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Two slip effects, Brownian diffusion and thermophoresis, on flow, heat, and mass
transfer of an incompressible viscous nanofluid over a stretching horizontal cyl-
inder in the presence of suction/injection are discussed numerically. The govern-
ing boundary layer equations are reduced to a system of ordinary differential
equations. MATHEMATICA has been used to solve such system after obtaining
the missed initial conditions. Comparison of obtained numerical results is made
with previously published results in some special cases and found to be in a good
agreement.
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Introduction

The problem of boundary layer flow and heat transfer over a moving or stretching
surface is of interest in numerous industrial applications such as polymer extrusion processes,
hot rolling, paper production, wire drawing, aerodynamic extrusion of plastic sheets, and con-
densation process of metallic plate in a cooling bath and glass.

In 1904, Prandtl proposed the boundary layer theory which states that the viscous ef-
fects would be confined to thin shear layers adjacent boundaries in the case of the motion of flu-
ids with very little viscosity [1]. So the motion of the surface through the fluid creates a bounda-
ry layer whose thickness grows with increasing distance from the hole out of which the surface
issues. The evaluation of heat transfer rates depend on knowledge of this boundary layer.

The boundary layer behaviour on moving surfaces in a viscous fluid at rest is con-
sidered by Sakiadis [2, 3]. The dynamics of the boundary layer flow over a stretching surface
originated from the pioneering work of Crane [4]. He studied a steady 2-D incompressible
boundary layer flow due to a moving stretching surface with a constant surface temperature in
an ambient fluid also considered the case when the velocity varies linearly with the distance
from a fixed point and gave a similarity solution in a closed analytical form. The work of Sa-
kiadis and Crane was subsequently extended by [5-27].
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The conventional heat transfer fluids including oil, water, and ethylene glycol mix-
ture are poor heat transfer fluids. Recently, a new fluid called nanofluid has been used to im-
prove the heat transfer properties of the conventional one. Masuda et al. [28] suggested that
the suspension of nanoparticles in the conventional fluid improves its thermal conductivity
which plays an important role on the heat transfer between the medium and the surface. Choi
[29] is the first who used the term nanofluid to refer to a conventional fluid (base) which con-
tains very tiny solid particles (nanoparticles). The addition of a small amount (less than 1% by
volume) of nanoparticles to conventional fluids increased the thermal conductivity of the fluid
up to approximately two times as showed by Choi et al. [30].

The nanoparticle absolute velocity can be viewed as a sum of the base fluid velocity
and a relative (slip) velocity, as mentioned by Buongiorno [31]. There are several slip mecha-
nisms by which the nanoparticles can develop a slip velocity, e. g., inertia, Brownian diffusion,
thermophoresis, diffusiophoresis, Magnus effect, fluid drainage, and gravity settling. Brownian
diffusion is a random diffusion of nanoparticles within the base fluid due to the continuous col-
lisions between the nanoparticles and the molecules of the base fluid while thermophoresis is a
random diffusion of nanoparticles within the base fluid under the effect of a temperature gradi-
ent. Brownian and thermophoresis diffusions play a crucial role in many applications, e. g., fil-
ters, particle deposition on boilers, and different measurement techniques for aerosols during
combustion. The work of Masuda and Choi was subsequently extended by [32-43].

In the present work, effects of two slip motions, Brownian diffusion and thermo-
phoresis, on flow, heat, and mass transfer of an incompressible viscous nanofluid over a
stretching horizontal cylinder in the presence of suction/injection are discussed numerically.
The similarity solutions may be obtained by assuming that the cylinder is stretched with linear
velocity in the axial direction.

w Mathematical formulation
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boundary layer flow of an incompressible vis-
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V",  fig. 1. The cylinder is being stretched and the

lV nanofluid is being moved along the axial direc-
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Figure 1. Physical model and co-ordinate linear velocity U, (x)=U, x/{ the constant
system temperature, T, and the constant concentration,

@, along the stretching surface.
The continuity, momentum, and energy equations governing such type of flow will
be written in the following mathematical model [28, 32, 40]:
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subject to the boundary conditions:
u=U,(x), v=V, T=T,, 0=0,, at r=a, 5)
u—0, T->T, 00, as r — o (6)

where V is the uniform velocity of suction (V' <0) or injection (V' > 0).
The continuity equatlon is satisfied if a stream function, y(x, ), is chosen such that
oy [or and v=—r" el /0x . The similarity transformations:

