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The non-homogeneity is assumed due to variation of modulus of compression. It
has seen that in the presence of temperature, a cylinder made of non-
homogeneous material k<O (Non-homogeneity is less at Internal surface than at
outer surface) require high pressure to become fully plastic as is required for
initial yleldlng?1 and this pressure goes on increasing with the increases in
temperature, showing that a cylinder made of non-homogeneous material k<O is
on the safer side of design. For homogeneous case, it has been observed that the
circumferential stress has maximum value at the external surface of the cylinder
made of incompressible material as compared to compressible material. For
Homogeneous case, with effects of temperature reduces the stresses at the
external surface of the cylinder in comparison to Pressure effects only. Strain
rates are found to be maximum at the internal surface of the cylinder made of
compressible material and they decrease with the radius. With the introduction of
temperature effect, the creep rates have higher values at the internal surface but
lesser values at the external surface as compare to a cylinder subjected to
pressure only.
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Introduction

A thick walled circular cylinder is widely used either as pressure vessels intended for
storage in industrial gases or a media transportation of high pressurized fluids. The constantly
increasing industrial demand for cylindrical and spherical components has concentrated the
attention of designers and scientists on this particular area of activity. The progressive, world-
wide scarcity of materials, combined with their increasing cost, makes design to the elastic
regime only obsolete. Thick walled cylinders of circular cross section are used commonly
either as pressure vessels intended for storage in industrial gases or as media for
transportation of high pressurized fluids. Thick walled cylinders under internal pressure have
been analyzed by many authors [1-4] for isotropic homogeneous elastic-plastic states. Some
degree of non-homogeneity is present in wide class of materials such as hot rolled copper,
aluminum and magnesium alloys. Olszak and Urbanowaski [5] solved the problem of thick
walled non-homogeneous cylinder subjected to internal and external pressures and showed
that plastic flow may start from either surface depending on the character and intensity of the
non homogeneity. However, they assumed the material to be elastically incompressible.
Ghosh [6] worked on the problem involving the study of elastic- plastic stresses in a spherical
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pressure vessel of non-homogeneous material. Mukhopadhyay [7] studied the effect of non-
homogeneity on yield stress in a thick walled cylindrical tube under pressure by allowing the
rigidity modulus ¢z to obey some cosine law of its radial distance and obtained the critical
pressure for yielding in terms of Bessel’s function. Creep of thick-walled cylinder under
internal pressure has been discussed by many authors [10-14]. Rimrott [12] analysed the
above problem by considering large strain. These authors made the following assumptions:

I. The volume of the material is constant, er+eg+£2 =0 .
II.  The ratios of the principal shear strain rates to the principal shear stresses are equal,

€99~ Err _ S~ €n _ €= Ego

1.e. .
Opp O O O Oz " Op
I11. The axial strain rate is zero, i.e., £, =0.
Iv. There is a significant stress-versus-true strain rate relationship which coincides with
the true stress-versus-creep rate relationship in simple tension, e.g. Norton’s Law.
V.  The creep deformation is infinitesimally small.

Seth’s transition theory [8] does not require any ad hoc assumptions like yield and
incompressibility condition, and thus poses and solves a more general problem from which
cases pertaining to the above assumptions can be worked out. It utilizes the concept of
generalized strain measure and asymptotic solution at critical points or turning points of the
differential equations defining the deforming field and has been successfully applied to a
large number of the problems in plasticity. Seth has defined the generalized principal strain

measurc as:
A

& = j‘i[l—zeﬂz_ deﬁi\i 1 1—[1—2e/;j (i=1,2,3) (1.1)
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A

where ‘n’ is the measure and ¢;is the principal finite strain components. Taking the non-
homogeneity as the compressibility of material in the cylinder as:

c=co(r/b)7k (1.2)
where a<r <b, C,and k are real positive constants.

