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A conjugate (coupled) forced convection heat transfer from a heated conducting
plate under turbulent boundary layer flow is considered. A heated plate of finite
thickness is cooled under turbulent forced convection boundary layer flow. Be-
cause the conduction and convection boundary layer flow is coupled (conjugat-
ed) in the problem; a semi-analytical solution based on differential transform
method is presented for solving the non-linear integro-differential equation oc-
curring in the problem. The main conclusion is that in the conjugate heat trans-
fer case the temperature distribution of the plate is flatter than the one in the
non-conjugate case. This feature is more pronounced under turbulent flow
when compared with the laminar flow.
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Introduction

When the temperature distribution of the solid body and that of the fluid flow are
coupled, the resulting problem is known conjugate heat transfer. This problem, for the first
time, was studied by Perelman [1] and Luikov et al. [2]. Perelman [1] used the method of
the asymptotic solution to solve the integral equation occurring in the conjugate heat-
transfer problem. A generalized Fourier sine transform was presented by Luikov et al. [2]
for the semi-infinite plate. Trevino and Linan [3] modeled the external heating of a flat
plate cooled under a convective laminar flow with and accounted for the axial heat conduc-
tion in the plate by solving the integro-diffrential equation using perturbation. Determina-
tion of plate temperature in case of combined conduction, convection and radiation heat
exchange is carried out by Sohal and Howel [4]. Later, Karvinen [5] presented an approxi-
mate method is presented by for calculating heat transfer from a flat plate in forced flow
and compared the results with experimental data and previous results obtained in [4] for the
case of combined convective heat exchange with the environment, conduction in the plate
and internal heat sources. Forced convection conjugate heat transfer in a laminar plane wall
jet was considered by Kanna and Das [6]. A problem of conduction-convection in fins [7, 8]
and in cavities [9, 10] and the combined effect of conduction and radition in a T-Y shaped
fin [11] are carried out in recent years.
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Applying the superposition principle and Green’s function, Nagasue [12] carried out
a solution for conjugate heat transfer in a circular tube. Chiu et al. [13] considered the conju-
gate heat transfer in a horizontal heated channel experimentally and numerically. Transient
conjugated heat transfer to laminar flow in a tube or channel was studied by Karvinen
[14]. Numerical and asymptotic solution was conducted by Escandon et al. [15] to solve a
steady-state problem of a conjugate heat transfer in an electro-Osmotic fully developed
laminar flow. Optimization under the platform of conjugate heat transfer has also been
studied [16-18]. Recently, Lindstedt and Karvinen [19] carried out a detailed analysis on
conjugate heat transfer in a plate that one surface was kept at constant temperature and the
other cooled by forced or natural convection. Interested readers can refer to the perfect review
of Dorfman and Renner [20] and other papers [21-27] for acquiring more details about the
history and characteristics of conjugate heat transfer problems.

In the recent years, semi-analytical treatments are used to solve the complex equa-
tions occurring in heat transfer and fluid mechanic studied. The most common treatments are
the homotopy analysis method [28, 29], homotopy perturbation method [30, 31], variational
iteration method [32] and the differential transform method (DTM) [33-37]. The DTM was
first proposed by Zhou [33]. The DTM requires no symbolic computations of the necessary
derivatives of the data functions, unlike traditional Taylor series method. The purpose of the
present work is present a new algorithm for solving the integro-differential equation occurring
in a turbulent conjugate heat transfer problems. To do this, a turbulent forced convection con-
jugate heat transfer from a good conducting plate is modeled. Because turbulent flow usually
occurs in practical cooling systems cooled by forced convection flow, the present work may
be of sufficient interests as well as the interesting research recently carried out by Hajmo-
hammadi et al. [35], who assumed laminar forced convection flow for the studied problem.

