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An analysis is performed to study the effects of thermal and mass stratification in a

transient free convective flow of a viscous, incompressible fluid past an isothermal
vertical plate. The governing boundary layer equations are solved numerically us-

ing an implicit finite difference scheme of Crank-Nicolson type. The doubly strati-

fied effects on the velocity, temperature, and concentration are shown graphically.

It is observed that an increase in thermal stratification parameter decreases the ve-

locity, temperature profiles and increases the concentration profiles. As well, in-

crease in mass stratification parameter decreases the velocity, concentration pro-
files and increases the temperature profiles. Also, the influence of the thermal and
mass stratification parameter on local as well as average skin-friction, the rate of
heat and mass transfer are discussed and presented graphically. The results are
compared with particular solutions available in the literature. The present results
are found to be in good agreement with the existing particular solution of the prob-
lem.
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buoyancy

Introduction

Natural convective flow caused by combined buoyancy effects of thermal and mass
diffusion has been analyzed by many authors. It has enormous applications in various industries
and environments such as nuclear power plants, polymer production, chemical catalytic reac-
tors, food processing and geophysical flows etc. The problem of transient free convective flow
past a semi-infinite vertical isothermal plate was first studied by Siegel [1]. Later, Hellums and
Churchill [2], and Callahan and Marner [3] examined the problem of free convective flow past a
vertical plate using an explicit finite difference scheme. Gebhart and Pera [4] analyzed the na-
ture of vertical natural convection flows resulting from the combined buoyancy effects of ther-
mal and mass diffusion. Soundalgekar and Ganesan [5] investigated the problem of transient
free convective flow over an isothermal vertical plate by employing an implicit finite difference
scheme of Crank-Nicolson type. Later on, many authors widened the field by considering the in-
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fluence of the other factors such as radiation, chemical reaction, MHD, efc. in a free convective
flow. In a similar manner, Ogulu and Makinde [6] investigated analytically the thermal radiation
effects on an unsteady, free convective flow past a vertical plate in the presence of magnetic
field and constant heat flux. Shyam Sundar Tak et al. [7] and Makinde [8] analyzed the Soret
and Dufour effects about a vertical surface embedded in a porous medium. Makinde and
Olanrewaju [9] studied the unsteady mixed convection flow past a vertical porous flat plate
moving through a binary mixture in the presence of radiative heat transfer and n™-order
Arrhenius type of irreversible chemical reaction with Dufour and Soret effects. Makinde [10]
studied the problem of free convective flow over a semi-infinite moving vertical plate in the
presence of internal heat generation and a convective surface boundary condition.

Similar to the above seen factors that influence the heat and mass transfer processes,
the effect of stratification is also one of the important aspects that have to be taken into account
in the study of heat and mass transfer. Stratification of fluids occurs mainly because of either
temperature variations or concentration differences or due to presence of different fluids having
different densities. The notion of stratification is important in lakes and ponds. It is vital to mon-
itor the temperature stratification and concentration differences of hydrogen and oxygen in such
environments as it directly affects the growth rate of all cultured species. To study the thermal
stratification in water pools containing several systems, Satishkumar et al. [11] experimented
with a single strip heater immersed in a tank containing stratified fluid. Also, the analysis of
thermal stratification is important for solar engineers because higher energy efficiency can be
achieved with a better stratification. It has been shown by scientists that thermal stratification in
energy store may considerably increase system performance.

Due to the immense importance of stratification, authors have analyzed the influence
of thermal stratification on the rate of heat and mass transfer. Chen and Eicchorn [12] explored
the natural convective flow over a heated vertical surface in a thermal stratified medium by us-
ing local non-similarity technique. Later, Srinivasan and Angirasa [13] and Angirasa and
Srinivasan [14], focused on the combined heat and mass transfer effects in a thermally stratified
medium using an explicit finite difference method. Saha and Hossain [15] examined combined
buoyancy effects due to thermal and mass diffusion in thermally stratified media. Geetha and
Moorthy [16] studied the variable viscosity, chemical reaction and thermal stratification effects
on mixed convection heat and mass transfer along a semi-infinite vertical plate.

Though, all of the above studies analyze the effects in a thermally stratified medium, a
very few analysis have been done to study the influence of thermal and mass stratification on
heat and mass transfer by natural convective flow. Barahim et al. [17] study shows that during
the strongest period of stratification, the dissolved oxygen content was found to diminish signif-
icantly with the depth while iron and manganese were recorded at the highest concentration in a
reservoir located in Malaysia. Rathish Kumar and Gupta [18] considered the problem of
non-Darcian combined heat and mass transfer from a vertical wavy wall in a doubly stratified
porous medium and solved numerically by local non-similarity technique. Hence, in certain
cases, consideration of mass stratification could cause significant changes and it may not be
negligible. This kind of model may be used in the analysis of electrolytic cell, nuclear waste
management, cooling of electronic devices, cooling of extruded polymers after dyeing, ezc. If
the case of lead acid batteries is taken as an example, ambient temperature conditions can cause
temperature stratification in it. Also, as a typical lead-acid battery contains a mixture with vary-
ing concentrations of water and acid, a slight difference in density between water and acid can
occur and that might result in concentration stratification. As well, temperature stratification
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within very large batteries could produce internal leakage or self-discharge. Concentration strat-
ification for a longer period of time can result in the sediments being formed at the bottom of the
plates, while the upper portions remaining in relatively good shape. This stratification would re-
duce battery life and its capacity.