2_ 2 U 1 —
T Py =a U, 0= ¢(n):%

= 2a X AT

are substituted into egs. (2)-(4) to obtain the following system of ordinary differential equa-
tions:

U2 "+ Qy+ )" =7 =0 ()
A+2yn) 0"+ 2y +Pr O+ Pr(1+2yy) (Ng¢'+ N; 680" =0 (8)
Ngl(1+2ym)¢" + (2y +Sc f)¢'T+ N [(1+2yn)0" + 2y0'] = 0 )
subject to the boundary conditions:
fO)==f,,  [O)=1,  00)=1,  @0)=1, (10)
f1(@) =0,  6(x) >0,  @(x)—>0, (1)

where prlmes denote differentiation with respect to 5, AT =T, -T,, Ap=9¢,—¢,,
y=a (vﬁ/ U, )1 /2 is the curvature parameter, Pr=v/a — the Prandtl number,
Ny =(pC), DBAga/pC the Brownian diffusion parameter, Ny =(pC),Dy AT /pCT — the
thermophoresm parameter, Sc=Dy/v — the Schmidt number, and f; = (ﬁ/ v UO) YV — the
suction (fy < 0) or injection (f; > 0) parameter.

The physical quantities of interest here are the skin friction coefficient, C;, the local
Nusselt number, Nu, , and the local Sherwood number, Sh which are defined:

2
Cp =210 Nu_ = 29w sh = X9 (12)

2 u 2
p U2 Y KAT Y KkAg

where 7, =—u(ou/or),_, is the surface shear stress, g¢,, =—«x(07/0r),_, — the surface heat
flux, and Q,, =—Dg(0p/0r),_, — the surface mass flux. Substituting the similarity transfor-
mations into eq. (12) yields:

1 —_ o &—:_ ! &_:_ !
chJR_ex_ £7(0), N 0'(0), =" 4'(0) (13)

where x =+/x/¢ and Re= (U, /v.
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Numerical solution

Equations (7)-(9) subject to the boundary conditions, eqs. (10) and (11), are convert-
ed into the following simultaneous system of first order differential equations:

VI=Yy VA=Y Vi=Vs.  Ve=I; (14)
1 2
A - 2y + + 15
3 1+2y’7[ Qy+y)y; + 3] (15)
Y5 == (2y+Pry)ys —Pr(Ngy; + N1 ys)ys (16)
1+ 2y
' NT ' 2))

yi=- (2y+Scy))y; __( Vs + Vs j (17)

1+ 2y Ny 1+ 2y

where y, = f(5), y4 =0() , and y, = ¢(3). The initial conditions are:
11(0) =15, »(0)=1, y3(0)=s51, ¥4(0)=1, y5(0)=s,, ys(0)=1, y;(0)=s3 (18)

where sy, 57, and s3 are priori unknowns to be determined as a part of the solution.

By using MATHEMATICA, a function F(sy, s,, 53) is defined by NDSolve com-
mand. One of them used here is the efficient pair of explicit Runge-Kutta formulas of order 4
and 5 (RKBS45) derived by Bogacki and Shampine [44]. The values of sy, s5, and s5 are de-
termined upon solving the equations, V2(#max) = 0, Y4(#max) = 0, and ys(#max) = 0. A suitable
value of 7 is taken and then increased to reach #.,,x such that the difference between two suc-
cessive values of s;, those of s,, and those of s3 is less than 10°%. Once the unknowns S1, 82,
and s3 are determined, the system is closed and is solved numerically again using NDSolve to
get the final results.

Results

The computations have been carried out for various values of the previously defined
parameters y, Pr, N, Nt, Sc, and f;. The accuracy of the numerical scheme is checked out by
performing various comparisons at different conditions with previously published papers. The
values of the modified Nusselt number, — 6'(0), are compared with those reported in [13, 35]
and are found to be in a good agreement as shown in tab. 1.

