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In this paper, a new approach is used for numerical analysis of the sole effects of 
nanoparticles volume fraction of Cu-water nanofluid on laminar mixed and natu-
ral convection heat transfer in a 2-D cavity. Horizontal walls are insulated and 
fixed, and vertical walls are maintained at constant temperature. Vertical walls 
are considered for both fixed and moving conditions. Some researchers have stud-
ied flow and heat transfer of nanofluid in a lid-driven cavity, keeping fixed both 
Richardson and Grashof numbers. They found that by the increase of nanoparti-
cles volume fraction, Nusselt number increases, then from this result they con-
cluded the total heat transfer increases from the walls. It is shown that total heat 
transfer obtained from the Nusselt number by the mentioned approach results 
from not only the nanoparticles volume fraction increase but also temperature dif-
ference and walls velocity increases. Thus, this approach is not appropriate to 
study the sole effects of nanoparticles volume fractions on the mixed convection 
heat transfer. Using the new approach, it is shown that in order to have specific 
heat transfer rate from the walls, base fluid (water) needs less power for moving 
the wall than Cu-nanofluid. Therefore, the usage of Cu-water nanofluid is not rec-
ommended to increase mixed convection heat transfer in a lid-driven cavity. 
Moreover, using this new approach, it is shown that the increase of nanoparticles 
volume fraction reduces natural convection heat transfer, which is contradictory 
to the previous studies. Thus, its usage is not recommended for this case as well. 
Key words: new approach, nanofluid, convection, power, lid-driven cavity 

Introduction 

Analysis of flow and heat transfer in a cavity is one of the problems which have 
been widely studied. In recent years, heat transfer in cavities with moving walls has found 
great importance in the applications such as electronic equipment’s cooling, solar collectors, 
metal casting, food processing and furnaces. Also, most of the recent studies show significant 
increase in the heat transfer of a nanofluid flow compared to the base fluid flow. In previous 
studies, many researchers have concluded that the usage of a nanofluid in a cavity increases 
heat transfer. Some researchers have studied nanofluid flow and natural convection heat trans-
fer in a cavity with fixed walls [1-10]. Among them, Khanafer et al. [1] used different models 
for thermophysical properties of Cu-water nanofluid and showed that Nusselt number is in-
creased with the increase of nanoparticles volume fraction. Then, from the increase of Nusselt 
–––––––––––––– 
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number, they concluded that natural convection heat transfer also increases. Oztop and Abu-
Nada [2] studied natural convection heat transfer in a cavity using Cu, Al2O3, and TiO2 nano-
particles. They showed that the increase of nanoparticles volume fraction increases Nusselt 
number and from that they also concluded the increase of natural convection heat transfer.  

Some researchers have also studied nanofluid mixed convection heat transfer in a 
cavity with moving walls [11-19]. Among them, Tiwari and Kumar Das [15] studied the ef-
fects of nanoparticles volume fraction and Richardson number for three different moving 
conditions of the walls and showed that with the increase of nanoparticles volume fraction av-
erage Nusselt number of moving walls increases, and from this result they concluded that heat 
transfer from the walls increases. Talebi et al. [16], studied nanofluid mixed convection heat 
transfer by using of Cu-nanoparticles in a cavity with moving wall, and found that in constant 
Reynolds and Rayleigh numbers Nusselt number increases with nanoparticles volume fraction 
and then they concluded the increase of heat transfer. Muthtamilselvan et al. [17] studied Cu-
water nanofluid mixed convection heat transfer in a cavity with moving wall. They also found 
that average Nusselt number increases with the increase of nanoparticles volume fraction, and 
from this result they concluded that heat transfer increases. 

According to the review, researchers found that the increase of nanoparticles volume 
fraction increases Nusselt number, and from Nusselt number increase they directly concluded 
the increase of mixed convection heat transfer. In this study, first it is shown that this ap-
proach is not appropriate for this conclusion. Then, using the proposed new approach based 
on dimensional case studies, the sole effects of nanoparticles volume fractions on Cu-water 
natural and mixed convection heat transfer of Cu-water nanofluid in a square cavity is inves-
tigated numerically.  

