra tio and Reynolds 
num ber on dimensionless en tropy gen er a tion

Fig ure 5(b). Ef fect of block age ra tio and Reynolds 
num ber on dimensionless en tropy gen er a tion



This again can be as so ci ated with the fact that at high Prandtl num bers heat trans fer is the main
mech a nism con trib ut ing to the loss avail able work be cause of the rel a tive ease by which the
fluid flow oc curs when com pared to the ease by each heat trans fer across a fi nite tem per a ture
dif fer ence oc curs.

Con clu sions

Sec ond law anal y sis is ap plied to cir cu lar cyl in der con fined be tween par al lel planes.
An an a lyt i cal ap proach has been adopted to study the ef fects of block age, Reynolds, and Prandtl 
num bers on the en tropy gen er a tion due to drag caused by lam i nar fluid flow and heat trans fer
from the cyl in der at an iso ther mal bound ary con di tion. In gen eral, the en tropy gen er a tion de -
creases as the block age ra tio de creases. More over, the en tropy gen er a tion in creases with in -
creas ing Reynolds and Prandtl num bers. At a fixed Reynolds num ber, the ef fect of the block age
be comes more no tice able for the higher Prandtl num ber fluid. Sim i larly, for the same fluid the
ef fect of the block age be comes more no tice able as the Reynolds num ber in creases. En tropy gen -
er a tion or exergy loss is di rectly re lated to ease by which fluid flow and heat trans fer oc cur. This
has lead to the con clu sion that at low Prandtl num bers drag con trols the en tropy gen er a tion and
is the dom i nant fac tor lead ing to loss of avail able work be cause of the in crease in fluid fric tion
as so ci ated with the low mo men tum diffusivity and the rel a tive ease by which heat trans fer oc -
curs across the fi nite tem per a ture dif fer ence. On the other hand, heat trans fer con trols the en -
tropy gen er a tion for high Prandtl num bers and is the dom i nant fac tor lead ing to loss of avail able
work be cause of the rel a tive dif fi culty by which heat trans fer oc curs, which can be at trib uted to
the rel a tively low ther mal diffusivity.
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No men cla ture

A –  sur face area of the cyl in der, equiv a lent to
....pLD, [m2]

Ap –  pro jected area of the cyl in der, equiv a lent
....to LD, [m2]

b – block age ra tio, equiv a lent to D/ST, [–]
cp –  spe cific heat of fluid, [Jkg–1K–1]
CD –  to tal drag co ef fi cient, [–]
D – cyl in der di am e ter, [m]
FD –  drag force, [Nm–2]
k – ther mal con duc tiv ity, [Wm–1K–1]
L – length of cylinder, [m]
NuD –  av er age Nusselt num ber based

....on di am e ter of cyl in der, [–]
Pr –  Prandtl num ber, [–]
ReD –  Reynolds num ber, [–]
&Sgen –  en tropy gen er a tion, [WK–1]
ST –  ver ti cal dis tance be tween par al lel planes,

....[m]

T – tem per a ture, [K]
U – ve loc ity, [ms–1]

Greek sym bols

m – ab so lute vis cos ity of fluid, [kgm–1s–1]
x – dimensionless pa ram e ter (=U2

4/cpT4), [–]
r – den sity of fluid, [kgm–3]
t – dimensionless tem per a ture (=Tw/T4), [–]
Y – dimensionless en tropy gen er a tion, [–]

Sub scripts

w – wall
4 – freestream con di tions
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