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We present solutions of the laminar compressible boundary-layer flows over the
family of rotating cones subject to surface mass flux. The work is a generalization
of previous studies of the compressible rotating-disk flow and incompressible ro-
tating-cone flow without surface mass flux. Transformations are used which lead
to a system of generalized von Karman equations with boundary conditions pa-
rameterized by half-angle and a mass-flux parameter. Results are discussed in
terms of wall temperature and local Mach number in the particular case of air,
although the formulation is readily extended to other fluids. It is suggested that
suction acts a stabilizing mechanism, whereas increased wall temperature and
local Mach number have destabilizing influences.
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Introduction

There have been many experimental and theoretical studies seeking to identify
and understand the various instability mechanisms found in rotating 3-D boundary-layer
flows. From the early work of Gregory [1] and Gregory and Walker [2] through to the
more recent seminal work of Lingwood [3, 4] and beyond, the incompressible flow over a
rotating disk has been extensively studied in the literature. Similarly, experimental work by
Kreith et al. [5] as well as Tien and Campbell [6] has led to the recent theoretical studies of
Garrett [7, 10], Garrett and Peake [8], Garrett et al. [9, 11], and Hussain et al. [12] wich are
made progress in understanding the stability characteristics of the incompressible bounda-
ry-layer flow over rotating cones. However, despite Turkyilmazoglu et al. [13], and Turky-
ilmazoglu and Oygun [14], Turkyilmazoglu [15, 16] making significant progress in the
study of compressible boundary-layer flows over rotating disks, there has been little work
investigating the compressible rotating-cone flow. The motivation for this particular study
is to generalize this body of previous work to examine the effect of compressibility on the
boundary-layer flow over a rotating cone with general half-angle, w. This is motivated in
part by recent advances in high-speed spinning projectiles and aeroengines where a better
understanding of laminar-turbulent transition would potentially lead to an improvement in
engineering designs. In particular, delaying transition over spinning projectiles could help
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reduce drag as well as having a positive effect on control and targeting, and will increase
fuel efficiency by reducing drag in aeroengines.

Surface suction is well known to act as a stabilizing mechanism in related bounda-
rylayer flows. For example, Gregory and Walker [2] discuss how the introduction of suction
extends the laminar-flow region over a swept wing by reducing the thickness of the boundary
layer and the magnitude of crossflow velocity. Furthermore, the literature on incompressible
rotating-disk and related flows [4, 17-20] shows that suction has a stabilizing effect that re-
sults in increased critical Reynolds numbers for the onset of instability modes, a narrowing in
the range of unstable parameters and a reduction in the amplification rates.

We ultimately aim towards stability analyses of the class of compressible rotating-
cone flows, with surface suction considered as a potential stabilizing mechanism. However, to
conduct the stability analyses, one must first compute the steady velocity profiles governing
the laminar flow within the boundary layer. Obtaining the steady slows in the compressible
case is significantly more complicated than in the incompressible case and warrants explicit
consideration. This is the subject of this paper.

Derivation of the laminar flow equations

Consider a cone placed in an otherwise
still compressible fluid, which rotates about its
axis of symmetry with angular velocity, Q%
(where superscript * denotes dimensional quan-
tities). The angle between the cone's surface and
its axis of symmetry is defined as the half-angle,
w. The geometry is shown in fig. 1 and is formu-

a lated using Cartesian co-ordinates (X*, Y* Z¥*)
Figure 1. Geometrical set-up for the rotating with the origin placed at the tip of the cone. This
cone is then transformed to the orthogonal curvilinear

co-ordinates (x* 6, z*) which represent the
streamwise, azimuthal and a surface-normal co-ordinates, respectively. The co-ordinate trans-
formation of the Cartesian system is given by:

X* =x*cosy —z* siny (1)
Y* = (x* siny + z* cosy) sind 3)
Z* = (x*siny + z* cosy) cosd 2)

The scale factors of the orthogonal curvilinear co-ordinates (x*, 6, z*) are given by
h,=h,=1 and hy = x*siny + z*cosy = h* where ry* = x*siny defines the local surface radius
of the cone. This formulation is consistent with the literature on the equivalent but incom-
pressible case [7-12, 21]. The method for the compressible case that follows here is a general-
ization of work by Turkyilmazoglu and Uygun [14] in the particular case of a rotating disk,
where y = 90°. We note the recent work of Garrett ef al. [9, 11], and Hussain ef al. [12, 22],
that suggests that a different formulation is required for slender cones with y < 40°. This has
not yet been fully understood and we have therefore restricted the discussion to half-angles to
broad cones, y > 40°.

