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In this paper we investigate the effect of surface tension on hydromagnetic Ray-
leigh-Taylor (R-T) instability of two incompressible superimposed fluids in a po-
rous medium with suspended dust particles immersed in a uniform horizontal mag-
netic field. The relevant linearized perturbation equations have been solved using
normal mode technique and the dispersion relation is derived analytically for the
considered system. The dispersion relation is influenced by the simultaneous pres-
ence of medium porosity, suspended dust particles, permeability, magnetic field
and surface tension. The onset criteria of R-T stability and instability are obtained
and discussed. The growth rate of R-T instability is calculated numerically and it is
affected by the simultaneous presence of surface tension and magnetic field. The ef-
fects of various parameters on the growth rate of the R-T instability are discussed.
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Introduction

The hydromagnetic Rayleigh-Taylor (R-T) instability occurs at the interface of two
fluids when a heavy fluid is supported by a lighter one. The problems of R-T instability are
widely discussed in astrophysics, experiments of thermonuclear fusion, inertial confinement fu-
sion, geophysics, magnetohydrodynamic experiments, and space physics. It is also discussed in
astrophysical fluids and fusion pellet implosions [1, 2]. Chandrasekhar [3] has given a detail
study of R-T instability for the fully ionized incompressible medium under various assumptions.
Kull and Anisimov [4] discussed the ablative R-T instability in an incompressible fluid model.
Kalra [5] studied the effect of finite Larmor radius (FLR) corrections on the stability of
superposed fluids. Bhatia [6] discussed the R-T instability of two superposed conducting fluids
of uniform densities and suggested that viscous forces have stabilizing influence. Gupta and
Bhatia [7] discussed the R-T instability of two viscous superposed partially-ionized plasmas of
uniform densities and found that viscosity has a stabilizing influence.

The effect of suspended particles is important in the dynamics of Martian atmosphere
and astrophysical problems. It may also be important in the study of fluid stability problems and
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it is used in industrial and chemical engineering. Michael [8] has studied the Kelvin-Helmholtz
(K-H) instability of a dusty gas and found that dust reduces the growth rate of the disturbance.
Sharma and Sharma [9] have discussed the R-T instability of two superposed conducting fluids
in the presence of suspended particles. Chhajlani ez al. [10] studied the R-T instability of a strati-
fied magnetized medium in the presence of suspended particles. Sanghvi and Chhajlani [11]
have investigated the hydromagnetic K-H instability in the presence of suspended particles and
FLR effect. Sharma and Chhajlani [12] discussed the effect of rotation on the R-T instability of
two superposed magnetized conducting fluids in the presence of suspended dust particles.
Prajapati et al. [13] studied the K-H of two superposed magnetized fluids with suspended dust
particles.

In recent years, stability problems of two superposed fluids in porous medium became
an important field due to its several applications in geophysics and astrophysics. Porosity might
be useful for the study of physical properties of comets, meteorites, and interplanetary dust in as-
trophysical context McDonnel [ 14]. Sharma and Sunil [ 15] studied the R-T instability of ionized
plasma in a porous medium in the presence of variable magnetic field. Sharma and Kumar [16]
studied the effect of R-T instability of viscous-viscoelastic fluids through porous media. Sunil
and Chand [17] discussed the R-T instability of plasma in the presence of variable magnetic
field and suspended particles in porous media. Wurm et al. [18] discussed the importance of gas
flow through porous bodies for the formation of planetesimals. Kumar et al. [19] studied the R-T
instability of rotating viscoelastic fluids in porous media in the presence of variable magnetic
fields. Kumar [20] discussed the instability of streaming fluids in porous medium in
hydromagnetic fluid. Sharma et al. [21] have discussed the effect of surface tension and rotation
on R-T instability of two superposed fluids with suspended particles. Prajapati and Chhajlani
[22] investigated the combined K-H and R-T instability of two superposed streaming fluids with
suspended dust particles flowing through a porous medium. Singh and Dixit [23] discussed the
stability of rotating viscous viscoelastic superposed fluids in presence of suspended particles in
a porous medium.