Governing Equations

We consider a thick-walled circular cylinder of internal radius a and external radius b
respectively subjected to internal pressure p and steady state temperature ® on the inner
surface. The displacement components in cylindrical polar co-ordinate are given by [9]:

u=r(l-4); v=0 w=dz 2.1
where 3 is function of r=/x*+y> only and d is a constant. The strain components for
finite deformation are given by [9]:

A 1 A A 1 A A A
err:E[l_(rﬂ,‘Fﬁ)z]: 899=%[l—ﬂ2]a ezzzg[l_(l_d)z]; Ero=€g= le:0 (22)

where f'=df/dr and meaning of superscripts “A” is Almansi. Substituting egs. (2.2) in
eq. (1.1), the generalized components of strain become:
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The stress —strain relations for thermo elastic isotropic material are given by [1]:
Ty = 40,1, + 2ue; — 805, (1, ) =1,2,3)

are the stress components, 4 and g are Lame’s constants, |, =€, is the first

2.4)

where Tij

strain invariant, 5”- is the Kronecker’s delta, & :a(3/1+2y), a being the coefficient of

thermal expansion, and © is the temperature. Further, ® has to satisfy:
VO=0

Substituting the strain components from eq. (2.3) in eq. (2.4), the stresses are obtained as:

(2.5)

T, =l +—[ ~(rp+B)' |60 Tp =2 422 1- g0,

TZZ=,1|1+2T”[1—(1—d)”}5@,n9=T€Z=Tzr=o 2.6)

where |1_n[ —(rp+p) ﬁ”—(l—d)"} and ' =d B/ dr.

The temperature field satisfying equation (2.5) and ® =0, at r=aand ®=0 at r=>b,
where ® is constant, is given by:

O, log(r/b
_ Sy log(r/b) 2.7)
log(a/b)
The equations of equilibrium are all satisfied except:
&+m:0' (2.8)
dr r
Using equations (2.6) in eq. (2.8), one get a non -linear differential equation in £ as:
n- dP n n ncf@)_
P(P-1)" B——+nP(P+1 1-c)nP—|1—(P +1 0 -9, (2.9)
WP (P 1) P (P H(1-c)n [1-( +)Jc+2ﬂﬂn
Using equation (1.2) in eqn. (2.9), one gets:
1
n
(#, C,j (3-20)-(1-c)(1-0)"} -
[ B
C
a _(1_c)_(p+1)”
n-1 dP (2.10)

dg

VGRS ) e +c.[1—(P+1)"J+r
-

ol

0,c

c)+ (P+l)

]

e |:§ +r&'log bﬂ_

where ¢ is the compressibility factor of the material in term of Lame’s constant, and are given

by c=2u/A+2u,

rf'=pP and ©, =

®0
log(a/b)
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Transition points of fin equation (2.9) are P — to0,—1.The boundary conditions
require that:
T,=p at r=a
T, =0at r=b 2.11)

where p is pressure applied internal surface.
The resultant force transmitted by the wall in axial direction is equal to L=za’p,
that is :

b
272(rT,dr = za’p. (2.12)
a

Solution through the Principal Stresses

For finding the plastic stress, the transition function is taken through the principal
stress (see Seth [8, 9], Gupta [15, 16, 19 - 20], Pankaj Thakur [21 - 24]) at the transition point
P — o0 . The transition function R is defined as:

R=T, —%K +a(3-2c) Ei—ﬂc—ﬂ” {(1—C)+(p+1)n}}—a(3—2c)(1+27yj® (3.1)

Taking the logarithmic differentiation of equation (3.1) with respect to r and substituting
the value of dP/d 3 from eq. (2.9) and taking the asymptotic value P — %00, one get:

d(logR) _ ¢ (3.2)
dr r
Integrating eq. (3.2), one get
R=Aexp f(r) (3.3)
where A is a constant of integration, which can be determine by boundary condition and
f(f)=—I%dr (3.4)
From equation (3.1) and eq. (3.3), we have
T, =Aexpf(r)+B-a(3-2c)0® (3.5)
where B =%k and Kk =[3—(1—d)n} .
Using boundary condition (2.11) in equations (3.5), one get
T =Alexp f(r)—exp f(b)]-a(3-2c)® (3.6)
Substituting of eq. (3.6) in eq. (2.8) gives
Tpo = A[(1-c)exp f(r)—exp f(b)]-a(3-2c)® (3.7)
1-c cd (3-2c) cla (3-2c)
T,=| — |(T,; +Tge ) + re, — re 3.8
. (2—0]( o) g (220 o o) (2-0) &8

where €,, and A are obtained by using eq. (3.8) and eq. (2.12) as:
L (1-c(a)),.» r’c cAa®r