The aim of the present work is to study the influence of thermal and mass stratification
in a free convective flow past a semi-infinite vertical plate by employing an implicit finite differ-
ence scheme of Crank-Nicolson type. Stratification effects on velocity, temperature and concen-
tration profiles are presented graphically. Also the effects of parameters on the rate of heat and
mass transfer are discussed. The results are compared with the particular solutions obtained by
Gebhart et al. [4] and Srinivasan et al. [ 13] using analytical method and explicit finite difference
method respectively. They are found to be in good agreement.

Mathematical analysis

A 2-D transient, laminar free convective flow of a
viscous incompressible stratified fluid past a semi-infinite
isothermal vertical plate is considered. Initially, the fluid
and the plate are assumed to be at the same temperature 7.,
and concentration C,,. For time period ¢'> 0 the temperature
of the plate raise to 7, as well as concentration level near
the plate raisis to C,,. In the ambient, the temperature and
concentration increases linearly with height, where 7., ; and
C..o being its values at x = 0, respectively. All the fluid
physical properties are assumed to be constant except the

T

body force terms. In the present analysis viscous dissipa- £ !
tion, chemical reaction and Joule's heating effect are as- j; s * Tox
sumed to be negligible. The x-axis is taken along the plate _ﬁﬁi
in the vertically upward direction and the y-axis is taken ;; i
normal to the plate as shown in fig. 1. Cu ffé L ;

Under the above assumptions, the governing bound- ;? i e
ary layer equations for the flow with usual Boussinesq's ap- o : Cox
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The initial and boundary conditions are:
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t'<0, u=0, v=0, T'=T,,, C'=C_
t'>0, u=0, v=0, 7'=T7,, C'=C, at y=0
u=0, v=0, 7'=T7,,y, C'=C., at x=0 (5)
u—0, I'=7T.,, C'">C_,, as y—>w
Introducing the non-dimensional quantities:
T -T. c'-C
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L Gr v YGr TW -T., C, —C.o
(T, - T, B3, -C T, —-T
t——\/_ G _gﬁ ( ), GI':gﬂ ( w M,O)’ N = w 0,0
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dr, dac. .
St = dx , Spy = dx , A= k Sc—— pr=2
T, -T., C, —C.o pcp D’ o
Equations (1), (2), (3), and (4) reduce to following non-dimensional form:
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The boundary condition for temperature and concentration along the wall in non-di-
mensional form are obtained as:

—SwU )

Too x Too 0
r=1-—"
TW - TOO,O
as T, and C.xare linear functions of x,
1 dr,
Tr=l-————— X =1-S;X
T, -T., dX
where St = (AT, ,/dX)/(T,, — T..,) is the thermal stratification parameter.
Similarly, 1 e, .
C=1- =~ X =1-SyX
C,-C., dX

where Sy, = (dC,, ,/dX)/(C,, — C.. ) is the mass stratification parameter.

For linear stratification, 75 and My are constants and for other variations it can be rep-
resented as a function of x.

Thus, the boundary conditions (5) reduces as:

t<0, U=0, V=0, T=0, C=0
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t>0, U=0, V=0, T=1-S;X, C=1-§,,X at Y =0
U=0, V=0, T=0, Cc=0 at X =0

U —0, T —0, C -0 as ¥ —> (10)

The local as well as average values of skin friction, Nusselt number, and Sherwood

number in dimensionless form are as follows.
The shear stress at the plate is defined as:
7, =plt (11)
Y=o
Introducing the non-dimensional quantities in eq. (11), the non-dimensional form of
local skin friction is obtained as:

T, =% o Y (12)
Y |y
The average skin friction is given by:
1
T, =4JGr3ja—U (13)
0 Y, _,
The Nusselt number is defined by:
oT'’
—x -
Nu, = ﬁ (14)
Tw - Tw,O

Using the non-dimensional quantities in eq. (14), the non-dimensional form of local

Nusselt number is obtained as:
v T orT

e oY
Nu, = — =0 15
" 1-S.X (>

The average Nusselt number is given by:
oT

Nuy = ﬂf aYSY)O( (16)

The Sherwood number is defined by:
ocC’
—x -
Y=
Sh,=— 20 (17)
C'w - Coe,x
Using the non-dimensional quantities in eq. (17), the non-dimensional form of local
Sherwood number is obtained as:

ac
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] e

The average Sherwood number is given by
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or

Y
_ Gr j ol (19)
- Sy X
The derivatives involved in egs. (12), (13), (15), (16), (18), and (19) are evaluated by
using a five-point approximation formula and the integrals are evaluated by Newton-Cotes
closed integration formula.

Numerical procedure

The 2-D, non-linear, coupled partial differential eqs. (6)-(9) under the initial and
boundary conditions (10) are solved using implicit finite difference scheme of Crank-Nicolson
type which converges faster and also unconditionally stable.

