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Numerical analysis is carried out on an unsteady MHD natural convective bound-
ary layer flow of a nanofluid past an isothermal vertical plate in the presence of
thermal radiation. The governing partial differential equations are solved numeri-
cally by an efficient, iterative, tri-diagonal, semi-implicit finite-difference method.
In particular, the effects of radiation, magnetic field and nanoparticle volume frac-
tion on the flow and heat transfer characteristics are investigated. The nanofluids
containing nanoparticles of aluminum oxide, copper, titanium oxide, and silver
with nanoparticle volume fraction range less than or equal to 0.04 are considered.
The numerical results indicate that in the presence of radiation and magnetic field,
an increase in the nanoparticle volume fraction will decrease the velocity boundary
layer thickness while increasing the thickness of the thermal boundary layer. Mean-
while, an increase in the magnetic field or nanoparticle volume fraction decreases
the average skin-friction at the plate. Excellent validation of the present results has
been achieved with the published results in the literature in the absence of the
nano-particle volume fraction.

Keywords: MHD, natural convection, nanofluid, semi-infinite vertical plate,
thermal radiation

Introduction

The study of magnetohydrodynamic (MHD) flow and heat transfer has received con-

siderable attention in recent years due to its wide variety of applications in engineering and tech-

nology such as MHD generators, plasma studies, nuclear reactors and geothermal energy extrac-

tions. The presence of an external magnetic field is used as a control mechanism in material

manufacturing industry, as the convection currents are suppressed by Lorentz force which is

produced by the magnetic field. Radiation heat transfer is also essential in many engineering ar-

eas as the design of pertinent equipment involves processes occurring at high temperatures. Nu-

clear power plants, gas turbines and various propulsion devices for aircraft, missiles, satellites,

and space vehicles are examples of such engineering areas.

The natural convection heat transfer is a vital phenomenon in the cooling mechanism

of various engineering systems due to its minimum cost, low noise, smaller size and reliability.

Ostrach [1] reviewed various industrial and engineering applications of natural convection such
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as thermal insulators for buildings, the electronics industry, solar collectors, and cooling sys-

tems for nuclear reactors. The study of MHD free convection through a viscous fluid past a

semi-infinite vertical plate is considered very essential to understand the behavior of the perfor-

mance of fluid motion in several applications. The problem of natural convection in a regular

fluid past a vertical plate is a classical problem first studied theoretically by Pohlhausen [1]. The

similarity solution to this problem was given by Ostrach [2]. Siegel [3] was the first to study the

transient free-convective flow past a semi-infinite vertical plate by integral method. Gebhart [4]

have studied this problem by an approximate method. Hellums and Churchill [5] employed an

explicit finite difference technique, which is conditionally stable and convergent. Takhar et al.

[6] have considered transient free convection past a semi-infinite vertical plate with variable

surface temperature. Soundalgekar and Ganesan [7] have studied transient free convection for

the isothermal plate by an implicit finite difference method which is unconditionally stable and

convergent.

Convective flows with radiation are also encountered in many industrial processes

such as heating and cooling of chambers, energy processes, evaporation from large reservoirs,

solar power technology and space vehicle reentry. Thermal radiation effects of an optical thin

gray gas bounded by a stationary vertical plate are investigated by England and Emery [8].

Soundalgekar and Takhar [9] have studied the radiation free convective flow of an optically thin

gray gas past a semi-infinite vertical plate. Hossain and Takhar [10] have considered the radia-

tion effects on mixed convection along an isothermal vertical plate. Das et al. [11] analyzed ra-

diation effects on flow past an impulsively started infinite vertical plate.