Problem statement 

Geometry and boundary conditions of the cavity is chosen as the one studied in [15]. 
In this cavity, horizontal walls are adiabatic, and vertical walls are moving in opposite direc-
tions with velocity, Vp. The cold wall temperature is Tc, hot wall temperature is Th, aspect ra-
tio is AR = 1, and gravitational acceleration g is downward. Boussinesq approximation is used 
to calculate buoyancy forces. Cavity is filled with Cu-water nanofluid, assumed as Newtonian 
and incompressible. 

Nanofluid physical properties 

The following equations are used to calculate nanofluid physical properties. 
Nanofluid density is calculated from the equation [20]: 

nf f s(1 )ρ f ρ fρ= − +  (1) 

and nanofluid specific heat capacity, cp, and expansion coefficient, β, are calculated from the 
relations [20]: 

nf f s( ) (1 )( ) ( )p p pc c cρ f ρ f ρ= − +  (2) 

nf f s( ) (1 )( ) ( )ρβ f ρβ f ρβ= − + (3) 

In previous equations, f is the nanoparticle volume fraction, and subscripts s, f, and 
nf denote nanoparticles, base fluid, and nanofluid, respectively. Brinkman model [21] is used 
to calculate dynamic viscosity of nanofluids and stated: 
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nf 2.5(1 )

µ
µ

f
=

−
 (4) 

where µ is the dynamic viscosity. Also Maxwell model [22] is used to calculate the conduc-
tivity of nanofluids and stated: 

 s f f snf

f s f f s

2 2 ( )
2 ( )

κ κ f κ κκ
κ κ κ f κ κ

+ − −
=

+ + −
 (5) 

where κ denotes thermal conductivity. 

Governing equations  

To non-dimensionalize the governing equations and boundary conditions, dimen-
sionless variables are defined: 

 * h* * * * * *
2

h c
, , , , , , p

p p p

tVT Tu v y x pu v y x T p t
V V L L T T LVρ

−
= = = = = = =

−
 (6) 

where L is the characteristic length, Vp – the characteristic velocity, t0 – the characteristic 
time, and ∆T = Th – Tc – the characteristic temperature. Superscript (*) denotes dimensionless 
variables. After substituting the dimensionless variables into the governing equations and 
boundary conditions, these equations in dimensionless forms are obtained: 
– continuity equation 

 
* *

* *
0u v

x y
∂ ∂

+ =
∂ ∂

 (7) 

– momentum equation along x-direction 

 
2 2 2* * * * * * *

2 2* * * * * *

( ) ( ) 1
Re

u u u v p u u
t x y x x y

 ∂ ∂ ∂ ∂ ∂ ∂
+ + = − + +  ∂ ∂ ∂ ∂ ∂ ∂ 

 (8) 

– momentum equation along y-direction 

 
2 2 2* * * * * * * *

2 2 2* * * * * *

( ) ( ) 1 Gr
Re Re

v u v v p v v T
t x y y x y

 ∂ ∂ ∂ ∂ ∂ ∂
+ + = − + + +  ∂ ∂ ∂ ∂ ∂ ∂ 

 (9) 

– energy equation 

 
* * * 2 * 2 ** *

2 2* * * * *

( ) ( ) 1
Pr Re

T u T v T T T
t x y x y

 ∂ ∂ ∂ ∂ ∂
+ + = +  ∂ ∂ ∂ ∂ ∂ 

 (10) 

In the energy equation, viscous dissipation term has been neglected. In the previous 
equations dimensionless numbers Grashof, Reynolds, and Prandtl number are defined: 

 
3

nf h c nf
2

nf nfnf

( )
Gr , Re , PrpV Lg L T Tβ υ

υ αυ
−

= = =  (11) 

Boundary conditions 

Boundary conditions on the left wall: 
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** * * *0, 1, 0 at 0, 0 1u v T x y= = − = = ≤ ≤  (12) 
Boundary conditions on the right wall: 

** * * *0, 1, 1 at 1, 0 1u v T x y= = = = ≤ ≤  (13) 

Boundary conditions on the top and bottom walls: 
*

* * * * *
*

0, 0, 0 at 0 or 1, 0 1Tu v y y x
y

∂
= = = = = ≤ ≤

∂
 (14) 

From these dimensionless equations and boundary conditions it is seen that Reyn-
olds, Grashof, and Prandtl number are three effective non-dimensional numbers. 