— - Pa’ — T.d

or EZ—C(a)] g™ o))
2 b cr.(3-2c)

Ao

3-ze)dr @y [3-2c(a)]-P

Cexpf (a)—exp f (b) '

>
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Equation (3.6)-(3.8) give the elastic-plastic transitional stresses for a non-homogeneous
compressible cylinder under internal pressure ant temperature. Substituting equation (1.2) in
equations (3.6)- (3.8),one get the transitional stresses as:

T, = Ai.[exp%ork —exp%bk}—a(3—2cork)® (3.9

Ty =T, — Al.[co.r‘k exp%0 r‘k}—[Zk.co.r‘k.®+(3—2c0.r‘k)(7)0](1 (3.10)

1-c,r
T, = [—0 — ](Tn +Typ)+ A e, —a.A O G.11)

2—-Cyr

L—(l Gl kJpa —A3jA4dr+ajA2®dr

2 \ 2-c,r
€, = )
jAer
a
. a.@o.[3 ~2c,a* ] -P 2.6y .[3 —2c,r ™ ]
and A = Ay = ;
K K
k k
-k r'= | ex C—Or‘_k —ex C—Ob_k
co.k[a(3—200.r )—P} 1P P
" expc—oa_k —expc—ob_k AT (2—CO.r‘k )2
k k
From eq. (3.09)-(3.10), one gets:
Ty —T. = Al —cor™ exp% rx } ~2kepaOr ™ a0, (3-2¢,r%)  (3.12)

It can be seen from eq. (3.12) that |ng —Trr| is maximum at r = a, therefore yielding in
the cylinder will start at internal surface and in this case eq. (3.12) becomes:
Too —Teel,_, =|PA —a.®,.A| =Y (say) (3.13)
where Y is initial yielding stresses and
-k

A - CO a
l—exp— k (b K_a” )
_ -k -k _ —k
wmd A~ (3 Zco.a )co-a 2kt (3 200;1 )
l-exp— k (b k_ _k) logg

The necessary pressure and temperature required for initial yielding is given by
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i+®li (3.14)
As As

where ®, =a ©, /Y 1

P_
Y

Too = Tee|,_, =|PA; +30.0,.A| =Y, (say) (3.15)
K 1
where Ay =———— A=A +——.
(b /a) -1 logE
a
And pressure required for full plastic state is
B:L—3®2& (3.16)
YA A

where Y, yielding stresses for fully-plastic state and ©, =a O, /Y,.
Now stresses for full plasticity is obtained by taking ¢, — 0, we have:

%:3@2(%“%)—%/\, (3.17)
%:3@2(/\1#,2)—%/5,1 (3.18)
%:3@2(;\3%4)-%% (3.19)
R T e e i TS
(l‘gj(b”)k‘l 0.5+ log(r /b)
Ae ™ (b/a) -1 AT logb/a)

Solution through the Principal Stress difference

It has been shown that the asymptotic solution through the principal stress difference
[8, 9, 15, 16, 19-24] at the transition pointP —> —1, gives the creep stresses. Transition
function R is defined as:

R=T, —Ty =(2—”jﬂ” [l—(l—P)"] (4.1)
n

Taking the logarithmic differentiating of eq. (4.1) with respect to r and using eq. (2.10),
—(logR) =

one gets:
n ncso,
———nP(2-¢)-c|1-(P+1 —1 4.2

Taking asymptotic value of eq. (4.2) at P— -1, one gets after integration:

R=T, —T, = Ar 2" Dexp § 4.3)
a®,(3-2¢)r"
b

d

where A is integration constant, determined by boundary condition and f =
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Asymptotic value of £ as P—> -1 is D/r; D being a constant. By substituting eq. (4.3)
in eq. (2.8), one gets:
T, =—A[Fdr+B (4.4)

where F = r~2me(-D-1

boundary condition. The constant A and B are obtained by using boundary condition given by
eq. (2.11) in eq. (4.4) as:
A=—L_ and B=A[Fdr atr=b.
| Fdr
a

exp f and B is a constant of integration, which can be determined by

By substituting the values of A and B into equation (4.4), one gets:

Trrz—p[TFdr/TFdr] (4.5)

The value of Ty and T,, are obtained from egs. (4.3) and (2.6) respectively as:

Tpo =T, + ber (4.6)
[ Fdr
a
T, =(;:EJ(T”+T€9)+ Ee, —Ea©® (4.7)

where E :{3_20}2;1.
2-c

The term e,; is obtained by using eq. (4.7) and eq. (2.12), as:

2 a’ - bz)
ca’p 3 | 42 (
———+Ea®,|a"logb/a)+—=~
(2 _ C) a®y |: Og( ) P ]
e, = (4.8)
2z (bz _ a2 )

Equations (4.5)-(4.7) define thermal creep stresses for a thick-walled circular cylinder

under internal pressure. By introducing non-dimensional components: R=r/b, Ry=a/b, E;=E/p

T T T . . .
and o, =, g, =9 o, =—%, eqs. (4.5)-(4.8) in non-dimensional from become:
1
| Rdr
o, =—=% (4.9)
| Rdr
Ro
R-2n-+c(n-D) f
o, =0, + P4 (4.10)
| Rdr
Ro
l-c
o, = o (o, +0,)+Ee, —Ea® (4.11)

where
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2
cR? — Ry -1
ﬁ+ E,a©,| R log(l/RO)+( 5 )
Ee. = (4.12)
1~zz (1_ Rg)
0, (3-2c)(bR)"
and F, =r 2" D exp fand f, = O ~ )(bR)
For incompressible material (¢ — 0), egs. (4.9) to (4.12) become
1 1
o, =—[Rdr/ [ Fdr | (4.13)
R Ro
R™"exp f
Cp=0p +—— P2 (4.14)
| Fdr
Ro
(o, +0y)
o, _T+ Ee, -Ea® (4.15)
where
S p2 (Rg _1) =
a©,[Ry log(l/Ry)+ ] 320, (bR)n
e, = and F,=r"""expf,and f, = (4.16)

(1-R?)
Strain Rates:
When the creep sets in, the strains should be replaced by strain rates. The stress-strain
relations can be written as :
o 1+v v
where €;; is the strain rate tensor with respect to flow parameter t and T=T,+Ty, +T;; and
v =1-C72-c. By differentiating eq. (2.3) with respect to time t, one gets:

e =—B"" B. (4.25)
For SWAINGER measure (n = 1), from equation (4.25) it follows:
Egp =05 . (4.26)
The transition value of eq. (4.1) as P — —1 gives
1
n(3-2c) [ 1
== " (T. -T.,)n 4.27
IB l: (2_0) :I ( rr 99) ( )

By substituting eqgs. (4.25), (4.26) and (4.27) into equation (4.24), one gets:

- _i{n(cfr—a@xz—zc) 1

El(2—c) } [ar—v(ag+az)+a®El],

rr
El

1
-1
* 1| n(o,—0y)(3-2c) |n
E%ZEI: fEl(z_c) [ag—v(ar+0'2)+a®El],
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* 1|n(o,-0,)(3-2c)|n
&,y =— o,-v(io, +0,)+a0E, |. 4.28
2z EI[ E1(2—C) [ z ( r 9) I:I ( )
where ®=0,logR/logR,. From eqs. (4.28), one gets:

€90~ Emr — Sir—€n — AR (4 29)
Ogp — Oyr Oy —0p Oz —Opp

For incompressible material (C — 0 Or v — 1/ 2) without thermal effects, the creep
strain rates (4.28) using eqn. (4.23) becomes:

o = ‘[EL]; () (?J (0, ~ )

1

1 1

— 1 —+1

. 1 3n —1 \/g n 1 .