Mathematical description of the problem

Shown in fig. 1 is a schematic of a conjugate force convection flow over a conduct-
ing solid plate. An incompressible fluid is flowing over the upper surface of the plate. The
flow is assumed to be turbulent, steady and 2-D in x —y plane with the free stream of velocity,
Ua, and free stream temperature, T«. The lower surface of the plate is heated with uniform
and constant heat flux, g". The left and the right sides of the rectangular plate are insulated
whereas a constant heat flux is traveling through the bottom side toward the top of the plate.
The upper side of the solid is in direct contact with the flowing fluid and heat transfer to the
fluid occurs via this surface. For the sake of simplicity, the effects of buoyancy and viscous
dissipation are neglected. The physical properties of the fluid and the solid are assumed to be
uniform, isotropic, and constant. Given the axial heat conduction occurring in a plate of finite
thickness, b, the heat flux distribution at the interface surface (upper surface of the plate), and
many be q", differs with that at the bottom, q;, correlated to the temperature distribution of
the interface surface, Ts, by the classical expression [38]:

X 9/10 v
4! (x) =0.0287 1 prooRe?s fl2- (éj 9% g 4T, )
X 5 X dn

The first term in eq. (1) is related to the integration of the temperature variation
along the plate and the second term corresponds to the temperature jump in the leading edge
of the plate, AT,, X — the axial location measured from the leading edge of the plate, ki — the
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thermal conductivity of fluid, Pr — the Prandtl number, and the local Reynolds number, Rey is
defined:

Re, =—=2 (2)

A4

To arrive at eq. (1), it is assumed that the
velocity profiles are polynomial, there is no
gravity and no external force, and all thermo-
physical properties are constant. However, it Fluid
must be noted that in real practical systems,
the properties may vary with temperature.
Besides, eq. (1) is valid for high Reynolds

number and not for the transient situation. Itis | o' < const |
further assumed that the temperature of the | L | Insulation
plate is uniform in the transversal co-ordinate, Figure 1. Conjugate forced convection flow over
y, that is: a solid conducting plate
AT
_ k| — ‘
i. _ qtransversalconductlon ~ b 5 o (3)
Blb Uconvection hi (AT) hb

where Biot number, Biy, is defined based on the height of the plate, b.
Substituting the convective heat transfer coefficient, h, from the classical relations
[38], eq. (3) is rewritten:

0.0287[:—5J Re %%Pr o0 » 1 (4)
f
where | is the length of the plate, A — the aspect ratio of the plate, and the ratio of the height to
the length of the plate, b/l. Applying the energy balance in a control volume of width, dx, and
height, b, (with uniform temperature along the transversal co-ordinate), the energy equation is
obtained: ,
. oT _ 5
q +ks,ooby:qu (X) ( )
where q; is calculated from eq. (1). To formulate the problem under study, it is natural to
define the following dimensionless variables:

0.6 5,0.8 _
(-0, o PRI (L) ©
' 0.0287q 1/k ¢
and also
k

o =0.0287 {ﬂ] Pro°Re; 08 @

kf
o, =0A ®

In this study, the parameter, o; is called the axial conduction parameter which rep-
resents the ratio of the ability of the plate to carry heat in the stream-wise direction to the
ability of the fluid to carry heat from the plate. We also call a plate as good conducting plate,
if in addition to meet the condition described in eq. (4), the magnitude of the parameter oy is
sufficiently large and is defined:
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where the Biot number, Bi, is defined based on the length of the plate, I. We will later prove
that the aforementioned power series solution derived for the plate temperature, is quickly
convergent when the plate under consideration is a good conducting plate, o3 > 0. Utilizing
egs. (1) - (9), the governing equation for dimensionless temperature distribution of the good
conducting plate can be obtained:

N _1/9
520 & 1 ¢ N Y
i T 0z gz f {1‘@ P (10)
with the boundary conditions:

2? ~0 (11)

Xlz=0
2‘? -0 (12)

Klg=1

Due to obvious reasons, the solution of non-linear, integro-differential equation (10)
is not easily tractable by pure analytical means and, therefore, has to be obtained numerically
or via a recursive semi-analytical method. In what follows, it is shown that the DTM is capa-
ble of providing a quick and highly accurate power series solution of eq. (10) satisfying the
boundary conditions (11) and (12).