The objective of the present paper is to study the effect of surface tension and sus-
pended particles on the stability of two superposed incompressible conducting fluids, when the
whole system is porous and immersed in 2-D magnetic fields. In the previous discussed prob-
lems, Prajapati and Chhajlani [22] discussed the effect of surface tension in a non-conducting
medium without magnetic field. Sharma ez al. [21] discussed the effect of surface tension and
rotation on R-T instability of two superposed fluids with suspended particles in non-conducting
and non-porous medium. In this paper, we extend the previous problems of R-T instability in the
presence of 2-D magnetic fields and find the stability conditions. We also study, the behaviour
of growth rate of R-T instability depending upon various physical parameters.

Model equations of the problem

Consider a Cartesian geometry with co-ordinates (x, y, z) having axes with the z-direc-
tion as vertical. Suppose that a plane interface of discontinuity exist at z = 0, separating the two
semi-infinite homogeneous incompressible conducting superposed fluids in a porous medium
of porosity £ and medium permeability k;. Let the mixture of hydromagnetic fluid and non-con-
ducting suspended dust particles be superposed in the porous medium under the action of grav-
ityg=(0, 0, g) and dimensional uniform magnetic field H= (H,, H,, 0). Letp, u, p, and u= (u, v,
w) denote the density, viscosity, pressure, and velocity of the fluid, respectively.

It is assumed that suspended dust particles are non-conducting, of spherical shape and
are uniform in size. Force exerted on the fluid by the dust is assumed proportional to the relative
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velocity, and is given by KN (v — u), where N is the particle number density and K is Stokes co-
efficient of resistance, given by K = 6mau for spherical particles, where « is the particle radius.
The inter particle distance is assumed to be very large as compared to the diameter of the parti-
cle, so that particle interaction can be ignored. The linearized perturbation equations using the
MHD fluid model neglecting initial fluid Velocity are written [9, 10, 12]:

PO _ _ys, KN _H

- V5p+ (V u)+gdp k1 u+

+Z—i[(VXB)xﬁ+(vXﬁ)xﬁ]+zT{;::2 68;2j5zs5(z—zs) (1)
osp

ga—tp+(uV)p:O )
s%z(HV)u @V)H 3)
Vu=0 4)
Vh=0 (5)

{{i+l(ﬁV)}+l}V:ﬁ ©)
ot ¢

where h = (hys, hy, h,),6p, and Sp are the perturbations in magnetic field, fluid pressure, and den-
sity of fluid, respectively, and 7 = m/6mau denotes the relaxation time for the suspended dust
particles. In eq. (1) 6 (z — z,) denotes Dirac's function and 7 is the surface tension of interfacial
surface.

We assume the perturbation in the physical variables to be dependent on spatial and
temporal co-ordinates (X, y, t), and of the form [9]:

S (2) ~expli(k,x +k,y+nt)] (7)
where k, and k, are the horizontal wave numbers (K=k2+k ;) and n is the growth rate of the
harmonic perturbations.

Dispersion relation

In eq. (1) variable v is eliminated by using eq. (6) and then employing eq. (7) in egs.
(1)-(6). The set of linearized perturbed equations can then be written in the component forms:

v [a (in) . HoH .
L (n)+ a +[ j‘r(m) +Ju— ik Op + = (tk yhy — ik (hy) (8)
Loy+ X[ %o |0 Hy -
pL (n)+k] +[ " ]T(in)+1:| —ik 6p+ 4 (ik <hy — ik h,) )
i v [ay) (n) _ Hy _
p|:g (n)+k1 +( j‘r(in)+l}w Dop — g5p+ 47t (ik h, —Dh, )+
LHofly (ik h, = Dhy) = XT,(k? +k2)52,8(z - z,) (10)

4n
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(ein)op =—wDp (11)

ienh, = (ik H, +ik H )u (12)

ienh, = (ik H, +ik H)v (13)

ienh, = (ik H +ik H )w (14)

ik u+ik,v+Dw=0 (15)

ik hy +ikyh, +Dh, =0 (16)

where D stands for the operator d/dz, o, = mN/p, and v = u/p denotes the mass concentration of
the particles and kinematic viscosity of the fluid, respectively.

The dispersion relation governing the vertical component of velocity w, for the as-
sumed configuration can be obtained by solving egs. (8)-(10) with the help of egs. (11)-(16) and
written:

i Vo[ % | Um) —k2pw]—
L (n)+k1 +( £ Jr(in)+1}[D(pr) pw]
i (Hky +k,H,)?