Fluid cooling and heating plays an important role in many industries and engineering

applications particularly in nuclear reactors, thin film solar energy collectors, manufacturing,

power generation and transportation. In these applications use of common heat transfer fluids

such as water, ethylene glycol and engine oil limits the heat transfer capabilities due to their poor

heat transfer properties. The low thermal conductivity of the conventional heat transfer fluids is

a primary limitation in enhancing the performance and the compactness of many engineering

electronic devices. Nanofluid is the nanotechnology based heat transfer fluid that can be derived

by stably suspending nanometer-sized particles in conventional heat transfer fluids. Nanofluid

is the term first coined by Choi [12] to describe this new class of nanotechnology based fluids

that exhibit thermal properties superior to those of their host fluids. Nanofluids were found to be

devoid of problems such as sedimentation, erosion and high pressure drop due to the small size

of the particles and small volume fraction of particles needed to heat transfer enhancement as

compared with micro particle slurries. The nanoparticles used in nanofluids are made of metals

(Al, Cu), carbides, metal oxides, nitrides or non-metals (graphite, carbon nanotubes) and the

base fluid is usually liquid such as water or ethylene glycol.

A comprehensive survey of convective transport in nanofluids was made by

Buongiorno [13] who had considered seven slip mechanisms that can produce relative velocity

between the nanoparticles and the base fluid. He showed that Brownian diffusion and

thermophoresis are important mechanisms in laminar flow. Kuznetsov and Nield [14] investi-

gated the natural convective boundary layer flow of a nanofluid past an infinite vertical plate by

considering thermophoresis and Brownian motion of nanoparticles. Nield and Kuznetsov [15]

also have studied Cheng-Minkowycz problem for natural convection boundary layer flow in a

porous medium saturated by nanofluids. Khan and Pop [16] reported the boundary layer flow of

nanofluid past a stretching sheet. The mixed convection MHD flow of a nanofluid over a

stretching sheet with the effects of viscous dissipation and variable magnetic field is analyzed

by Habibimatin et al. [17]. Hamad et al. [18] investigated the magnetic field effects on the free
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convection flow of a nanofluid past a semi-infinite vertical flat plate. Steady MHD free convec-

tive flow of a nanofluid past a vertical plate is investigated by Chamkha and Aly [19]. Entropy

analysis for MHD flow over a nonlinear stretching inclined transparent plate embedded in a po-

rous medium due to solar radiation is investigated by Dehsara et al. [20]. MHD mixed convec-

tive boundary layer flow of a nanofluid through a porous medium due to an exponential stretch-

ing sheet is investigated by Ferdows et al. [21]. Ahmed et al. [22] studied numerically the mixed

convection boundary layer flow from a vertical flat plate embedded in a porous medium filled

with nanofluids. Hady et al. [23] have analyzed the radiation effects on viscous flow of a

nanofluid and heat transfer over a non-linearly stretching sheet. Shakhaoath khan et al. [24] in-

vestigated the effects of magnetic field on radiative flow of a nanofluid past a stretching sheet.

Recently, Loganathan et al. [25] have reported radiation effects on an unsteady natural convec-

tive flow of a nanofluid past an infinite vertical plate.

To authors' knowledge, no studies have been communicated so far with regard to on an

unsteady MHD natural convective flow of a nanofluid past an isothermal semi-infinite vertical

plate in the presence of radiation. The objective of this paper is to analyze the effects of radia-

tion, magnetic field and nanoparticle volume fraction on transient natural convective flow of

Al2O3, Cu, TiO2 and Ag water nanofluids past a semi-infinite vertical plate. The present study is

of immediate application to all those processes which are highly affected by heat enhancement

concept and magnetic field. The results are validated against nanoparticle volume fraction j = 0

and are shown graphically.

Mathematical analysis

A 2-D flow of a viscous incompressible

nanofluid past a semi infinite vertical plate is

considered. Initially the plate and the fluid are

at the same temperature T
�

. Then at time t' � 0

the temperature of the plate is suddenly raised

to Tw and is maintained at the same value. We

also assume that x-co-ordinate to be directed

upward along the plate and y-co-ordinate is

taken normal to the plate. The fluid is water

based nanofluid containing different types of

nanoparticles: aluminum oxide (Al2O3), copper

(Cu), titanium oxide (TiO2), and silver (Ag). In

this study, nanofluids are assumed to behave as

single phase fluids with local thermal equilib-

rium between the base fluid and the

nanoparticles suspended in them so that no slip

occurs between them. A schematic representa-

tion of physical model and coordinate system is

depicted in fig. 1. The thermo-physical properties of the nanoparticles (ref. [26]) are given in

tab. 1. The basic unsteady momentum and thermal energy equations according to the model for

nanofluids given by Tiwari and Das [27] satisfying Boussinesq approximation (Schlichting