The governing equations, consisting of the continuity equation, the Navier-Stokes
equations, a state equation, and the energy equation are applied in a reference frame rotating
with angular velocity Q* about the X*-axis. These are given by:
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where the Coriolis forcing term 2(¥*i* appears due to the rotating frame of reference. Note
that this is in contrast to Garrett's [7] formulation that uses a stationary frame. The vector
u* = (u*, v¥, w¥) denotes the velocity flow field and ™ = (x*, 0, z*) gives the position vec-
tor. The parameters given in eqs. (4)-(7) are defined: p* is the density, p* — the pressure;
A* — the second coefficient of viscosity related to the bulk viscosity, u* — the dynamic viscosi-
ty, M., — the free-stream Mach number, 7* — the temperature, and /# — the enthalpy. The heat
capacity ratio y is the ratio of the heat capacity at constant pressure c, to the heat capacity at
constant volume c¢,. The parameter k* is that associated with the Prandtl number, Pr, where
k*Pr = c,u* The components of the strain tensor e; are given by:

ou*

€=~
ox*

1 (av* 1 ov* v*sint//J

== low e
B _ 1 ow*  oOu*
I ov*  w¥cosy  u*siny
€n = a +
h* 060 h* h*
B _Lfovt 1 ow* v¥cosy
e R IV R
o OV
BT o

The resulting dimensional governing equations are stated by Towers [23]. Equations
(4)-(7) are subject to appropriate boundary conditions on the cone surface and in the far field:

u*=0, v¥=0, w*=g*, T*=T,* on z*¥=0

u*—0, v¥—- x*Q*iny, T*—>T, as z*¥—> o
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where @* is the suction parameter, T, * — the temperature of the cone surface, and subscript o
denotes the free stream value of the variable.

The characteristic length along the cone surface, [*, is used to scale any length quan-
tities and the surface normal co-ordinate is further scaled using the modified boundary-layer
thickness. This leads to non-dimensional spatial variables:

x* = [*x, z* = [*z, z = +/Ren
where Re is the Reynolds number given by:
B PR % sin

Re === 28 (8)
7

The velocity quantities are scaled:
(u*, v¥, w¥) = I*0Q* sin w(u, v, vVRew)

with the pressure given by p* = p*[*Q* sinyp. All other variables are scaled using their free-
stream values. Again, this method is consistent with Turkyilmazoglu and Uygun [14] in the
particular case of = 90° and a* = 0.

To obtain the governing steady axisymmetric mean flow equations we neglect any
dependence on time and the azimuthal co-ordinate, 8, and non-dimensionalise eqs. (4)-(7).
We then expand in terms of R and dismiss terms of O(Re ") due to the assumption of large
Reynolds number. Physically this limits the analysis to high rotation rates and/or large charac-
teristic length scales relative to the boundary-layer thickness. This leads to the reduced system
of non-dimensional equations:

u@_p+W6_p+p 8_u+6_w +a—u=0 ©)]
ox on ox 0n X
2
P ua—”+w6—u—v——2v—x =—a—p+i yﬁ—u (10)
ox on x ox 0n on
plul e W |22, (11)
Ox on x on on
v 197
ctgy | —+2v+x | = — (12)
x on
yMzp = pT (13)
or  or p 0 oY (Y || o, or
plu=—+w=—|=Mi(y -1 u—p+w—p+,u D42 +—k— (14)
ox on Ox on on on on oOn

subject to the boundary conditions:
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Note that the velocity scalings are such that the surface mass flux condition now de-
pends on . We note that the normal component of the flow, w, is of order ORe™"?), our analy-
sis therefore proceeds with a focus on the leading order effects arising from the streamwise and
azimuthal components only. As previously explained, this limits the study to high rotation rates.
Work into the stability of the incompressible boundary-layer flows over rotating cones [7-9] has
shown that the normal component has only a marginal qualitative effect on the stability proper-
ties. This approximation in our analysis, although not entirely physical as the normal component
is of course required for growth of the boundary layer, is therefore reasonable.

Solution of the governing equations

To proceed in reducing the governing equations to a von Karman type similarity so-
lution we make further assumptions. We let the fluid satisfy Chapman's viscosity law, that is
i = CT for some constant C. As a constant, C can be mathematically absorbed into the defini-
tion of 1 without a loss of generality in the analysis that follows; this is equivalent to choosing
C = 1. We remove the density terms from the equations using a Dorotonitsyn-Howarth trans-
formation, shown by Stewartson [24] and given by:

n
y =] pdn (16)
0

The velocity and pressure quantities are then further scaled using:

(u, v, w, p) = XU, V() W (), ('M2) ']
We introduce a stream function satisfying eq. (4) and given by:

U=£=‘P'(y), W=T(2‘P+x‘l"a—yJ
dy Ox
Applying this to eqs. (9)-(14) leads to the generalized set of von Karman equations
for the compressible boundary-layer flow over a rotating cone:

P =W 2P — (V +1)° (17)
V' =20V + DY - 29V (18)
2
a—€+2Pr‘P6—T—xPr‘P'a—T+(;/—1)Prx2Mi(‘P”2+V2)=O (19)
oy Oy Ox

subject to the boundary conditions:

a

Y(0) - =¥'(0) = ¥() =0, V()=V(0)+1=T(0)-1=0 (20)

sin
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where a = —a/2T,, is the modified mass-flux parameter and is considered for —1 < a < 1. Note
that a > 0 represents suction through the cone surface and a < 0 injection. The prime indicates
a spatial derivative with respect to y.