47

igk*w

}(Dz—kz)w {Dp—EZTS(Z—ZS)}zo (17)
g

dnen en

Equation (17) represents the differential form of the general dispersion relation. It in-
corporates the effect of the surface tension, the 2-D uniform magnetic field, the suspended dust
particles, the kinetic viscosity (v) and the porosity of the medium (¢). The dispersion relation
(17) 1s identical with eq. (6) obtained by Prajapati and Chhajlani [22] excluding the effect of
magnetic field in static R-T configuration (U, = 0). Thus, the presence of magnetic field in both
x and y directions modifies the results of this problem, thus leading to a better explanation of the
static R-T configuration of two superposed magnetized fluids in the presence of suspended dust
particles flowing through a porous medium. This dispersion relation is solved employing the
boundary conditions for the considered interface, as discussed in continuation.

Boundary conditions at the interface

Consider two superposed fluids of uniform density p, (lower fluid) and p, (upper
fluid), uniform kinematic viscosities, in a constant porosity medium, in the presence of uniform
magnetic fields separated by a horizontal boundary at z = 0. We have assumed the number den-
sity of suspended particles in both the regions z <0 and z > 0 to be the same. In case of constant
fluid density, eq. (17) reduces to:

(D? —k2)w=0 (18)

The general solutions of eq. (18) for the lower and upper fluids can be written:
w, = 4, (en)e* (z<0) (19)
w, =4, (en)e ™ (z>0) (20)

where 4, and A4, are arbitrary constants. Applying the boundary conditions, given by
Chandrasekhar [3] at the common interface of two magnetized fluids which are:
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(1) The velocity w should vanish when z — < (for the upper fluid) and z — —e (for lower fluid).

(2) w(z) is continuous at z = 0, hence 4, = 4, = A.

(3) The jump condition at the interface z = 0 between the fluids is obtained by integrating
eq. (17) over an infinitesimal element of z including 0, to get:

Ao{pr{ﬂ+l+ %o (in) H— Bol k H vk H,}2A,(DW)—

e ky gr(in) +1] 4nen
ok 2 2
_lgk {AO(p)_k_Ts:|Wz—0 =0 (21)
ne g

Using eqs. (19) and (20) in eq. (21) we obtain the following dispersion relation:

03+o{f{1+ 2mN j+i<ﬂ1vl+ﬁ2v2)}+c{i<ﬂm+ﬁ2v2>+2(ksVA+kyVB>2—
Pt P, k, k

k3T k3T

—gk(By =B1)+ :|+fs|:2(kaA +kVg)? —gk(By = B1)+ }0 (22)

P+ Py P+ Py

where f = 1/7, is the relaxation frequency, o = in, a, , = mNip, 5,1 = p/(p, T p2), B, =P/ +
0P), Vi = U, /p;, and v, = 1,/p,. In the eq. (22) the Alfven velocity is defined:

2
_ :uOHx,y (23)

4n(py +p3)

Equation (22) represents the effect of surface tension with combined influence of sus-
pended particles, porosity, kinematic viscosity, and two directional magnetic fields on the R-T
instability of two superposed conducting incompressible fluids. If we ignore the effect of mag-
netic field in the dispersion relation (22), it reduces to what was obtained by Prajapati and
Chhajlani [22]. If we ignore the effects of surface tension and transverse magnetic field, V'3 =0,
then this dispersion relation reduces to eq. (32) that was obtained by Sunil and Chand [17]. For
the infinite permeable medium along withe = 1, v, = v, = ¥, 3 =0, the above dispersion relation
reduces to the result obtained in Sharma et al. [21] excluding the effect of rotation. In the ab-
sence of porosity, kinetic viscosity and surface tension, the previous dispersion relation is simi-
lar to that obtained by Prajapati et al. [13]. It is clear that the combined effect of surface tension,
suspended dust particles, porosity, and 2-D magnetic fields modify the present dispersion rela-
tion of R-T instability of two superimposed magnetized fluids.