[28]) in the presence of radiation and magnetic field are as follows:

¶

¶

¶

¶

u

x

v

y
� � 0 (1)
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Figure 1. Physical model and coordinate system
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The initial and boundary conditions are:

� � � � �

� 
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t u v T T x y

t u v T T

0 0 0
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, , ,

, , ,
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, ,

, ,

w at

as
�

�

(4)

Here u and v are the velocity

components in the x- and y-

-directions; t' is the time; g –

the acceleration due to grav-

ity; T – the temperature of the

fluid; T
�

– the temperature of

the fluid far away from the

plate; Tw – the temperature of

the plate; qr – the radiative

heat flux, and B0 – the strength

of applied magnetic field. For

nanofluids the expressions of density rnf, thermal expansion coefficient (rcp)nf and heat capaci-

tance (rcp)nf are given by:
r j r jr

rb j rb j rb

r

nf f s

nf f s

nf

� � �

� � �

� �

( )

( ) ( )( ) ( )

( ) (

1

1

1cp j r j r)( ) ( )c cp pf s�

(5)

The effective thermal conductivity of the nanofluid according to Hamilton and

Crosser model [29] is given by:

k

k

k n k n k k

k n k k k

eff

f

s f f s

s f f s

�
� � � � �

� � � �

( ) ( ) ( )

( ) ( )

1 1

1

j

j
(6)

where n is the empirical shape factor for the nanoparticle. In particular, n = 3, for spherical

shaped nanoparticles and n = 3/2 for cylindrical ones. j is the solid volume fraction of

nanoparticles, m – the dynamic viscosity, u – the kinematic viscosity, b – the thermal expansion

coefficient, r – the density, and k – the thermal conductivity. Here the subscripts nf, f, and s rep-

resent the thermo-physical properties of the nanofluids, base fluid, and the solid nanoparticles,

respectively.

Assuming the Rosseland approximation [30], leads to the radiative heat flux:

q
k

T

y
r �

4

3

4s*

*

¶

¶
(7)

where s* and k* are Stefan-Boltzmann constant and the mean absorption coefficient.
¶

¶

q

y
a T Tr � � �4 4 4* * ( )s

�

(8)
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Table 1. Thermo-physical properties of water and nanoparticles

r[kgm–3] Cp [Jkg–1K–1] k [Wm–1K–1] b·10–5 [K–1]

H2O 997.1 4179 0.613 21

Al2O3 3970 765 40 0.85

Cu 8933 385 401 1.67

TiO2 4250 686.2 8.9528 0.9

Ag 10500 235 429 1.89



If the temperature differences within the flow are sufficiently small such that T4 may

be expressed as a linear function of temperature, then expanding T4 in Taylor series about T
�

and

neglecting higher order terms, we get:

T T T T4 3 44 3� �
� �

(9)

We now introduce the following non-dimensional quantities in eqs. (1) to (3):
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where Gr is the Grashof number and Pr is the Prandtl number.

Now eqs. (1) to (3) in view of the eqs. (5) to (9) are:
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The transformed boundary conditions are:
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Table 2. Thermal conductivity and dynamic viscosity for various shapes of nanoparticles

Model Shape of nanoparticles Thermal conductivity Dynamic viscosity

I Spherical
k

k
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Numerical procedure

The set of two-dimensional, coupled, non-lin-

ear partial differential equations (11)-(13) under the

initial and boundary conditions (14) is solved using a

semi-implicit finite difference method. So we express

them by finite-difference scheme of Crank-Nicolson

type, which converges faster and also stable uncondi-

tionally [31]. The region of integration is considered

as a rectangle as shown in fig. 2 .The finite difference

equations at every internal nodal point for a particular

i-level constitute a tri-diagonal system, which is

solved by applying Thomas algorithm. Computations

are carried out for all the time levels until the steady-

-state is reached. The steady-state solution is assumed

to have been reached, when the absolute difference

between the values of U, as well as temperature T at

two consecutive time steps are less than 10–5 at all

grid points.