Table 1. Comparison of —0'(0) for various values of Pr when y = Ny = Ny = Sc =f,=0

Pr Wang [13] Khan and Pop [35] Present results
0.2 0.1691 0.1691 0.169088575
0.7 0.4539 0.4539 0.453916156
2 09114 0.9114 0.911357700
7 1.8954 1.8954 1.895403259
20 3.3539 3.3539 3.353904216
70 6.4622 6.4622 6.4621996188
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The effects of y, Pr, Mg, N1, Sc, and f; on the cylinder surface physical quantities,
-7"(0), —=6'(0), and —¢(0), are listed in tab. 2.

Table 2. The values of —f"'(0), —0'(0), and —¢'(0) for various values of parameters

y Pr Ng Nt Sc Jo —7"(0) -6'(0) —$'(0)
1 134321 0.87071 0.43978
2 1.64795 0.85923 0.79232
3 5 05 | 02 | o5 0 1.92971 0.87093 111613
5 2.45107 0.91628 172047
10 3.62166 1.04857 3.12157
1 1.64795 0.84246 0.77329
5 1.64795 0.85923 0.79232
2 7 05 ] 02 1 05 0 1.64795 0.75641 0.83706
10 1.64795 0.60054 0.90204
02 1.64795 126423 0.40916
05 1.64795 0.85923 0.79232
2 > 1 02 | 05 0 1.64795 034145 0.92506
2 1.64795 0.03000 0.92068
02 1.64795 0.85923 0.79232
0.5 1.64795 0.57052 0.93223
2 > 05 1 05 0 1.64795 0.28105 1.48007
2 1.64795 0.06712 2.64708
02 1.64795 1.02970 0.52238
05 1.64795 0.85923 0.79232
2 > 05 | 02 1 0 1.64795 0.67316 114498
2 1.64795 0.49298 1.61139
) 2.16835 324253 0.07053
05 1.89344 1.84573 0.51429
2 5 05 | 02 | o5 0 1.64795 0.85923 0.79232
0.5 1.43075 0.31409 0.88881
1 124018 0.08986 0.85529

It is obvious that the value of the skin friction coefficient, —f"(0), is positive for all
values of the different parameters. Physically, the positive value of —"(0) means the surface
exerts a drag force on the nanofluid which is suitable for our present problem because the
stretching cylinder will induce the nanofluid flow. Finally, the effects of y, Pr, N, N1, Sc, and
fo on the nanofluid velocity, temperature, and concentration are illustrated in figs. 2-15.

Discussions

The effects of curvature, Prandtl number, Brownian diffusion, thermophoresis diffu-
sion, Schmidt number, and suction/injection velocity on the nanofluid velocity, temperature,
and concentration profiles and on the cylinder surface shear stress, and heat flux are discussed
further in the paper.

Curvature

It is observed from tab. 2 that the surface shear stress (skin friction), mass flux
(Sherwood number), and heat flux (Nusselt number) increase by increasing the curvature pa-
rameter, y. Good explanation of these observations is that the increase of y results in decreas-
ing the surface area of the cylinder.
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1of Ng=05 10} Ng =05
f(n) Nt=0.2 6 Nt=02

0.81 fo= 0.8 fo=

Pr=5 Pr=5
06 Sc=05 06 Sc=05
04 04
y=1,2,3,510
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Figure 2. The velocity profiles for various
values of y

10 Ng =0.5
10} =
0.8
06
04 Q

0.2}

50 100 150 200 n 250

Figure 4. The concentration profiles for various
values of y

Figure 3. The temperature profiles for
various values of y

A cross-over is found in the nanofluid
velocity/temperature boundary layers at
n=0.5, as shown in figs. 2 and 3. For the
dynamic region (close to the surface),
n < 0.5, the increase of y leads to a decrease
in the velocity boundary layers slightly due
to the little enhancement of the frictional
forces by increasing the surface shear stress.
Away from the surface, n> 0.5, the reverse
takes place, as y increases, the cylinder
shrinks and consequently the space provided
for the free stream of the nanofluid is in-
creased. Thus, the tendency of the nanofluid

velocity to be a free stream is enhanced by increasing y away from the surface as shown in
fig. 2. Also, a cross over is found in the nanofluid concentration boundary layers as shown in
fig. 4. For the dynamic region (close to the surface), the increase of y leads to a decrease in the
concentration boundary layers slightly due to the little enhancement of the surface mass flux.