2
A,B

Discussion of dispersion relation
Stable configuration (B, > B,) or (p, > p,)

Equation (22) represents the dispersion relation of two superimposed magnetized par-
tially ionized and conducting fluids with suspended particles flowing through a porous medium.
In this potentially stable arrangement, when the lower fluid is heavier than the upper fluid, it
clearly represents a stable configuration. We apply the necessary condition of the Hurwitz crite-
rion [24] in eq. (22), according to which we find that all the coefficients of the polynomial equa-
tions are positive and real. In order to satisfy the sufficient condition the Hurwitz minors are cal-
culated which are found to be positive. Hence the system is potentially stable for the above
considered configuration.
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Unstable configuration (B, > 3,) or (p, > p;)

The system is stable or unstable depending on the following conditions:
(@) If 2(k Va + kyVg)* + PT/(p, + py) > gk(B, — 1), the system is stable because there is no
positive real root.
() If2(k Vp + k V) + (K T)/(p1 + p2) < gk(B, — 1), the system is unstable because the constant
term is negative, therefore allowing at least one positive real root.
The occurrence of a positive root implies that the system is unstable. When we put &, =
= ksin0 and k, = kcosf in the condition (b), then it may be written:

3

2U2(sin 0V, +c0s0V)? + L < gk(B, — By) (24)

P1P2 B

where 6 is the inclination of the wave vector % to the direction of the magnetic field H.
If we substitute T, = 2(P, + P,)(V,sinf + Vzcos0)?/k then condition of instability (24)

becomes:
_ 2
Py TP g(py +p1)

where T is the effective surface tension of magnetic field due to the tension along the lines of
force. Condition (25) represents the combined effect of surface tension and 2-D magnetic fields
and these results are very much similar to those given in Chandrasekhar [3].

The condition of instability (25) is satisfied for p, > p, when wave number £ is taken to

be in range 0 < k < k,, where:
k, _2n_ [(py —p1)g (26)
e T+T.4

The arrangement remains stable for all disturbances with £ > k,, hence the system is
unstable for sufficiently long wavelengths. Since the value of critical wave number k_ decreases
with an increase of magnetic field, the system is unstable for small magnetic fields. For large
magnetic fields the system tends to move towards stability. Similarly, surface tension also has a
stabilizing effect on the system. Thus both the magnetic field and surface tension succeed in sta-
bilizing a potentially unstable arrangement.

Now, assuming that both fluids have different dynamic viscosities then from eq. (22)
we get:

1 1

o3 +a{fs(1+2a')+wyo{W+z(VA §in0 +V, cos0)2 k> —

k3T k3T

—gk(B, =B+ :|+fs|:2(VA sin@ +Vygcos0)?k? —gk(B, —B;) + =0

Py +Py P +Py

(27)
where vi=wu,/(p, + p,), Va=py/(py +p,), anda’ =mN/(p, + p,).

Under the consideration of equal dynamic viscosities, the condition of R-T instability
will not be changed and it is clear that the growth rate is a function of relaxation frequency and
mass concentration of suspended dust particles. Thus the growth rate will be affected by these
parameters but condition of instability remains unchanged.
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When we neglect the porosity of the medium, eq. (27) reduces to:

3
o’ +crz[fg<1+2a')]+a{z<VA Sin + Vs cos0)* k2 — gk(B, —ﬁ1)+—pk+7;) }+
1 2

3
+fs|:2(VA sin@ + Vg cos0)2k? — gk(f, —ﬁ1)+k—T}=0 (28)
PL TP

In the absence of porosity or dynamic viscosity, condition of instability remains the
same. Hence, there is no effect of porosity and dynamic viscosity on the conditions of instability
in a magnetized system.

Now, we can write the dispersion relation (27) in dimensionless form and try to find
out the combined effect of magnetic field, surface tension, porosity, density difference of fluids,
and suspended dust particles on the growth rate of R-T instability. The dimensionless equation
can be obtained by using the substitutions:

* o * fs * V{ * Vs
o =—, fs = , Vp EmE/—, V) = >
Vgk Jgk gk Jek

(29)

. k . k . k2T

vi=|%v, =Sy, =L

g g

glpy +p2)

Using eq. (29), eq. (27) can be written as:

o +o™ {f: (1+2a") + g(vlkﬁ} + 0*{% +2(V sin@ +Vy cos6)? —

1 1

—(By =B +T7 1+ [ 20V} sin0 +V sin0)* — (B, = B,) +T7]=0 (30)