The temperatures at two time levels are shown in the tab. 3. The steady-state is reached

at t = 9.15002 when the absolute difference between temperatures is less than 10 –5.

Table 3. Comparison of temperatures at two different time levels

Y 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

Time 9.15002 T1 1 0.77543 0.44825 0.24403 0.12592 0.06245 0.0301 0.01416 0.00649 0.00287

Time 9.10002 T2 1 0.77543 0.44825 0.24403 0.12592 0.06244 0.03009 0.01415 0.00648 0.00286

Dt 0.05 T1-T2 0 0 0 0 0 1E-05 1E-05 1E-05 1E-05 0.00001
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Figure 2. Discretization of domain



Stability and convergence of the finite difference scheme

The finite difference equations corresponding to U and q are:
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The stability criterion of the scheme for constant mesh sizes is proved as: The gen-

eral term of the Fourier expansion for U, q at time t = 0 are all eiaXeibY apart from a constant

i = (–1)1/2. At a later time t, these terms will become:

U t i X i Y�y a b( )e e (18)

q a b� F( )t i X i Ye e (19)

Substituting U and q in eqs. (20) and (21), regarding the coefficients U and V as con-

stants over any one time step and denoting the values after a time step by y', and F':
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Substituting A and B in eqs. (25) and (26), we have:

( ) ( ) ( )1 1
2

3� � � � � � �A A E
t

y y
D

F F (24)

( ) ( )1 1� � � �B BF F (25)

Equations (24) and (25) can be written in the matrix form:
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where h is a column vector of elements y and F.

Now, for stability the modulus of each eigenvalue of the amplification matrix E should

not exceed unity.

The eigenvalues of E are: (1 – A)/(1 – A) and (1 + B)/(1 + B).

Assume that U is everywhere positive and V is everywhere negative and let:
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Substituting in eq. (27), we have:
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Since the real part of A is greater than or equal to zero, we have |(1 –A)/(1 + A)| � 1.

Similarly, |(1 – B)/(1 + B)| � 1.

Hence the scheme is unconditionally stable which is also shown by Soundalgekar and

Ganesan [7] for ordinary fluids. The local truncation error is o(Dt2 + DX + DY2) and it tends to

zero as Dt, DX, and DY tend to zero. Hence the scheme is compatible. The stability and compati-

bility ensures the convergence of the finite difference scheme.

Nusselt number

The local as well as average values of Nusselt number in dimensionless form are:

Nu GrX
nf

f

�
� �

�
�

�

�
�

�

k

k
X

Y Y

4

0

¶

¶

q
(27)

Nu Gr dnf

f

�
�

�
�

k

k Y
X

Y

4

0

1

0

¶

¶

q
(28)

The derivatives involved in eqs. (27) and (28) are evaluated by using a five-point ap-

proximation formula and the integrals are evaluated by Newton-Cotes closed integration for-

mula.

Results and discussion

In order to get the physical insight into the flow problem, numerical computations are

carried out for various values of parameters that describe the flow characteristics and the results

are illustrated graphically. The dimensionless partial differential equations together with the ap-

propriate boundary conditions are solved by a semi-implicit finite-difference method of Crank

Nicolson type. The step size h = 0.05 is used to obtain the numerical solution. We consider four

different types of nanofluids containing aluminum oxide, titanium oxide, copper, and silver

nanoparticles with water as a base fluid. The nanoparticle volume fraction is considered in the

range of 0 �j � 0.04, as sedimentation takes place when the nanoparticle volume fraction ex-

ceeds 8%. In this study, we have considered spherical nanoparticles with thermal conductivity

and dynamic viscosity shown in Model I in tab. 2. The Prandtl number, of the base fluid is kept

constant at 6.2. The effects of nanoparticle volume fraction, magnetic field, and radiation on the
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transient velocity and temperature profiles of

the nanofluids are plotted. When j = 0 this

study reduces the governing equations to those

of a regular fluid. In order to verify the accuracy

of the numerical method, the present results are

compared with those of Takhar et al. [6] in the

literature and the comparisons are in excellent

agreement as shown in fig. 3.