{2 o (5]

. 1

g, =0. (4.30)
These constitutive equations (4.30) are the same as obtained by Odquist [17], if one put

E = (—n\/g )H =0, and n = 1/N. It has been shown in egs. (4.29) and (4.30) that the assump-
tion II and III, come out from the solution itself, not assumed [10-14, 17] prior to the solution.

Results and Discussion

Taking equation (3.13) into account curves have been drawn in the Figure 1 between
pressure (P/Y) and radii ratio (b/a) for various values of temperature ®, =a®, /Y required for
iitial yielding at the internal surface for k = -1, -0.5, 0.0001, 0.5, 1. For k = 0, it gives the
case for cylinder made of homogeneous material. In the absence of thermal effect (®, =0), it
is seen from Fig. 1, that for k < 0, high pressure is required for initial yielding than the
homogeneous cylinder whereas reverse is the case for k > 0.

2 ally

E k== =6 =0, Cy=050 - k=t
16 ~—k=-05 ¥ L5 =ka-05 by, 0
—— k= 0.0001 k= 0.0001 v, 2
12| ——pk=05 4{ka0s /
—fot
08 k=t //_—/-"’/ a — _
2
1

E— o
e — o
0.4 " — .
) e
0 0.5 a 1 Beeeemm——"—
U]
B e pooy ady o 0.5 0.6 0.7 0.8 0.9 pg 1
- k= 0.001 — ¥,  f
& —~ k=05 _30 02 0.4 0.8 08 1 wa 1.2
5 k=t a——'_'_ﬁ__‘___ 3 4 —=—k==1
4 G| = ke-05
/ g k= 0.0001 .
3 1o k=05 —_—
ot TR = ——
2 -12 —_—
— -14
1 ————— 15 \
o -18 B
0 0.5 ha 1 20
Fig. 1 Pressure required for initial yielding (at Fig. 2 Pressure required for fully plastic state (at
different temperature) at the internal surface of a different temperature) for non-homogeneous
non-homogeneous cylinder. cylinder under internal pressure.

In the presence of thermal effects and k < 0, it can be seen from Fig.1 that the pressure
required for initial yielding is less and it goes on decreasing with the increase in temperature.
In the absence of thermal effects it can be seen form Fig. 1 that a high percentage decrease in
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the pressure is needed for the non-homogeneous cylinder to become fully plastic as is needed
for its initial yielding which is shown in Fig. 2, With the introduction of thermal effect, a
significant increases in pressure is needed for non-homogeneous cylinder k < 0 to become
fully plastic, whereas opposite is the case for k > 0, which can be seen in Fig. 2. It means that
a cylinder made of non-homogeneous material for k < 0 subjected to combined pressure and
temperature is on the safer side of design which is also shown in Fig. 3, since the tangential
stress is maximum at the outer surface for non-homogeneous material for various combina-
tions of pressure and temperature. In the absence of temperature (@, =0), it can be seen from
Fig. 3(a), that a cylinder made of non-homogeneous material (K >"0) is on the safer side of
design is given by Gupta and Shukla [10].

kw05 TJY,
— k="000001 T/Y,
k=05 TIY,

(a)

Fig. 3 Plastic stress distribution (without temperature) in non-homogeneous cylinder under internal pressure

1.8 1.8) ae, = 0.035 n=1/3 1.8 4 e (elastic)
o h
% 1.6 1.6 1.6 £Y
é 1.4 1.4 1.4
o -8
1.2 _.g"_’...n 1.2 1.2 N
T 1 - ™~