It is seen that compressibility leads to a system defined by the standard von Karman
eqs. (17) and (18), and the energy equation (19) where the effects of compressibility are con-
fined. To proceed further we follow [25] and rewrite this partial differential equation as two
ODE via the temperature relation:

T =1- LM ) + (T, - a0 @1)

where f'is a viscous dissipation quantity, ¢ — the heat conduction term and M, — the local
Mach number defined by M, = x sin wM,,. Equation (19) is then expressed:

f"H2Pr¥f —2Pr W = 2 Pr(¥" + V') (22)

q"+2Pr¥q' =0 (23)

The free flow uniform temperature from condition (20), along with the heat transfer
at the wall, leads to the boundary conditions:

F0)=f(0)=¢(0)-1=¢(0)=0 24)

We note that the governing eqs. (17)-(24) are identical to those presented by Turky-
ilmazoglu and Oygun [14] for the rotating-disk flow, dependence on cone half-angle has been
removed by a careful choice of scalings. Furthermore, the effects of surface mass flux appear
in the surface boundary conditions only.

Results and discussion

Zero mass flux

We begin by considering the simple case of zero surface mass flux and set a = 0.
An implicit fourth-order Runge-Kutta integration method is used to numerically solve egs.
(17) and (18) subject to:

P(0) = P'(0) =P(0)=0, H(0)= W)+ 1=T(cc)—1=0

Figure 2 shows the solution for the stream

12 function and the streamwise and negative azimuthal
1.0 e ns components of the steady laminar flow velocity
08 within the boundary layer. Of course, these are
06 ) identical to those resulting from studies of the in-

S v compressible flow over the rotating disk as the ef-
04r - - T fects of both compressibility and half-angle have
02|~ been removed by the Dorotonitsyn-Howarth trans-
0.0 M formation (16) and appropriate scalings. We will re-
20 cover the physical effects of compressibility and

0 1 2 3 4 5 6 7 8 9 10 half-angle in the chapter Physical interpretation.
y Using the numerical solutions for ¥(y), ¥'(y),
Figure 2. Distribution of ¥, U, and -V and V(y) shown in fig. 2, we proceed to solve ODE
across the boundary layer (22) and (23) subject to the boundary conditions
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(20) and (24) to obtain the temperature profiles. For illustration, we assume the compressible
fluid to be air and set Pr = 0.7 and y = 1.4. Figure 3 shows the temperature distributions for
two cases of constant local Mach number at various wall temperature, agreement with Turky-
ilmazoglu et al. [13] is found for M, = 1.

2.0 : : : : . . . .
T8l Me=1 | T2.5 M, =2
1.6 1 2.0
1.4}
1.2 1 15}
1.0t
0.8 ] 1.0}
061
0.4 1 0.5
02}

0.0 L L . L 0.0 . . . .
0 2 4 6 8 10 0 2 4 6 8 10

(a) y
25
-

2.0t

1.5}

1.0},

0.5

0.0 . . . . X . A . .
0 2 4 6 8 10 0 2 4 6 8 10
(c) y (d) y

Figure 3. Temperature distribution across the boundary layer for M, =1, 2, 4, and 8 and various wall
temperatures; the wall temperature increases vertically from 0 to 2 in increments of 0.4

The effect of the quadratic local Mach number in eq. (21) is clear. For M, = 1 the
temperature distributions all tend to unity (the scaled free-stream temperature) with no turning
point. For larger M, and sufficient 7,, we find that the temperature profiles grow to a maxi-
mum before tending to the scaled free-stream value. Figure 4 shows the temperature distribu-
tions for several cases of constant wall temperature at various local Mach number. Again, the
local Mach number is seen to be the dominant parameter and a substantial difference in the
temperature at locations near to the wall can be seen at different M, for each fixed T,,.

Non-zero mass flux

Figure 5 shows the steady-flow profiles resulting from a uniform suction along the
surface of the cone for various values of the half-angle w and suction parameter a, the wall
temperature is fixed at 7, = 0.5. The y-dependence arises through the normal velocity bound-
ary condition (20) and is necessary to ensure that a particular value of the suction parameter a
represents the same physical surface mass flux across all y. Whilst the half angle is shown to
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have an effect on the stream function, the velocity components U and V are relatively insensi-
tive to this change. Suction is seen to narrow the boundary layer in this scaled normal
co-ordinate, as would be expected, and also reduces the magnitude of crossflow velocity.
Both of these are expected to have a stabilizing effect on the physical flows.