Solution of the problem with DTM

The basic definitions and the fundamental theorems of DTM and its applicability for
various types of equations are given in [33-37]. For the convenience of the reader, in what
follows, a brief review of the DTM
is presented. The differential trans-

form of a function f (X) is defined:

Table 1. Fundamental operations of DTM

Original function Transformed function K
. Fro_(L)EF0 |,
f(t) = au(t) £ A() | T (k) =ni(k) £ni(K) ®) =10 a5k =0 13)
X=X,
(t) = utv(t) f (k)zzk (k)T (k —ky) where f(x) stands for the original
K function and f(k) is the differential
d“u(x) = _ transform function. The inverse
F0 ==k P =(k+Dk+2)..(kemAEM) ) gifferential transform of a se-
X quence, f(k) is approximated:
_ ¢ a(k—1) N
f(x)= | u(x)dx f(k):u(—, k>1 -
X.[ k T~ flox-%)f  (14)
k=0
f(x) = X f(k)=n(k —m), n(k—m)= {1 k=m | \where N is the highest order of the
0 k=m power series solution, eq. (14). The
) 1k fundamental operations performed
f(x) = exp(x) f (k) =0 by DTM are listed in tab. 1. Apply-

ing these fundamental operations to
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the given problem, a recurrence relation is obtained. Then solving this recurrence relation and
using the differential inverse transform, we can obtain the solution of the problem.

As an initial step, we substitute eq. (14) into the integral of eqg. (10). Owing that here
%o = 0 (leading edge of the plate) and & = 0(0) we obtaln

%0 000) g0
Gzy:_]* )A(oz 202 2 > 6’(J)J. { [ ) } fItde (15)
=

where 4 stands for the differential transform of function, 8. Using the variable transformation,
u=1-(&/%)**°, eq. (15) is reduced to the foIIowing expression:

%0 6(0) 10% 8 101) _02
=1+ +=—> jo e 16
0-’16)”(2 {02 91_l (J)( 9 (16)
where B(m, n) is the numerical beta function defined:
1
B(m,n) = Ium‘l(l— u)™*du (17)

0
Applying the fundamental operations performed by DTM (listed in tab. 1) to eq.
(16), the following relation is obtained:

o, (k+1)(k+2)0(k +2) =
~ 1) 10 .5, .. (8 10j o1
~5(K)+0(0)5| k+= |+=> jO(j)B| =, = |5 k—j+= (18)
(0)+0(0)3( kg |+ G 2 i0(08{§ G o ki)
Re-arranging and simplifying eq. (18), gives the following recurrence relations:
~(9 25 -
0l = |= 6(0
5) 30, (0) (19)
~ 1
0(2)=——
(2)==5 (20)
9
1o(k_j
ok)-—20__gl8 5 [k—gjé(k—gj k=18 1)
90,k(k-1) |9 9 5 5 5

The differential transform of the boundary conditions, egs. (11) and (12), can easily
be obtained:

6(1)=0 (22)

Zjé(j):l (23)

The numerical value of constant 6(0)is determined by substituting the given number
of series solution components up to N into relation (23) and solving the resulting equation for
6(0)when the value of o is known. Substituting the numerical value of 4(0)in power series
solution coefficients, and utilizing the inverse differential transform, eq. (14), we may con-
struct the following power series solution up to N = 8 for the plate non-dimensional tempera-
ture, when g; =1 and A = 0.1, as following:
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o (%) =0.7719409502 + 0.5360701043%™® — 0.5%* + 0.06822159130%**"°
— 0.05651356282%™'® +0.00365322472%°" — 0.0028064220208**°

+ 0.000108500%%%/° —0.000078859278%°"/° + 0.000002058733474%° (24)
The local Nusselt number of the flow can be determined from:

. é(o)+% > ké(k)B[g,lg(jf(k

NU(K) = hx _ PrOSReP8308 k=95 (25)
ki 0.0287 6(%)
Substituting eg. (24) into eq. (25), gives the local Nusselt number:
6(0) +% D ko (k) B@,lgijk
NU()’Z) — 1 PrO.G Re|o'8)20'8 k=9/5 _ (26)
0.0287 0(%)

To characterize the convergence trend of the present series solution it is clear that
each term in the series solution should be less than the next subsequent term, meaning that:

~ ~ 3
0k) < 9(k _Ej (27)
which in the view of eq. (23) it gives the following relation:
;B(E,ﬁj(k—§j<l (28)
30,k (k —1) 3 3 2

Equation (28) demonstrates that; in order to have a reasonable and fast convergence
of the presented series solution, the magnitude of o; must be sufficiently large, depending on
the number of the terms contributing in the series solution.

