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A numerical study of mixed convection flow and heat transfer of copper-water 
nanofluid inside an eccentric horizontal annulus is presented. The inner and outer 
cylinders are kept at constant temperatures as Th and Tc  , respectively. The inner 
cylinder rotates to generate the forced convection effect.  The numerical work was 
carried out using an in-house CFD code written in FORTRAN. Different scenarios 
were explored to explain the effects of different parameters on the studied prob-
lem. These parameters are Richardson number, eccentricity ratio, and solid vol-
ume fraction. The range of the Richardson number, solid volume fraction of the 
nanoparticles, and the eccentricity ratio, are 0.01 ≤ Ri ≤ 100 (natural convection), 
0 ≤ ζ ≤ 0.05, 0 ≤ ε ≤ 0.9, respectively. All results were performed with thermal 
Grashof number, and radius ratio Rr, equaled to 104 and 2, respectively. The ef-
fects of eccentricity, nanoparticles volume fraction, and Richardson number on 
the average Nusselt number, streamlines and isotherms were investigated. Results 
were discussed, and were found to be in good agreement with previous works. It 
was also found that, the eccentricity has a positive remarkable effect on the av-
erage Nusselt number, while the effect of nanoparticles concentration was more 
pronounced at mixed convection region (Ri = 1).
Key words: mixed convection, eccentric annulus, nanofluid, numerical study

Introduction

Mixed convection heat transfer inside annular spaces was the subject of many theo-
retical and experimental studies due to its great importance in many engineering applications, 
such as heat exchangers, journal bearing, electrical motor and generator, thermal storage sys-
tems and cooling of electronic components. The effect of eccentricity has become an area of 
interest where many researchers try to study its effect on heat transfer. The tube in tube heat 
exchanger is one of the applications of heat transfer inside annular spaces, but the minuscule 
surface area stand as an obstacle to high capacity heat transfer applications, many trials were 
performed to enhance the heat transfer capacity such as rotation of the inside or the outside 
tube. The present study was focused on the enhancement of heat transfer due to eccentricity, 
nanoparticles addition to the working fluid, and the rotation of the inner tube. Enhancement of 
heat transfer with nano particles has recently a great attention [1, 2]. Numerical simulation of 
natural convection in concentric and eccentric circular cylinder has been reported in the litera-
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tures [3-8]. Bau [9] studied the thermal convection in a saturated porous medium confined be-
tween two horizontal eccentric cylinders by the use of a regular perturbation expansion in terms 
of the Darcy-Rayleigh number; it was found that the proper choice of eccentricity values can 
optimize the heat transfer inside annulus which has a bearing on the design of different thermal 
insulators. A literature review on the general heat transfer characteristics of nanofluids has been 
conducted recently by Trisaksri and Wongwises [10], and Wang and Mujumdar [11]. Khanafer 
et al. [12] studied the use of copper-water nanofluid in a 2-D rectangular enclosure. They found 
a significant increase in the heat transfer rate by increasing the percentage of the suspended 
particles. Higher thermal conductivity can be achieved in thermal systems using nanofluids as 
shown by Eastman et al. [13] and Xie et al.[14]. The addition of a one percent by volume of 
nanoparticles to usual fluids increases the thermal conductivity of the fluid up to approximately 
two times as determined by Choi et al. [15]. Natural convection of nanofluid in a concentric 
annulus considering variable viscosity and variable thermal conductivity has been investigated 
by Abu-Nada [16] and Abu-Nada et al. [17]. Matin and Pop [18] studied numerically natural 
convection flow and heat transfer of copper (Cu)-water nanofluid inside an eccentric horizontal 
annulus, they investigated the effects of the eccentricity, radii ratio, the nanoparticles volume 
fraction parameter, the Rayleigh number, and the Prandtl number on the mean Nusselt number. 
Laminar mixed convection Al2O3-water nanofluid flow in elliptic ducts with constant heat flux 
boundary condition has been simulated employing two phase mixture model by Shariat et al. 
[19]. Results showed that in a given Reynolds number and Richardson number, increasing solid 
nanoparticles volume fraction increases the Nusselt number while the skin friction factor de-
creases. Increasing aspect ratio in elliptic tubes reduces the local skin friction factor whereas it 
does not have any specified effect on the local Nusselt number. Mirmasoumi and Behzadmehr 
[20] studied numerically laminar mixed convection of a nanofluid consisting of water and Al2O3 
in a horizontal tube. Two-phase mixture model has been used to investigate hydrodynamic and 
thermal behaviors of the nanofluid over a wide range of the Grashof and Reynolds numbers. 
The results showed that at the fully developed region the nanoparticle concentration does not 
have significant effects on the hydrodynamics parameters. However, its effects on the thermal 
parameters are important. Concentration of the nanoparticles is higher at the bottom of the 
tube and also at the near wall region. Fully developed laminar mixed convection of a nanofluid 
consisting of water and Al2O3 in a horizontal curved tube has been studied numerically by Ak-
barinia and Behzadmehr [21]. Simultaneous effects of the buoyancy force, centrifugal force and 
nanoparticles concentration has been presented. The nanoparticles volume fraction does not 
have direct effects on the secondary flow, axial velocity and the skin friction coefficient. How-
ever, its effects on the entire fluid temperature could affect the hydrodynamic parameters when 
the order of magnitude of the buoyancy force becomes significant compared to the centrifugal 
force. Kalteha et al. [22] studied both numerically and experimentally the laminar convective 
heat transfer of an alumina-water nanofluid flow inside a wide rectangular microchannel heat 
sink. Decent investigation in the same way of the present study was performed by Habibi Matin 
and Pop [23]; they introduced a numerical study of mixed convection flow and heat transfer of 
Al2O3-water nanofluid inside an eccentric horizontal annulus with rotation on the inner cylinder. 
From the previous survey it was noted that there are no investigations concerned with the con-
vection utilizing nanofluid in eccentric annulus except the performed investigations by Habibi 
Matin and Pop [18, 23]. Habibi Matin and Pop [18] only concerned with natural convection not 
mixed convection. The present study is an extension to the work of Habibi Matin and Pop [23] 
but with different nano type (Cu instead of Al2O3) and different Reynolds number with constant 
Rayleigh number led to mixed convection heat transfer mode. The results will be introduced as 
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an enhancement in Nusselt number due to both eccentricity and nano concentrations for differ-
ent Reynolds number which is the main object of the present study.