Figure 4 depicts the velocity profiles of cop-

per water nanofluid for different values of mag-

netic and radiation parameters. The velocity of

the copper water nanofluid decreases with an

increase in magnetic field and radiation. The

applied magnetic field has the tendency to slow

down the movement of the fluid as a result of

increased retarding force. Hence, the presence

of a magnetic field decreases the momentum

boundary layer thickness. This causes the ve-

locity profiles of the nanofluid to have distinc-

tive peaks near the immediate vicinity of the

plate and as M increases these peaks decrease

and move gradually downstream. In addition,

this decrease in the flow movement is also ac-

companied by an increase in the radiation pa-

rameter.

Figure 5 illustrates the velocity profiles of

copper water nanofluid for various values of the

nanoparticle volume fraction in simultaneous absence and presence of radiation and magnetic

fields. It is observed that in the presence of radiation and magnetic fields, the velocity of the

nanofluid increases with nanoparticle volume fraction, whereas, the converse is true in the ab-

sence of radiation and magnetic fields.

Figure 6 shows the velocity profiles of silver water nanofluid in the presence of radia-

tion and magnetic field with respect to time. It is observed that the velocity of the nanofluid in-

creases with respect to time and a steady-state is reached when t = 9.2. The velocity of the

nanofluid reaches a temporal maximum, which is observed at t = 6.05.
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Figure 3. Comparison of temperature profiles of
Cu water nanofluid with Takhar et al. [6]

Figure 4. Comparison of velocity profiles of Cu
water nanofluid for different values of M and R

Figure 5. Velocity profiles of Cu water nanofluid
for different values of M and R

Figure 6. Transient velocity profiles of Ag water
nanofluid



It is observed from fig. 8 that the tempera-

ture profiles of copper water nanofluid in-

creases in the presence of both magnetic field

and radiation. Radiation increases the rate of

energy transport to the fluid and hence the ther-

mal boundary layer thickness increases. The ef-

fect of a transverse magnetic field on the fluid

give rise to a resistive type force called the Lo-

rentz force. This force has the tendency to slow

down the motion of the fluid to increase the

temperature boundary layer. The presence of a

magnetic field increases the temperature inside

the boundary layer as shown in fig. 8.

The steady-state temperature profiles of

copper water nanofluid with respect to the

nanoparticle volume fraction j are shown in fig.

9. As the nanoparticle volume fraction increases

the temperature of the nanofluid decreases in

the presence of radiation and magnetic parame-

ter. This is possible physically because an in-

crease in the nanoparticle volume fraction leads

to an increase in the thermal conductivity of the

nanofluid and hence the thickness of the ther-

mal boundary layer increases. The time taken to

reach steady state decreases with an increase in

nanoparticle volume fraction j.

The temperature profiles of silver water nanofluid increases with time when R = 1 and

M = 1. The temporal maximum for silver water nanofluid is observed at time t = 5.6 and steady-

-state is reached at t = 9.2 as shown in fig. 10.

Computations of local Nusselt number for various nanofluids are shown in the tab. 3.

The effects of thermal radiation and magnetic field on a local Nusselt number of silver water

nanofluid are depicted in fig. 11. It is observed that local Nusselt number increases with an in-

crease in the thermal radiation parameter. The magnetic field retards the heat transfer process by
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Figure 7. Velocity profiles of various nanofluids

Figure 8. Transient temperature profiles of Cu
water nanofluid for different values of M and R

Figure 9. Temperature profiles of Cu water
nanofluid for different values of j

Figure 10. Transient temperature profiles of
Ag water nanofluid



decreasing the local Nusselt number. Enhancing magnetic field tends to decrease the fluid ve-

locity and hence decrease the local Nusselt number.