According to egs. (8) and (9), the coefficient (1+ 2y#) controls the thermal and the
mass diffusions of the nanofluid. So the increase of y away from the cylinder surface improves
the thermal and the mass diffusion of the temperature from the cylinder surface to the nanoflu-
id, hence the nanofluid temperature and concentration increases as shown in figs. 3 and 4.

10} Ng=0.5
6(n) Nt=02
0.8} fo=
06 Sc=0.5

0.4
Pr=1,3,5710
0.2

20 40 60 80 160 120 " 140

Figure 5. The temperature profiles for various
values of Pr

Prandtl number

From tab. 2, the surface shear stress (skin
friction) is not influenced by any change in the
Prandtl number, so the nanofluid velocity is
not affected too. For small values of Prandtl
number, the surface heat flux (Nusselt num-
ber) is increased and the surface mass flux
(Sherwood number) is decreased while the re-
verse takes place for the large values of
Prandtl number.

From fig. 5, the nanofluid temperature
profiles are decreased by increasing the values
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of Prandtl number. A good explanation of 10 Ng =05

this observation is that the nanofluid with ¢ My 02

the highest Prandtl number has the lowest 08f v

thermal conductivity (or the highest viscosi- 06 Sc=05

ty). Thereby, the nanofluid thermal bounda-

Pr=1,3,5,710

ry layers will be the thinner. QA
A cross-over is found in in the 02
nanofluid concentration boundary layers as

shown in fig. 6. For the dynamic region 50 700 150 200 250
(close to the surface), the increase of Prandtl g
number leads to an increase in the concen- Figure 6. The concentration profiles for various
tration boundary layers slightly. Away from Vvalues of Pr

the surface, the reverse takes place.

10§, Np=0.2

Brownian diffusion e fo=0

Brownian diffusion is the random o8 gr =25
moving of nanoparticles suspended in a flu- 06 Sc=05
id resulting from their bombardment by the 04l
fast moving atoms or molecules in the fluid. A\
This motion controls the temperature and 0.2 \
the concentration of the particles within the B
boundary layer over the surface. The 25 30

Brownian motion parameter, N, is the key
of this motion. Figure 7. The temperature profiles for various

From tab. 2, the surface shear stress Y21ues of Vs

(skin friction) is not influenced by any

change in the Brownian diffusion parameter, 4 (,,)1'4 ,{\’T==0°-2
Ng, so the nanofluid velocity is not affected 12 y=2
too. The surface heat flux (Nusselt number) 10 gf;% ”
is decreased and the nanofluid temperature 0.8 '
is increased by increasing Ng as shown in 06

tab. 2 and fig. 7. An interpretation of these 0.4
observations is that the nanofluid with the 02
lowest Brownian diffusion parameter has
the highest volumetric heat capacity. Hence,
the heat flux transferred from the surface to
the nanofluid is increased and the surface is
cooled off.

On the other hand, the surface mass flux (Sherwood number) is increased and the
nanofluid concentration is decreased by increasing N as seen from tab. 2 and fig. 8. This
phenomenon is interpreted by the fact that the enhancement of the Brownian diffusion will in-
crease the random motion of the nanoparticles to scatter from the nanofluid (higher concentra-
tion zone) toward the cylinder surface (lower concentration zone).

Ng=01,0.25,05,1,2

S ——

50 100 150 200 : 250

Figure 8. The concentration profiles for various
values of Ng

Thermophoresis

Thermophoresis is a phenomenon observed in mixtures of mobile particles where
the different particle types exhibit different responses to the force of a temperature gradient.
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Explaining this phenomenon appears in this study through the thermophoresis parameter, Nr.
It is worth mentioning that the thermophoresis parameter is possible to be a positive or nega-
tive where the negative value of N, indicates to hot surface while positive one indicates to
cold surface. Moreover for hot surfaces, thermophoresis tends to blow the nanoparticles con-
centration boundary layer away from the surface since a hot surface repels the nanoparticles
from it. Thereby, a relatively nanoparticles free layer is formed close to the surface.

From tab. 2, the surface shear stress (skin friction) is not influenced by any change
in the thermophoresis diffusion parameter, Nt, so the nanofluid velocity is not affected too.
The surface heat flux (Nusselt number) is decreased and the nanofluid temperature is in-
creased by increasing Nt as shown in tab. 2 and fig. 9. An interpretation of these observations
is that the lower thermophoresis diffusion parameter nanofluid has a higher volumetric heat
capacity. Hence, the heat flux transferred from the surface to the nanofluid is increased and
the surface is cooled off.