Mathematical formulation

The steady-state 2-D laminar mixed convection of 
Cu-water nanofluid in annuli of eccentric horizontal cylin-
ders of radii ri and r0 is considered as shown in fig. (1). The 
outer cylinder is cooled at temperature Tc and the inner cyl-
inder is kept at the hot temperature Th. The eccentricity was 
considered below the center of the outer cylinder.  The tem-
perature gradient generates the natural convection while the 
inner cylinder is considered able to rotate to create the forced 
convection effect. It was also assumed that, the base fluid 
and nanoparticles are in thermal equilibrium, the nanofluid is 
Newtonian and incompressible, and the flow is laminar. The 
thermo-physical properties of the base fluid and the nanopar-
ticles are given in tabs. 1 and 2. 

The thermal transport in nanofluids can be 
grouped into two categories. First one take the particle 
dynamics into consideration, whose effect is additive 
to the thermal conductivity of a static dilute suspen-
sion. Thus, the particle size, volume fraction, thermal 
conductivities of both the nanoparticle and the base 
fluid, and the temperature itself are taken into account 
in such models for the thermal conductivity of nano-
fluids. The second one has started from the nanostruc-
ture of nanofluids by assuming that the 
nanofluid is a composite, formed by the 
nanoparticle as a core, and surrounded 
by a nanolayer as a shell, which in turn 
is immersed in the base fluid, and from 
which a three-component medium theo-
ry for a multiphase system is developed. 

Constant thermo-physical prop-
erties were considered for the nanofluid 
except for the density variation in the 
buoyancy forces which was determined 
using the Boussinesq approximation.

 (1o cT Tρ ρ β = − −   (1)

where β is the coefficient for thermal expansion such that:

 
0
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The governing equations for the problem under consideration are based on the balance 
laws of mass, linear momentum and thermal energy in two dimensions steady-state.