0.8 0.8 ’ 0.8 “s,

i - Wy,

0.6 & E"’_:n 0.6 e OB Ve
0.4 e e 04 E -

‘____.’”‘_‘_ - P 0.4
0.2 - & 02 a 0.2

A o

Ols @08 07 08 8 65 ce o7 o8 oa—1 B

-0.2 « R=nb 0.2 ¢ R=rb 0.2
0.4 0.4 - 0.4
0.6 0.6 § 0.6
-0.8 -0.8 0.8

-1 —— -1 / l?‘l.e:nlmg ofor=a, »

Fig. 4 Creep stresses for a thick- walled circular subjécted to internal pressure along the radius R =r/b
under steady state temperature.

Curves have been drawn in FiF. 4 and 5 between stresses ¢,,0,,0, and radii ratio R =
r/b for Methyl Methacrylate material [18] with and without steady state temperature. For n =
1/7 (or N= %, it can be seen that the circumferential stress is maximum at the external surface
of a cylinder made of incompressible material as compared ti that of compressible material.
For n'= 1/3 (or N = 3) even though the circumferential stress has maximum value at the
external surface, it has smaller values as compared to n = 1/7 or (N = 7). It has been seen the
introduction of steady state temperature reduces the stresses at the outer surface. For n =1, it
gives elastic stress distribution.

With the effect of temperature, the value of circumferential stress is much higher than
without temperature. In Fig 6 curves have been drawn for creep strain rates along the radius
for n=1/3 (or N = 3) and E;=E/p=0.1. It has been observed that for a thick-walled cylinder
made of compressible material E,<I the creep rates have larger values at the internal surface
as compared to E; >1.0 (not shown here). These values further increase at the internal surface
as n decrease (n = 1/7) or N increases (N = 7) and E;<1.0, see Fig. 7.

With the introduction of temperature effect the creep rates at the internal surface have
much higher values for n = 1/7 as compared to n = 1/3. It means that a thick-walled cylinder
made of compressible material subjected to both pressure and temperature have large creep
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rates at the internal surface for measure n = 1/7 (or N = 7) and E, <1.0 as compared to n = 1/3
(or N=3), E; 21.0and cylinder made of incompressible material.

1.8

n = 1 (Elastic)

aflg =000  n=113 L L

1.4

o

[ . Tl e ST

Fi

Ne 11 E, =01 A= VT E, =01

1200 iy = 0,000 {No thermal eflect) 22000

20000 = iy = 0.000 [No thermal offect)
18000 A

16000
14000
12000
10000
8000
4000

Mianng of &, = i,

Fié. 6 Strain rate distribution for a thick-walled circular  Fig. 7 Strain rate distribution for a thick- walled
subjected to internal pressure for n = 1/3 and E,=0.1 circular subjected to internal pressure for n = 1/7 and
E1=0.1.

Conclusion

It has seen that in the presence of temperature, a cylinder made of non-homogeneous
material k<0 (Non-homogeneity is less at internal surface than at outer surface) require high
pressure to become fully plastic as is required for initial yielding and this pressure goes on
increasing with the increases in temperature, showing that a cylinder made of non-
homogeneous material k<0 is on the safer side of design.

For homogeneous case, it has been observed that the circumferential stress has maximum
value at the external surface of the cylinder made of incompressible material as compared to
compressible material. With effects of temperature reduces the stresses at the external surface
of the cylinder in comparison to pressure effects only. Strain rates are found to be maximum
at the internal surface of the cylinder made of compressible material and they decrease with
the radius. With the introduction of temperature effect, the creep rates have higher values at
the internal surface but lesser values at the external surface as compare to a cylinder subjected
to pressure only.
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Nomenclature

a,b - Internal and external radii, [m] Greek letters

¢ - Compressibility factor, [-] O, - Radial stress component, [-]

u,v,w - Displacement components,[m]
v - Poisson’s ratio, [-]

T, & - stress and strain rate tensor o, - Axial stress component,[-].

o ,- Circumferential stress,[-]

©® - Temperature, [K].
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