Numerical method 

Finite volume approach is used to discretize the governing mass, momentum, and 
energy equations, and SIMPLER algorithm is used for velocity and pressure coupling. Sec-
ond-order central difference scheme is used to discretize diffusion terms and upwind scheme 
is employed to discretize the convective terms. 

Four types of girds 20 × 20, 40 × 40, 60 × 60, and 80 × 80 has been examined. The 
variation of dimensionless temperature vs. x* at y∗ = 0.5 and the dimensionless horizontal ve-
locity at x∗ = 0.5 vs. y* for the case Gr = 104, Ri = 1, and f = 0 are plotted (not shown here for 
brevity) for these grids. It is seen that a good agreement exists between the results of grids 
60 × 60 and 80 × 80. The maximum relative error for the dimensionless temperature and for 
the dimensionless horizontal velocity between the two grids is 0.054% and 0.049%, respec-
tively. Thus, the grid 60 × 60 is appropriate for further studies. 

Validation 

As shown in figs. 1 and 2, the variations of Nusselt number vs. y* and the variations 
of u* vs. y* for the case Gr = 104, Ri = 0.1, L/H = 1, f = 0 (for fig. 2). The f = 8% (for fig. 3) 
obtained from the present work are compared with those of Tiwari and Kumar Das [15]. It is 
seen that good agreement exists between these two results, with maximum difference less 
than 1.5% and 1.8% for Nusselt number and u*, respectively. 

Results 

In this section, the proposed new approach which is based on dimensional case studies 
is used to study the sole effects of the noanoparticles volume fractions and wall velocity on the 
mixed convection heat transfer and required power in a lid-driven cavity filled with Cu-water 
nanofluid. For this goal, a cavity of length L = 10 mm and height H = 10 mm is considered. 

Knowing the length of the assumed cavity, L = 10 mm and properties of nanofluids, 
using eqs. (1)-(5), the velocity, Vp, and temperature difference, ∆Τ = Th – Tc are calculated at 
Gr = 104 and Ri = 0.1, 1, and 10, and at f = 0.0, 2, and 4%, from the following relations:  

3 2
nf h c nf

h c2 3
nf nf

g ( ) GrGr
g

L T T T T
L

β υ
υ β

−
= ⇒ − =

 (16) 

nf
2

ReGr GrRi Re
RiRe pV

L
υ

= ⇒ = ⇒ = (17) 

The results are shown in tab. 1. 
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Figure 1. Comparison of variations of Nusselt 
number vs. y* of the cold wall obtained from the 
present work with results in [15] at Gr = 104, 
Ri = 0.1, AR = 1, and f = 0 

 
Figure 2. Comparison of variations of u* vs. y* at 
x* = 0.5 obtained from the present work with 
results in [15] at Gr = 104, Ri = 0.1, AR = 1,  
and f = 8% 

Table 1. Temperature difference and wall velocity at f = 0.0, 2, 4%, Gr = 104, Ri = (0.1, 1, 10), and 
L = 10 mm, and H = 10 mm

 

It is observed that at constant Grashof and 
Richardson numbers, with the increase of nano-
particles volume fraction, temperature difference, 
and wall velocity increase. Because, by using 
eqs. (1)-(4), the ratio of 2

nf nf/n β increases with 
the increase of nanoparticles volume fraction, 
thus leading to the increase of temperature dif-
ference according to the eq. (16) at fixed Grashof 
number. Also, at fixed Grashof and Richardson 
numbers, Reynolds number remains fixed. As 
nanoparticles volume fraction increases, nnf in-
creases according to eqs. (1) and (4); thus, from 
eq. (17) it leads to the increase of lid velocity, vp, 
at fixed Reynolds number.  

In fig. 3, the variations of average Nusselt number, Nu,  of the cold wall vs. f at  
Gr = 104 and at three Richardson numbers: Ri = 0.1, 1, and 10 [15] are shown. 