Figure 1. Physical model of 
eccentric annulus

Table 1. Thermo-physical properties 
of pure water and nanoparticles

Physical 
properties Pure water Cu

ρ [kgm–3] 997.1 8933
CP  [Jkg–1K–1] 4179 385
K [Wm–1K–1] 0.613 400
β [K–1] 21∙10–5 1.67∙10–5

Table 2. Applied formulation of nanofluids properties
Nanofluids properties Applied model
Density ρnf  = (1 – ζ)ρf  + ζρs

Thermal diffusivity αnf  = knf /(ρCp )nf

Heat capacitance (ρCp )nf = (1 – ζ)(ρCp)f + ζ(ρCp )s

Thermal expansion  
coefficient (ρβ)nf = (1 – ζ)(ρβ)f + ζ(ρβ)s

Dynamic viscosity 2.5(1 )
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To put the governing equations in the dimensionless form, the following dimension-
less variables are introduced to the governing equations: 
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The dimensionless form of the governing equations for continuity, momentum, and 
energy in ν cylindrical co-ordinate are:
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For the boundary conditions, the temperature is maintained by considering higher 
magnitude at the inner cylinder. In addition, the outer cylinder is fixed but the inner cylinder is 
assumed to rotate in anti-clockwise. The dimensionless boundary conditions:

 1,  0,  1.0,  at  r iV V R Rφ θ= = = =  (8)

 o 0,  0,  0,  at  rV V R Rφ θ= = = =  (9)

By defining the Nusselt number as the ratio between the actual heat transfer rate and 
the heat transferred by pure conduction, the local Nusselt number along the inner cylinder is 
calculated as:

 Nu ln
i

nf i
x

R Rf o

k R R
k R R

θ

=

  ∂ = ×   ∂  
 (10)

The average Nusselt number is calculated by integrating the local value over the entire 
circumference of the inner cylinder as follows:
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Numerical code details

The governing equations were solved by using the finite 
volume technique developed by Patankar [21]. This technique 
was based on the discretization of the governing equations us-
ing the central differencing in space. This solver, which was 
developed in FORTRAN, was used by the author El-Magh-
lany [22-25] in numerous other studies, where more detailed 
description of the solver and its validation measures were pre-
sented [26-28]. The effect of the number of grids on the solu-
tion was examined; tab. 3 represents the mesh sizes and fig. 2 
shows the effect of number of grid on the solution. Through 
this study, a domain size of (90 × 70) was used. 
The discretization equations were solved by the 
Gauss–Seidel method. The iteration method used 
in this program is a line-by-line procedure, which 
is a combination of the direct method and the re-
sulting tri-diagonal-matrix-algorithm (TDMA). 
The convergence of the solution was approached 
when the change in the average Nusselt as well as 
other dependent variables through one hundred it-
erations was found to be less than 0.01% from its 
initial value has been used as shown in fig. (2).

Program validation and comparison  
with previous work

In order to check the accuracy of the nu-
merical solution technique employed for the 
present study, it was validated with the results 
reported by Abu-Nada et al. [17] and Habibi Ma-
tin and Pop [18] for concentric annulus ε = 0,  
ζ = 0, Rr = 2.5 and Pr = 0.7 for the average Nus-
selt number and is represented in fig. 3(a). Anoth-
er validation with the results reported by Habi-
bi Matin and Pop [23] for the average Nusselt 
number with nanofluid for concentric annulus,  
Re = 150, ε = –0.34, Rr = 2.5, Ra = 104 and Pr = 6 and 
is represented in fig. 3(b). The figure shows a good 
agreement between the present code and their results.

Results and discussion

Different scenarios were explored to explain the effects of different parameters on the 
studied problem. These parameters are Richardson number, eccentricity ratio, and solid volume 
fraction. The range of the Richardson number, solid volume fraction of the nanoparticles ζ, and the 
eccentricity ratio ε, are 0.01 ≤ Ri ≤ 100 (natural convection), 0 ≤ ζ ≤ 0.05, and 0 ≤ ε ≤ 0.9, respec-

Table 3. Details of the five  
grids used in the grid  
independency study

Grid No. Domain size
M-1 11 × 6
M-2 22 × 17
M-3 45 × 35
M-4 90 × 70
M-5 120 × 100

Figure 2. Variation of local Nusselt  
number for five different grids; (a) ε = 0,  
Ra = 104, and Pr = 0.7 (b) ε = 0.9, Ri = 0.1, 
and Pr = 6.13
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tively. The Prandtl number is set 
to 6.13 representing water. All re-
sults were performed with thermal 
Grashof number, and radius ratio 
Rr, equaled to 104 and 2, respec-
tively. The effect of the Richard-
son number on the streamlines and 
isotherms is shown in figs. 4 to 6 
for eccentricity ratio of 0.5 and 0.9 
while the solid volume fraction of 
the nanoparticles are 0, 0.01, and 
0.05. The same trend was found 
for different solid volume fraction 
of the nanoparticles, but it is clear 
that by increasing the volume frac-
tion of nanoparticles, the magni-
tudes of streamlines contours are 
reduced due to the increased vis-
cosity of the nanofluids, mainly at 
high values of Richardson number 
(natural convection domain), on 