On the other hand, the surface mass flux (Sherwood number) is increased and the
nanofluid concentration is increased by increasing Nt as seen from tab. 2 and fig. 10. This
phenomenon is interpreted by the fact that the enhancement of the thermophoresis diffusion
will increase the random motions of the nanoparticles to scatter from the cylinder surface
(higher temperature zone) toward the nanofluid (lower temperature zone).

1.0 Ng =0.5 Ng =05
- 1.2} -
o(n) fo '20 o) ’ fo _20
08 7= ol y=
Pr=5 ’ Pr=5
0.6 Sc=05 08 Sc=05

Nt=0,02,05,1,2

04r Nr=0,0.2,05,1,2
04
0.2
0.2}
10 20 30 40 50 50 100 150 200 250 ; 300
Figure 9. The temperature profiles for various Figure 10. The concentration profiles for
values of Nyt various values of Ny
Schmidt number
1.0 Ng=05 )
Y IfVT_= 02 From tab. 2, the surface shear stress (skin
08 y=2 friction) is not influenced by any change in the
06 Pr=5 Schmidt number, so the nanofluid velocity is

not affected too. The surface heat flux (Nusselt
number) is decreased and the nanofluid temper-
ature is increased by increasing Schmidt num-
ber as shown in tab. 2 and fig. 11. An interpre-
> 2 6 s 1012 tation of these observations is that the lower
4 Schmidt number nanofluid has a lower Browni-

Figure 11. The temperature profiles for various  an diffusion coefficient hence the heat flux
values of Sc transferred from the surface to the nanofluid is

increased and the surface is cooled off.

On the other hand, the surface mass flux (Sherwood number) is increased and the
nanofluid concentration is increased by increasing Schmidt number as seen from tab. 2 and

Sc=0,0205,1,2
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fig. 12. This phenomenon is interpreted by the fact that the enhancement of the Schmidt num-
ber increases the Brownian diffusion.

L . 10f Ng =05

Suction/injection velocity "0 N? =02
C fo=0

The suction/injection parameter, f;, can 08 y=2
play a crucial role to control the friction be- 06 Pr=5
tween the nanofluid and the surface which in-
fluences the heat transfer rate at the surface. 04 Sc=0,02,05,1,2
Physically, suction causes the nanofluid 0.2
streamlines to adhere more closely to the sur-
face. Thereby, the surface shear stress (skin 8 100 150 200 250 300

friction) increases as seen from tab. 2. Ac-

cordingly, the frictional forces between the Figure 12. The concentration profiles for various
nanofluid layers increase and cause the Vvaluesof Sc

nanofluid velocity to slow down as recognized

from fig. 13. On the other hand, the reverse , '0f y=2
. . . R f(n) Pr=5
behaviour is noticed for the case of injection. 08 Ng =05
According to tab. 2 and fig. 14, the Nr=02

nanofluid temperature is increased during the Sc=035

injection process compared to the suction one.
Consequently, the surface heat flux (Nusselt
number) is decreased during the injection pro-
cess and the reverse happens in the suction A , :
one. The physical interpretation of this phe- € . @
nomenon is that the lateral mass flux through

the cylinder during the injection process en- Figure 13. The velocity profiles for various values
hances the thermal conductivity of the of fo

nanofluid. Thereby, the amount of temperature poured from the surface to the nanofluid is in-
creased and the surface heat flux (Nusselt number) is decreased. The reverse takes place in the
suction process.

A cross over is also found in the nanofluid concentration boundary layers as shown
in fig. 15. For the dynamic region (close to the surface), the suction process leads to an in-
crease in the concentration boundary layers slightly while the injection one decreases the con-
centration boundary layers. The reverse takes place away from the surface.