Results and discussion

The effect of o, 0n the 1-D temperature distribution of the plate, &(X), is shown in
fig. 2 when A4 = 0.1. Figure 2 reveals that, increasing o; results in flattening the plate tempera-
ture distribution. As a consequence of high axial heat conduction in the plate, when o; = 50
the plate temperature is nearly uniform along the x co-ordinate.
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Figure 2. Effect of o; on the 1-D temperature Figure 3. The variation of Nusselt number
distribution of the plate, &(X) when 1=0.1 of the flow in the axial co-ordinate for

several values of oy
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The variations of Nusselt number of the flow in the axial coordinate is plotted in fig.
3 for several values of o;. Based on this figure, the variations of Nusselt number of the flow is
not sensitive with the variations of oy, however, the Nusselt number in the conjugate laminar
flow is affected by the variation of o, [15].This feature is justified as: quite different in the
laminar flow, the thermal boundary conditions of the plate have a negligible effect on the heat
transfer coefficient and the Nusselt number, in the turbulent flow.
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Figure 4. The comparison between the plate
temperature distribution of the conjugate and
non-conjugate convection heat transfer,
o;=1and, gy =0, respectively

X

Figure 5. The comparison between the plate
temperature distribution of the plate cooled
under laminar forced convection flow with
the ones in the case of turbulent flow

Figure 4 show the comparison of the temperature distribution of plate for the case
of conjugate convection heat transfer (o; = 1, flow over a plate of finite thickness) with those
for the non-conjugate convection heat transfer (o; = 0, flow over a very thin plate). Figure 4
reveals that the temperature distribution in the conjugate case is flatter than temperature dis-
tribution at the non-conjugate case. The flattered temperature distribution in the conjugate
case are compared in two cases; laminar forced convection and turbulent forced convection. It
is observed that the effect of oy, or in other words, the plate thickness, on flattering the tem-
perature distribution is more pronounced under in the conjugate turbulent flow when com-
pared with the temperature distribution in the conjugate laminar flow. This feature is extreme-
ly significant, because in the cooling systems, the objective is to spread heat as much as pos-
sible, such that the temperature distribution tends to be uniform at the entire devices.

Conclusions

Owing that turbulence often occurs in real practical systems, consideration is given
to the conjugate heat transfer from a heated plate of finite thickness when the flow is sup-
posed to be turbulent. The mathematical formulation of the problem derived in this study
deals mainly with the 1-D variation of the plate temperature and Nusselt number of the flow.
The integro-differential equation occurring in problem is solved by DTM.

As a significant physical conclusion of this study we conclude that the u of the con-
jugate heat transfer over a flat plate is higher than the non-conjugate case, because the tem-
perature distribution is more uniform in the conjugate case. It is further concluded that the use
of flat plate in reducing the hot spot temperature of the plate is of greater advantage in turbu-
lent case when compared with the laminar flow situation.
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Nomenclature

— beta function Greek symbols

— plate thickness
— convective heat transfer coefficient

— length,

— dfined in table 1.
— dimensionless temperature,
defined in Eq. (6)

B
b
H
K —thermal conductivity
L
N

— highest order of the series solution

Pr - Prandtl number

5

0

A — plate aspect ratio (b/l)
v — kinematic viscosity
O

— dimensionless parameter, defined in eq. (7)

" — heat flux . . o
g(] _ heat flux on the upper surface of the plate o;  —dimensionless parameter, defined in eq. (8)
Re, —Reynolds number Scripts
T — local temperature
Ts  —temperature distribution of the plate f — fluid
T, — free stream temperature S —solid plate
U, - free stream velocity (™ - dimensionless variables defined in eq. (6)
X — Cartesian co-ordinate (~) - differential transformed variables
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