Our interest is to investigate the effects of various physical parameters on the growth

rate of unstable magnetized system. To accomplish this, we have solved eq. (30) numerically to
determine the values of growth rate against the
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Figure 2. The growth rate (c*) vs. relaxation
frequency of suspended particles ( f: ) in
variation of medium porosity (¢) in presence and
absence of magnetic field for the fixed values of:
a'=02,vi =03,5=04,k =0.1,T =(0.3,0),
Ba—PB1=0.5,Vs =V5 =0.15, and 0 =45°

Figure 3. The growth rate (c*) vs. relaxation
frequency of suspended particles (f;) in
variation of surface tension (7) for the fixed
values of: o' =0.2,v; =0.3,V; = 0.4, k; = 0.1,
Br—B1=0.5,6=0.15,V1 =V5=0.15,and = 45°

netic field. Thus the medium porosity influences the stability of the system. Similarly fig. 2 is
plotted for the different values of medium porosity € =0.15, 0.25, and 0.35 with and without sur-
face tension at fixed value of uniform magnetic field (V' =V3 = 0.15), represented by solid and
dashed lines, respectively, taking arbitrary fixed values of other parameters as previusly. We
find that the growth rate decreases as the medium porosity increases, which shows the stabiliz-
ing behaviour of medium porosity in the absence or presence of surface tension.

In fig. 3 the growth rate is plotted against the relaxation frequency of suspended parti-
cles for different values of surface tension in the porous medium with the fixed values of other
parameters. Figure 3 demonstrates that the growth rate is suppressed as the surface tension in-
creases, which shows the stabilizing behaviour of surface tension. We therefore, conclude with
the help of figs. 2 and 3 that the surface tension has stabilizing behaviour in the porous medium.
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Figure 4. The growth rate (%) vs. relaxation
frequency of suspended particles (f;) in
variation of magnetic field (V5 =V}) for the
fixed values of: a' = 0.2, =0.3, v, = 0.4 , k; = 0.1,
f2-Pp1=1.2,e=0.15, T* = 0.2, and 6 = 45°
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Figure 5. The growth rate (c*) vs. relaxation
frequency of suspended particles (f;) in
variation of angle (0) for the fixed values of:
a'=0.2,v; =03,v; =04,k =0.1,5, - B; =1.2,
£=0.15,T*=0.2,and V, =V =0.15
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In fig. 4, the growth rate decreases with increasing uniform magnetic field in the presence of sus-
pended particles and surface tension when the flow domain is porous. It indicates the stabilizing
behaviour of magnetic field. The same stabilizing behaviour of magnetic field is seen in fig. 1. In
fig. 5 it is seen that growth rate increases as the angle of inclination increases (6 = 45°, 60°) in
the presence of uniform magnetic field (', =Vy = 0.15), which shows that stability of the sys-
tem depends on the orientation of magnetic field.

In figs. 6-8 we emphasized the role of dynamic viscosity of the fluid in the porous
medium with suspended particles. In fig. 6, the growth rate of R-T instability is plotted against
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Figure 6. The growth rate (c*) vs. relaxation
frequency of suspended particles ( f: ) in
variation of dynamic viscosity of lower fluid (;)
for the fixed values of: o' = 0.2, v; =03,k =0.1,
p2—-PB1=1.2,&=0.15, T* = 0.3, 0 = 45°, and

Vi =V5=0.15
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Figure 8. The growth rate (c*) vs. relaxation
frequency of suspended particles ( f: ) in
variation of dynamic viscosity of upper fluid ()
in presence and absence of magnetic field for the
fixed values of: o' = 0.2, vi =04,k =0.1,
P2—-P1=12,6=0.15,T*=0.2,0 = 45°,
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Figure 7. The growth rate (c*) vs. relaxation
frequency of suspended particles ( f: ) in
variation of dynamic viscosity of upper fluid ()
in presence and absence of surface tension for
the fixed values of: «'=0.2,, v’i =04,k =0.1,
Bs—PB1=1.2,c=0.15, T* = 0.3, 0 = 45°, and
Vi =V5=025
the relaxation frequency of suspended particles
for the different values of dynamic viscosity of
the lower fluid v; =0.2, 0.4, and 0.6 , with fixed
dynamic viscosity of upper fluid, v; = 0.3, in
the presence of surface tension, magnetic field
and permeability. We find that the growth rate
decreases with increasing dynamic viscosity of
the lower fluid, considering the fixed values of
other parameters. In fig. 7, the growth rate is
plotted for different values of dynamic viscos-
ity of the upper fluid, v; = 0.3, 0.8, and 1.3, with
fixed dynamic viscosity of lower fluid, v; =0.4,
in the absence and presence of surface tension
in the porous medium, represented by dashed
line and solid line, respectively. We find that
the growth rate decreases with increasing dy-
namic viscosity of upper fluid. Similarly, in fig.
8 we have plotted the growth rate of R-T insta-
bility for the same values of dynamic viscosity
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of the upper fluid, considered in fig. 7, in the absence and presence of uniform magnetic field
(Vs =Vg = 0.25) represented by dashed line and solid line, respectively. In all three cases dis-
cussed we find that dynamic viscosities of upper and lower fluids have stabilizing influences.