Because for each case study, ∆Τ = Th – Tc is constant, the following relations can be 
obtained to calculate total wall heat transfer, Q, as a function of Nu, κf and ∆Τ = Th – Tc: 

 nf
nf

f h c f h c
Nu , , Nu

( )
h H Q QHh

T T T Tκ κ
= = =

− −
 (18) 

Ri = 10, Gr = 104 Ri = 1, Gr = 104 Ri = 0.1, Gr = 104 
f 

 ∆T [K] Vp [ms–1]   ∆T [K] Vp [ms–1]   ∆T [K] Vp [ms–1]  

 3.893  0.00283  3.893  0.00896 3.893 0.02832  0% 

 4.824  0.00292  4.824  0.00923 4.824  0.02919  2% 

 6.638  0.00319  6.638   0.01011 6.638   0.03197  4% 

 
Figure 3. Variations of average Nusselt 
number, ,Nu  of the cold wall  vs. f at  
Gr = 104 and at three Ri = 0.1, 1, and 10 [15] 
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Thus, total heat transfer from vertical walls is calculated: 

 f h cNu ( )Q T Tκ= −  (19) 

For each case of tab. 1, Nu  from fig. 3 and ∆Τ = Th – Tc from this table are substi-
tuted into eq. (19) to calculate total vertical wall heat transfer. The results are presented in  
tab. 2 for each case. 

Table 2. Value of Q for φ = 0.0, 2, and 4% at Gr = 104, Ri = (0.1, 1, and 10), L = 10 mm,  
and H = 10 mm 

It is observed that at constant Richardson and Grashof numbers, with increase of na-
noparticles volume fraction, total heat flux from the wall increases significantly. Maximum 
heat transfer increases for, Ri = 0.1, 1, and 10 are 86.7, 87.58, and 87.59%, respectively. 
Moreover, in these cases temperature difference, ∆T, and velocity of the walls, Vp, are in-
creased with the increase of nanoparticles volume fraction. This means that the increase of to-
tal wall heat transfer results from not only the increase of nanoparticles volume fractions but 
also the increase of temperature difference and wall velocity, which in turn increase heat 
transfer. Therefore, keeping fixed Grashof and Richardson numbers is not an appropriate ap-
proach to study the sole effects of nanoparticles volume fractions on the total heat transfer. 

Using the proposed new approach, the sole effects of nanoparticles volume fraction 
on total mixed convection heat transfer from the cavity are investigated. To achieve this goal, 
temperature difference and the wall velocity are kept fixed at three different nanoparticles 
volume fractions (φ = 0.0, 2, and 4%) for the cavity dimensions previously studied, L = 10 
mm, H = 10 mm, then, total wall heat fluxes are calculated. The results of Qs and the corre-
sponding Richardson number at three different wall velocities are presented in tab. 3. Rich-
ardson numbers for the cases Vp = 0.025, 0.0079, and 0.0029 m/s are about 0.1, 1, and 10, re-
spectively. Maximum total heat transfer increase for these cases is 4.93, 4.42, and 2.98% re-
spectively, which is much different from the previous study [15]. The reason of this difference 
was discussed previously. 

Table 3. Variations of Q and Ri vs. φ  = 0.0, 2, and 4% at ∆T = 4 K, Vp = 0.025, 0.0079,  
and 0.0029 m/s, L = 10 mm, and H = 10 mm 

Isotherms and streamlines for those cases of tab. 3 are also drawn (not shown here for 
brevity), and for the case of Vp = 0.025 at φ = 4% shown in fig. 4. Results show small differ-

φ 
Gr = 104, Ri = 0.1 Gr = 104, Ri = 1 Gr = 104, Ri = 10 

Q [W] Vp [ms–1] ∆T [K] Q [W] Vp [ms–1] ∆T [K] Q [W] Vp [ms–1] ∆T [K] 
0% 75.372 0.02832 3.893 41.786 0.00896 3.893 23.186 0.00896 3.893 
2% 97.283 0.02919 4.824 53.915 0.00923 4.824 29.916 0.00923 4.824 
4% 140.801 0.03197 6.638 79.727 0.01011 6.638 44.238 0.01011 6.638 