45 : : : - 5.0 : : : :
T T

40} 45

35} 4.0

3.0f 35

25} 3.0

2.0 25}

15 2.0

1.0 1.5

: : : : 1.0
0 2 4 6 8 10 0 2 4 6 8 10

@ y ® y

Figure 4. Temperature distribution across the boundary layer for 7,, = 0.5 and 1.5 and various Mach
numbers; the Mach number increases vertically from 0 to 10 in increments of 2
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Figure 5. Varying suction parameter, increasing vertically from 4 =-1 to 4 =—0.2 in increments of 0.2,
for several cone half angles, where ¥ (—-), U(—), and V (-***)
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Physical interpretation

To recover the physical spatial quantity, z, we invert transformation (16) used to
eliminate the density terms and substitute eq. (21). By defining Re = sin yReg, where Reg is
the Reynolds number in the disk case and is used as a normalising factor, we obtain:

2= —2 yfy_leffdyHT —I)quy
J(siny) 2 7y RS

This reintroduces several physical parameters that were previously scaled out, name-
ly wall temperature, cone half-angle and local Mach number, and facilitates a study of the
physical effects of compressibility.

Figure 6 shows the effect of local Mach number and surface suction on the laminar
flow profiles for 7,, = 1. Similarly, fig. 7 shows the change brought by a change in the wall
temperature and surface suction for M, = 1. Compressibility is seen to have a stretching effect
on the flow profiles due to the quadratic local Mach number term, with the wall temperature
controlling the magnitude of the heat conduction integral term. An increase in either local Mach

number or wall temperature are seen to broaden the boundary layer, and suction narrows it.
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Figure 6. Physical laminar flow profiles U (—), V (--**) for ¢ = 40°-90°, T,, =1 with: (a) a= 0, M, = 0.5,
(b)a=0,M,=8,(c)a=-0.5,M,=0.5, and (d) a=-0.5, M, =8
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Figure 7. Physical laminar flow profiles U (—), V (---+) for w = 40°-90°, M, = 1 with: (8 a=0, T,, = 0.5,
(bya=0,T,=3,(c)a=-05,T,=05and (d)@a=-05T,=3

For illustration, all results have been presented for air, thereby fixing Pr = 0.7 and
y = 1.4. Most gases have values of Pr ~0.16-0.8 and y = 1-1.7, and changes in these parame-
ters would cause little change in our results.

Conclusions

We have established the generalized von Karman equations for the compressible
boundary-layer flow over a rotating cone subject to surface mass flux under the assumption of
large Reynolds number. The resulting ODE have been solved numerically to generate scaled
streamwise and azimuthal components of the steady velocity flow field via a stream function.
The choice of scalings has enabled the cone half-angle to be factored out and we obtain ex-
pressions identical to those for the compressible flow over a rotating disk.

The resulting flow profiles have been recast in terms of the physical spatial normal
co-ordinate to consider the physical effects of the local Mach number and wall temperature.
An increase in either parameter is shown to broaden the boundary layer and both are therefore
expected to be destabilizing influences. Increased suction is shown to narrow the boundary
layer and reduce the magnitude of crossflow velocity for all combinations of flow parameters.
Surface suction is therefore expected to be a stabilizing influence, consistent with previous
studies of related rotating flows in the literature.
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Nomenclature

Many variables appear in both their dimensional and non-dimensional forms. A di-
mensional quantity is indicated with an asterisk.

a* — suction parameter, [ms™'] T* — temperature, [K]

a — transformed suction parameter, [—] T,* T,* - temperature boundary conditions, [K]
e; — strain tensor components, [—] u* — velocity vector [= (u*, v¥, w¥)], [ms™']
f — dissipative quantity, [—] U, V, W — transformed velocity vector, []

h — enthalpy, [J] y — transformed normal co-ordinate, [-]
h*, h*, h*. — scale factors, [m]

k g thermal conductivity, [Wm'K™'] Greek symbols

I* — characteristic length scale, [m] y —ratio of heat capacities [= c,/c,], [-]

M, — free-stream Mach number, [—] n —non-dimensional normal distance, [—]

M, — local Mach number, [—] A* —second coefficient of viscosity, [Pa-s]

Pr — Prandtl number, [] 1* — dynamic viscosity, [Pa-s]
p* — pressure, [Pa] p* — fluid density, [kgm ]

q — heat conduction term, [—] Y — stream function, [—]

* — position vector [= (x”, 6, z)], [m] w — cone half-angle, [°]

ro* — local surface radius, [m] Q" — angular velocity, [s™']

Re — Reynolds number

[= (p**¥°Q*siny)/u*], []
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