the other hand, the enhancement in fluid thermal conductivity by the addition of nanoparticles 
led to progressive augmentation in heat transfer coefficient depending on Richardson number. For 
higher values of Richardson number (Ri =100), the flow is supposed to be induced by the buoyan-
cy force sustained by the temperature gradient. The streamlines consists of one pair of cells, one at 
the right and the other one at the left side of annulus. The two cells are not similar in shape except 
in pure natural convection mode. Since in the right portion the forced flow assisted the natural 
flow, on the other hand for the left portion, the two streams opposing each other, the right cell is 
stronger than the left cell. This destroys both the similarity of the two cell shapes and their symme-
try. The separation line of ψ = 0 which separates the two large eddies moves in the direction of the 
cylinder rotation for ε = 0.5 (small eccentricity ratio), but at ε = 0.9, the gap above the inner cylin-
der becomes large and the natural convection effect attracts the streamlines towards the above cold 

Figure 3. (a) Comparison between the present results for average Nu with the results 
reported by Abu-Nada et al.[17] and Habibi Matin and Pop [18]; (b) Comparison 
between the present results for average Nu with the results reported by Habibi 
Matin and Pop [23]
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Figure 4. Streamlines and isotherms when ζ = 0 and Pr = 6.13
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cylinder. Both eddies circulate in 
the opposite direction to each oth-
er. The right cell rotates counter 
clockwise, while the eccentricity 
ratio had significant effect. For  
ε = 0.5, the gap down the inner cyl-
inder is reduced in counter with the 
upper one and consequently elim-
ination of streamlines down the 
inner cylinder is evidently remark-
able as the eccentricity increased to  
ε = 0.9, but the stream lines col-
lapsed above inner cylinder. As 
Richardson number decreased, 
the effect of forced flow is pro-
nounced. At Ri = 1, the mixed 
convection is dominated, the right 
eddy becomes much bigger and 
fills the right portion of the an-
nulus but is also deflected to the 
left at the top of the annulus due 
to the effect of the drag force. As 
Ri decreases, the viscous force 
drags the two cells in the direc-
tion of the cylinder rotation. At  
Ri = 0.1, the left eddy disappears 
and the flow pattern moves from 
two eddies towards one eddy and 
the separation line encompasses 
the large eddy again. At Ri = 0.01, 
the forced flow is dominated, the 
remaining eddy disappears and the 
flow regime moves from one eddy 
towards no-eddy. The flow pattern 
becomes concentric circles around 
the inner cylinder, but at ε = 0.9 
there is free space above the in-
ner cylinder stretching the stream 
lines to the outer surface in this 
region. This distribution is similar 
to the couette flow patterns at zero 
eccentricity. The flow strength is 
very high close to the inner cylin-
der. Conversely, it is very weak nearer the outer cylinder. On the other hand, and for high Rich-
ardson number, the isotherms are represented by the thermal plume which appears over the inner 
cylinder and very closed isotherms under the inner cylinder which represented high rates of heat 
transfer mainly at ε = 0.9. As Richardson number decreases, the thermal plume rotates in the di-
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Figure 5. Streamlines and isotherms, ζ = 0.01
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Figure 6. Streamlines and isotherms, ζ = 0.05 
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rection of the cylinder rotation at ε = 0.5 and gets bigger in size but at ε = 0.9 the plume is attracted 
to the outer cylinder due to free space for the natural convection domain above the cylinder. As 
Richardson number decreases to 0.01 (dominated forced convection regime), isotherms become 
almost concentric rings around the inner cylinder with high concentration as the eccentricity ratio 
increased. This led to high heat transfer rate. The effect of eccentricity ratio on the average Nusselt 
number for clear fluid and nanofluids is given in figs. 7 and 8 for different Richardson number. 
As shown, at a specified Richardson number as the eccentricity increased downward the average 
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Figure 7. Average Nusselt number and its augmentation for eccentric annulus, ζ = 0,  
and Pr = 6.13
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Figure 8. Augmentation of Nusselt number for eccentric annulus at different solid 
volume concentration
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Figure 9. Augmentation of Nusselt number for eccentric annulus at different 
eccentricity ratio