In figs. 9 and 10, the growth rate 6 of unstable R-T instability is plotted against the re-
laxation frequency £, of suspended particles for the different number densities of suspended
particles in the absence and presence of surface tension, respectively, and find that the growth
rate decreases with increasing number densities of suspended particles, which shows the stabi-
lizing behaviour of suspended particles in the porous medium.

Therefore, from the previousgraphical representations we find that all the parameters,
surface tension, kinetic viscosity, porosity of the medium, number density of suspended parti-
cles, and magnetic field have stabilizing influence.
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Figure 9. The growth rate (c*) vs. relaxation
frequency of suspended particles (f) in
variation of density of suspended particles (') in
absence of surface tension for the fixed values of:
Vi =0.3,v5 =04,k =0.1,5, -5, =0.5,£ = 0.15,
T*=0,0=45°%and V, =V} =0.25

Figure 10. The growth rate (c*) vs. relaxation
frequency of suspended particles (f) in
variation of density of suspended particles (') in
presence of surface tension for the fixed values of
Vi =0.3,v5 =04,k =0.1,5,-5; =0.5,£ = 0.15,
T*=0.2,0 =45° and V' =V} =0.25

Conclusions

In the present work, we have investigated the combined effects of surface tension and
suspended dust particles on hydromagnetic R-T instability of two incompressible superimposed
magnetized fluids flowing through porous media. The MHD equations are modified and
linearized for the considered system and a general dispersion relation is obtained using the nor-
mal mode analysis. We found that the dispersion characteristics are strongly affected by the
presence of medium porosity, suspended dust particles, permeability, magnetic field, and sur-
face tension. The onset criteria of R-T stability and instability are obtained, and shown to de-
pend upon effective surface tension and two directional magnetic fields. The potential stable
and unstable configurations are also discussed and critical wave number for the stable and
unstable arrangements are calculated.

The numerical calculations and the graphs show that the growth rate of unstable R-T in-
stability varies with respect to the relaxation frequency of suspended dust particles. We observe
that the growth rate decreases as the medium porosity increases in both the magnetized and
un-magnetized cases. Hence, the medium porosity has stabilizing influence on the growth rate
of the instability. Surface tension is also observed to have a similar effect on the growth rate of
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R-T instability, while the kinematic viscosity has its usual damping effect on the growth rate of
unstable R-T modes.
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Nomenclature
a — suspended dust particle radius, [m] V.V — Alfven velocity [ms™]
/s — relaxation frequency of suspended dust

particles, [s '] Greek symbols

g — acceleration due to gravity, [ms ] yij — density ratio

EI — magnetic field, (H, Hy), [Am’l] & — porosity of porous medium

h — perturbed magnetic field, (%, Ay, h,), 0 — inclination of the wave vector k to the
[Am™] direction of the magnetic field

ky — permeability of porous medium, [m ] u — dynamic viscosity, [kgm™'s™]

k. k, — horizontal wave numbers, [m '] o — magnetic permeability, [Hm ']

m — mass of suspended dust particles, [kg] vy — kinematic viscosity of lower fluid,

N — number density, [m ] [m?s™]

P — fluid pressure, [Pa] v, — kinematic viscosity of upper fluid,

T — surface tension, [kgms ] [m’s™]

t — time, [s] P — density, [kgm]

u — fluid velocity, (u, v, w), [ms '] c — growth rate, [s ']

v — suspended dust particle velocity, [ms™] T — relaxation time of suspended dust

particles, [s]
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