1.0 y=2 1.0¢ y=2
() Pr=5 [2G)] Pr=5
08 Ng=0.5 0.8 Ng=0.5
Nt=0.2 Nt=0.2
oB Sc=05 06 Sc=05
0.4f fy=-1,-0.5,0,05, 1 04f fo=1,-05,0,05, 1
0.2r 0.2t
5 10 15 20 25 50 100 150 200 _ 250
n n
Figure 14. The temperature profiles for various Figure 15. The concentration profiles for

values of f; various values of f;
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Conclusions

Numerical solutions have been obtained for the laminar boundary layer flow of

nanofluid along a horizontal cylinder affected by Brownian and thermophoresis motions in
the presence of suction/injection velocity. An appropriate similarity transforms were used to
transform the momentum and the energy equations into a set of ordinary differential equations
which are solved by using MATHEMATICA. Numerical computations show that the present
values of the rate of heat transfer are in a great agreement with those obtained by previous in-
vestigations. The following results are obtained.

The nanofluid velocity, temperature, and concentration increase with the increase in the
curvature parameter far from the stretching surface while they show the reverse near the
stretching surface.

The nanofluid temperature decrease with the increase in the Prandtl number. Also, the
nanofluid concentration decrease with the increase in the Prandtl number far from the
stretching surface while they show the reverse near the stretching surface.

The nanofluid temperature increases with the increase in the Brownian diffusion, the
thermophoresis diffusion, and the Schmidt number.

The nanofluid concentration increases with the increase in the thermophoresis parameter but
it decreases with the increase in the Brownian diffusion parameter and the Schmidt number.
The nanofluid velocity and temperature are increased in the injection process compared to
the suction one.

Close to the surface, the suction process leads to an increase in the concentration bounda-
ry layers slightly while the injection one decreases the concentration boundary layers. The
reverse takes place away from the surface.

The surface hardness and strength are improved by decreasing the radius of the cylinder
but on the other hand the surface shear stress is increased.

The surface hardness and strength are improved by decreasing the Prandtl and Schmidt
numbers and the Brownian and the thermophoresis diffusions while the surface shear
stress is not influenced.

The surface hardness and strength are enhanced in the suction case compared to the injec-
tion one. The surface shear stress is decreased in the injection process compared to the
suction one.

Nomenclature
a — cylinder radius, [m] qw — surface heat flux, [Wm™]
C  —specific heat capacity, [JK™'] Re —Reynolds number (=¢ U, /v), []
C; —local skin friction coefficient Sc¢ - Schmidt number (= Dg/v), [-]
(=27,p Uf, ), [-] Sh, — local Sherwood number (= xQ,,/kAp), [-]
Dy — Brownian diffusion coefficient, [m*s™'] T — nanofluid temperature, [K]
Dr — thermophoresis coefficient, [m’s™'] T,, —surface temperature, [K]
f  —dimensionless stress, [—] T, —nanofluid ambient temperature, [K]
fo — suction/injection parameter u  —nanofluid velocity along the x-axis, [ms ']
[= (U V ], [ms '] U, — surface velocity (=Uyx/f), [ms™]
Np — Brownian diffusion parameter U, - reference velocity, [ms™']
[=(pC), DgAp/pC], [m%s™'] v —nanofluid velocity along the r-axis, [ms™']
Nr —thermophoresis parameter Y —suction/injection velocity, [ms™']
[=(pC), Dy AT/pCT, ], [m?s™] r  —radial co-ordinate perpendicular to the
Nu, — local Nusselt number (= xq,,/kAT), [-] cylinder axis, [m]
Pr — Prandtl number (= v/a), [-] x  —axial co-ordinate of the cylinder, [m]

O, — surface mass flux, [Kmolm™s™']
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Greek symbols ¢ — dimensionless concentration function
a  — thermal diffusivity, [m’s] [=(0-0.)/Ag). []
4 12 w —stream function

y  —curvature parameter [=a~ (v//U,)""], [-] [=a (U vx)1/2 £Op], s 1]
7 —dimensionless variable & - cl:aracte‘?istic len ’Zh 7(: 2a), [m]

[=(r* —d®) (U, /w)"*/2a], [m] J :
6 - dimensionless temperature function Superscript

[= (T ~T,)AT], [] " —differentiation with respect to n

x  — thermal conductivity, [Wm™'K™']

4 —dynamic viscosity, [Pa-s] Subscripts

v —kinematic viscosity, [m*s™'] . .

_ mass density, [kem °] p — nanoparticles conditions
’; _ surface shezﬁ strgss [kgm's 2] w — stretching surface conditions
w ) _ M 141

@ —nanoparticle concentration, [molm’3 ] 0 nanoﬂmd refer.ence confil.tlons
oo —nanofluid ambient conditions
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