φ 
∆T = 4 K, Vp = 0.025 m/s ∆T = 4 K, Vp = 0.0079 m/s ∆ T = 4 K, Vp = 0.0029 m/s 

Q [W] Ri Q [W] Ri Q [W] Ri 

0% 72.699 0.132 40.283 1.32 23.844 9.798 

2% 74.569 0.113 41.216 1.13 24.252 8.398 

4% 76.475 0.1 42.148 1 24.577 7.325 
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ence, while the results of the previous 
study [15] show large difference. The rea-
son is that in [15], isotherms and stream-
lines are drawn at fixed Richardson and 
Grashof numbers, and as mentioned pre-
viously, temperature difference and wall 
velocity increase with nanoparticles vol-
ume fraction variations. So the variations 
in isotherms and streamlines result from 
not only the increase of nanoparticles vol-
ume fractions but also the increase of tem-
perature difference and wall velocity.  

As shown in this study, at constant wall temperatures and wall velocities, a slight in-
crease in heat transfer occurs because of the increase of nanoparticles volume fraction. Now 
required power, P, for moving the wall is investigated, which is defined: 

 w
0

, d
H

pP FV F yτ= = ∫  (20) 

where τw is the wall shear stress and F is the vertical wall shear force. Keeping constant the 
temperature difference of the cavity, the effects of the wall velocity on the total heat flux of 
the cavity and required power for moving the wall are shown in figs. 5 and 6 at three different 
volume fractions of nanoparticles (f = 0.0, 2, and 4%). It is observed that total wall heat flux 
and required power increase with the increase of nanoparticles volume fraction. 

  
Figure 5. Variations of total wall heat flux vs. 
wall velocity, at different volume fractions of 
nanoparticles for the case ∆T = 4 K, L = 10 mm, 
and H = 10 mm, (0.1 < Ri <10) 

Figure 6. Variations of required power vs. wall 
velocity, at different volume fractions of 
nanoparticles for the case ∆T = 4 K, L = 10 mm, 
and H = 10 mm, (0.1 < Ri <10) 

Combining the results of these two figures, the variation of total wall heat flux vs. 
required power are shown in fig. 7. 

It is observed that for a target total wall heat flux, a nanofluid with larger volume 
fraction of nanoparticles needs more power, meaning that the usage of the nanofluid to in-
crease heat transfer is not helpful compared to the base fluid. For example, to have Q = 130 W 

 
Figure 4. Isotherms and streamlines for the case 
f = 4%,  ∆T = 4 K, Vp = 0.025 m/s, L = 10 mm, and 
H = 10 mm 
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heat flux from the wall, water (f = 0) needs 
about 33% less required power than the 
nanofluid. This rate of heat transfer is obtained 
at Vp = 0.08 m/s for water and at Vp = 0.09 m/s 
for nanofluid.  

To study natural convection heat transfer 
of Cu-water nanofluid, the cavity studied by 
Khanafer et al. [1], is considered here and criti-
cally reviewed. This cavity has length L and 
height H. Hot and cold vertical walls are kept at 
constant temperatures Th and Tc, and top and 
bottom walls are insulated. Following the ap-
proach of Khanafer et al. [1], the effects of vol-
ume fraction of nanoparticles are critically stud-
ied at a fixed Grashof number. For this goal, at 
Gr = (104, 2·104, and 4·104) the temperature dif-

ferences between the two vertical walls, ∆T, at f = 0.0, 2, and 4%, are calculated. After calculat-
ing Nu  and having known vertical walls temperature difference, total wall heat flux is calculat-
ed using eq. (22) and the results are presented in tab. 4 for the mentioned Grashof numbers. 

Table 4. Nu and Q at f = 0.0, 2, and 4% for the case: Gr = (104, 2·104, 4·104), L = 10 mm, and H = 10 mm 

It is observed that at constant Grashof number, with the increase of nanoparticles 
volume fraction, total heat flux from the wall increases significantly. Maximum heat transfer 
increases for the cases Gr = (104, 2·104, and 4·104 ) are 87.54, 87.53, and 87.53%, respective-
ly. Moreover, in these cases temperature difference, ∆T, increases with the increase of nano-
particles volume fraction. This means that the increase of total wall heat transfer results from 
not only the increase of nanoparticles volume fractions but also the increase of temperature 
difference, which in turn increases heat transfer. Therefore, keeping fixed Grashof number is 
not an appropriate approach to study the sole effects of nanoparticles volume fractions on the 
total heat transfer. 