Nusselt number increased, this is due to the upper gap between the cylinders becoming large thus 
maximizing the fluid convection inside the annulus and the fluid moves freely at the top of the 
inner cylinder. This is observed clearly at low values of Richardson number (forced convection 
mode) due to the assisting between both natural and forced convection. Figures 7 and 8 also 
represented the augmentation of the average Nusselt number due to the eccentricity, the figure 
showed significant augmentation in average Nusselt number in forced convection domain (low 
Richardson number values) decreased gradually as Richardson number increased (natural con-
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vection domain) but the eccentricity still enhanced the heat transfer. The effect of nanoparticals 
concentration does  not change the effect of the eccentricity ratio on the average Nusselt number 
and also the augmentation in heat transfer character, but only on the amount of this augmentation. 
It was observed from fig. 9 that for concentric tubes (ε = 0) the addition of nanoparticals depends 
strongly on the value of Richardson number (heat transfer mode), no augmentation in heat transfer 
for both forced or natural convection but only good augmentation in the mixed convection mode 
(Ri = 1).  As the eccentricity increased the peak enhancement in the heat transfer decreased gradu-
ally to reach the minimum one at ε = 0.9 at natural convection mode (Ri = 100) with respect to the 
other eccentricity ratio (ε = 0, 0.25, 0.5, 0.75). A good observation was found at high eccentricity 
in fig. 9. At low value of Richardson number (Ri = 0.01), the high eccentricity value (ε = 0.9 ) led 
to enhancement in heat transfer but only in the absence of nanoparticals, in contrary the enhance-
ment in heat transfer will be in the natural convection domain (Ri ≥ 10) at all concentration values.

Conclusions

In this paper the influence of eccentricity, nanoparticle volume fraction, and Richard-
son number on the average Nusselt number, streamlines, and isotherms have been studied for an 
eccentric annulus filled with copper (Cu)-water based nanofluid, and the following conclusions 
were found.

 y Results clearly indicated that the addition of copper nanoparticles has produced a extraor-
dinary enhancement on heat transfer with respect to that of the pure fluid depending on 
the value of Richardson number, the effect of nanoparticles concentration on the average 
Nusselt number is more pronounced at mixed convection mode (Ri = 1) which increases 
appreciably with an increase of nanoparticles volume fraction parameter with optimum aug-
mentation at zero eccentricity.

 y It can be noted that the eccentricity has a positive remarkable effect on the average Nusselt 
number, this remarkable enhancement established at low Richardson number but in the ab-
sence of nanoparticals.

 y The addition of nanoparticles does not necessarily enhance the heat transfer but there are 
restrictions depending on the other parameters. 

 y Brownian motion and thermophoresis effects in nanofluid heat transfer enhancement will 
be taken into account in future work. Brownian motion effect is remarkable in natural con-
vection heat transfer. In the present work for mixed convection the Brownian motion has 
minor effect on the Nusselt number, the Nusselt number will be changed but with the same 
behavior as the prrsented values.

 y More investigations are needed to understand the physical phenomenon of nanoparticals 
addition completely before using these fluids in practical cooling applications.

Nomenclature

b – annulus gab width, [r0-ri], [m]
Cp – specific heat at constant  

 preassure, [Jkg–1K–1]
e – eccentricity, [m]
Gr – thermal Grashof number, [–]
g – acceleration of gravity, [ms–2]
h – heat transfer coefficient, [Wm-2K–1]
k – fluid thermal conductivity, [Wm–1K–1]
Nu – average Nusselt number, [–]
Nux – local Nusselt number, [–]

P – dimensionless pressure, [–]
Pr – Prandtl number, [–]
p – pressure, [Nm–2]
R – dimensionless radial co-ordinates, [–]
Ra – thermal Rayleigh number, [–]
Re – rotational Reynolds number, [–]
Ri – Richardson number, [–]
Rr – radius ratio, [–]
r – radial co-ordinate, [–]
ri , ro – inner and outer radii, respectively, [m]
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T – local temperature, [K]
Tc – temperatures at outer radius, [K]
Th – temperatures at inner radius, [K]
ΔT – temperature difference, [Th – Tc], [K]
vr – velocity in r-direction, [ms–1]
vφ – velocity in φ-direction, [ms–1]

Greek symbols

α – thermal diffusivity, [m2s–1]
β – coefficient of thermal expansion, [K–1]
ε – eccentricity ratio, [–]
ζ – solid volume fraction, [–]

θ – dimensionless temperature, [–]
ν – kinematic viscosity, [m2s–1]
ρ – density, [kgm–3]
ψ – dimensionless stream function, [–]
ω – angular velocity, [rad s–1]
ϕ – angular co-ordinate, [–]

Subscript

f – fluid
o – reference
s – Solid
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