Table 4. Local Nusselt number of various nanofluids in the presence of magnetic field and radiation

Pr = 6.2, R = 1, M = 1, j = 0.04

X 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Ag 0.1360 0.2179 0.2994 0.3788 0.4567 0.5337 0.6100 0.6860 0.7616 0.8371

Cu 0.1356 0.2172 0.2985 0.3776 0.4552 0.5319 0.6081 0.6838 0.7592 0.8344

Al2O3 0.1365 0.2187 0.3006 0.3803 0.4585 0.5357 0.6123 0.6885 0.7643 0.8400

TiO2 0.1372 0.2197 0.3020 0.3821 0.4608 0.5386 0.6158 0.6925 0.7691 0.8454

Figure 12 illustrates that the average Nusselt number of copper water nanofluid de-

creases with an increase in the nanoparticle volume fraction when R = 1 and M = 1. This con-

cludes that changes in heat transfer rates are associated with nanoparticle volume fraction,

which indicates the possible use of nanofluids in heat transfer processes.

From fig. 13 it is observed that the presence of a magnetic field and radiation decreases

the heat transfer rates of nanofluids. Figure 14 shows that an increase in radiation parameter in-

creases the local skin friction (tx) in the absence of magnetic field and in the presence of mag-
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Figure 11. Local Nusselt number of Ag water
nanofluid for different values of R & M

Figure 12. Average Nusselt number of Cu
water nanofluid

Figure 13. Average Nusselt number of Ag water
nanofluid for different values of R & M

Figure 14. Local skin-friction of Ag water
nanofluid and water for different values of M

and R



netic field an increase in radiation decreases the local skin friction. It is also observed that an in-

crease in the nanoparticle volume fraction increases the local skin friction.

Figure 15 shows that an increase in the nanoparticle volume fraction decreases the av-

erage skin-friction in the presence of radiation and magnetic field. This suggests that the pres-

ence of nanoparticles decreases the average skin-friction when the radiation and magnetic fields

are present.

Figure 16 concludes that an increase in radiation and magnetic field decreases the av-

erage skin-friction of silver water nanofluid. Thus the presence of the magnetic field helps in re-

ducing the frictional drag on the surface and an increase in the radiation parameter tends to re-

duce the velocity as shown in fig. 4.

Conclusions

In this paper, the problem of radiation effects on an unsteady MHD flow of a nanofluid

past a semi-infinite vertical plate is considered. The effects of radiation, magnetic parameter and

a nanoparticle volume fraction of the flow and heat transfer characteristics are determined for

four kinds of nanofluids: aluminum oxide, copper, titanium oxide, and silver. The

dimensionless partial differential equations with the appropriate boundary conditions are solved

numerically by an implicit finite difference method which is unconditionally stable and conver-

gent. The conclusions of this study are as follows.

� In the presence of radiation and magnetic field, an increase in nanoparticle volume fraction j

decreases the nanofluid temperature, which leads to a decrease in the heat transfer rates.

� Increase in nanoparticle volume fraction increases the dimensionless surface velocity of the

fluid in the presence of magnetic field and radiation, which in turn decreases the average

skin-friction.

� The presence of radiation and magnetic field increases the temperature of the nanofluid with

time.

� The rate of heat transfer at the plate decreases with an increase in the radiation and magnetic

field.

� The velocity of the nanofluid decreases with an increase in the radiation and magnetic field,

whereas, the temperature of the nanofluid increases.

� The presence of radiation and magnetic field increases transient velocity and temperature

profiles of nanofluid. They reach a steady state and temporal maximum is observed in each

case.
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Figure 15. Average nanoparticle volume fraction
of Ag water nanofluid for different values of R & M

Figure 16. Concludes that an increase in
radiation and magnetic field decreases the local
skin-friction of Ag water nanofluid



� The average Nusselt number is independent of time when it is large and decreases sharply for

smaller values of t.

� Time required reaching the steady-state decreases with an increase in the nanoparticle

volume fraction.

� Average skin-friction increases for smaller values of t.

The unsteady MHD natural convective flow of nanofluids past a semi-infinite vertical

plate has immediate applications in all those processes which are highly affected by heat transfer

concept. One of the technological applications of nanoparticles is the use of heat transfer fluids

containing suspensions of nanoparticles to confront cooling problems in the thermal systems.
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