Using the proposed new approach, the sole effects of nanoparticles volume fraction 
on the total natural convection heat transfer from the cavity are investigated. To achieve this 
goal, temperature difference is kept fixed at three different nanoparticles volume fractions 
(f = 0.0, 2, and 4%) for the cavity dimensions previously studied, L = 10 mm, H = 10 mm, 
then, total wall heat fluxes are calculated. The results of Q and the corresponding Grashof 
number are presented in tab. 5. It is observed that, keeping constant the temperature differ-
ence, total heat transfer rate reduces with the increase of volume fraction of nanoparticles. 
The maximum decrease of heat transfer rate for the cases ∆T = (20, 10, and 5 K) is 4.49, 4.84, 
and 5.17%, respectively. This shows that using nanofluid to increase natural convection heat 
transfer in the cavity is not helpful.  

Figure 7. Variations of total wall heat flux vs. 
required power, at different volume fractions 
of nanoparticles for the case ∆T = 4 K, L = 10 
mm, and H = 10 mm 

f 
Gr = 104 Gr = 2·104 Gr = 4·104 

Nu Q [W] ∆T [K] Nu Q [W] ∆T [K] Nu Q [W] ∆T [K] 

0% 4.0741 9.5176 3.893 5.036 23.529  7.786 6.191 57.851  15.572 

2% 4.2767 12.378 4.824 5.286 30.602  9.648 6.501 75.271  19.296 

4% 4.5556 18.144 6.638 5.630 44.847  13.276 6.921 110.26  26.552 
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Table 5. Variations of Q and Gr at φ = 0.0, 2, and 4% for the cases: ∆T = (20, 10, and 5 K),  
Tc = 300 K, Th = 320 K, L = 10 mm, and H = 10 mm 

Conclusions 

A new approach was used for numerical analysis of the sole effects of nanoparticles 
volume fraction of Cu-water nanofluid on laminar mixed and natural convection heat transfer 
in a 2-D cavity by employing homogenous mixture model. It was shown that the total heat 
transfer obtained from the Nusselt number while keeping fixed Richardson and Grashof num-
bers, as used in previous studies, is not appropriate approach to study the sole effects of vol-
ume fractions of nanoparticles on heat transfer rate. Because, in this approach the increase of 
heat transfer results from not only the increase of nanoparticles volume fraction increase but 
also the increase of temperature difference and walls velocity. Using the new approach, it was 
shown that in order to have specific heat transfer rate from the walls, base fluid (water) needs 
less power than Cu-nanofluid for moving the wall. Therefore, the usage of Cu-water nanofluid 
is not recommended to increase mixed convection heat transfer in a lid-driven cavity.  

Moreover, it was shown that the total heat transfer obtained from the Nusselt num-
ber while keeping fixed Grashof numbers, as used in previous researches, is not appropriate 
approach to study the sole effects of volume fractions of nanoparticles on natural convection 
heat transfer rate in a cavity. Because, in this approach the increase of heat transfer results 
from not only the increase of nanoparticles volume fraction but also the increase of tempera-
ture difference. Then, using the new approach, it was shown that the increase of nanoparticles 
volume fraction reduces natural convection heat transfer rate, thus, its usage is not recom-
mended for this case as well.  

Nomenclature 

AR – aspect ratio  
cp – heat capacity, [Jkg–1k–1] 
g  – acceleration of gravity, [ms–2]  
H – height, [mm] 
h  – heat transfer coefficient, [Wm–2k–1] 
L – length, [mm] 
P – power, [W] 
p – pressure, [Nm–2] 

Greek symbols 

α – heat penetration, [m2s–1] 
β – volumetric expansion coefficient, [k–1] 
κ – thermal conductivity, [Wm–1k–1] 

µ – dynamic viscosity, [Nsm–2] 
υ – kinematic viscosity, [m2s–1] 
ρ – density, [kgm–3] 
τ – shear stress, [Nm–2] 
φ – volume fraction of nanoparticles 

Subscripts 

c – cold 
f – base fluid 
h – hot 
nf – nanofluid 
s – nanoparticles 
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