The region of integration is considered as a rectangle with sides Xmax =1 and Ymax =
=14, where Ymax corresponds to Y= . The max Y was chosen as 14 after some preliminary in-
vestigations so that the last two of the boundary conditions of (10) are satisfied. Here, the sub-
script i assigns the grid point along X-direction, j along Y-direction, and & along ¢ direction. The
mesh sizes are taken as AX=0.05, AY =0.25 with time step Ar= 0.01. The equations at every in-
ternal nodal point for a particular i-level constitute a tridiagonal system. This system is solved
by applying Thomas algorithm as described in Carnahan et al. [20]. Thus the values of C, T, U,
and V are known at all nodal points in the rectangular region at (k + 1) time level by repeating
the procedure for various i-levels. Computations are carried out for all the time levels until the
steady-state is reached. The steady-state solution is assumed to have been reached, when the ab-
solute difference between the values of U, as well as temperature 7, and concentration C at two
consecutive time steps are less than 10 at all grid points.

The scheme is proved to be unconditionally stable using Von-Neumann technique, as
shown by Soundalgekar and Ganesan [5]. The local truncation error is o(A#> + AX + AY?) and it
tends to zero as At, AX, and AY tend to zero. Hence the scheme is compatible. Stability and com-
patibility ensures the convergence of the scheme.

5 . Results and discussion
u Pr=078c=094 N=1 L. .
In order to get a clear insight of the physical

problem, numerical results are displayed with the

help of graphical illustrations. The velocity, tem-

----- Gebhart et al. perature and concentration of the fluid are shown
— Present result . .

graphically to observe the influence of parameters.

To check the accuracy of the result, the pres-

ent solution is compared with the available par-

ticular solution in the literature. Figure 2 shows

the comparison of velocity profiles for Pr=0.7,

Sc =0.94, and N = 1.0 in the absence of thermal

and mass stratification with particular solutions

Figure 2. Comparison of velocity profiles of Gebhart and Pera [4] whilst fig. 3 compares the

temperature and concentration profiles for Pr =

0.7,Sc=0.94, and N= 1.0 in the absence of mass stratification with the available particular so-

lutions of Srinivasan and Angirasa [13]. From figs. 2 and 3, it is observed that the present re-

sults are in good agreement with the existing solution.
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The effects of the thermal stratification level
and mass stratification level have been analyzed on
the double diffusive natural convection process for
arange of thermal stratification and mass stratifica-
tion, 0 < S; < land 0 <SSy, <1, respectively. As at the
lower end of the vertical wall (X = 0), due to the
boundary condition 7= 1 — S.X, wall temperature is
always 1, irrespective of the stratification parame-
ter St. St = 1 shows that corresponding to the con-
sidered wall length X(0 < X< 1), there is variation in
the temperature from 7= 1 at the lower end (X =0)
to 7= 0 at the upper end (X = 1) of the vertical sur-
face. It is observed that for S; =1 the temperature in
the ambient equals the surface temperature at X =1
and for a value of S > 1, a portion at the top of the
surface will have a temperature less than the ambi-
ent. For the investigation, the Prandtl number was
taken to be Pr = 0.73 which corresponds to air; the
values of Schmidt number (Sc) were chosen to be
Sc = 0.2 and 0.6 representing diffusing chemical
species of most common interest in air like H,, H,O,
respectively. The velocity, temperature and con-
centration profiles are analysed at the leading edge
of the plate X = 1.

It is examined from fig. 4 and fig. 5 that an in-
crease in thermal stratification parameter Sy, de-
creases the velocity and temperature profiles. In-
crease in thermal stratification parameter reduces
the temperature difference between the ambient and
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Figure 3. Comparison of temperature and

concentration profiles
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Figure 4. Velocity profiles for different St,
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the surface. This factor causes a decrease in the buoyancy force which decelerates the velocity
of the flow. The deceleration in the velocity in turn reduces the temperature profiles. Also, from
fig. 6, it is noted that an increase in Sy, increases the concentration. This is because thermal strat-
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Figure 5. Temperature profiles for different
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Figure 9. Concentration profiles for different

Sy and Sc

ification suppresses the thermal buoyancy with the
resultant decrease in velocity and temperature, con-
sequently the concentration level increases.

Figures 7 and 9 describe that an increase in mass
stratification parameter decreases the velocity and
concentration profiles. Increase in mass stratifica-
tion parameter decreases the concentration gradient
between the ambient and the surface. As an aiding
buoyancy flow been considered, reduction in the
concentration gradient reduces the buoyancy force
which decelerates the velocity of the flow. From
fig. 8, it is observed that an increase in Sy, increases
the temperature profiles.

Figure 7 depicts that an increase in Schmidt
number decreases the velocity. This is due to the
fact that a larger Sc corresponds to a concentration
boundary layer relative to the momentum boundary
layer and hence, for a fixed Prandtl number, an in-
crease in Sc leads to a fall in velocity. Since the ve-
locity drops considerably with increasing Schmidt
number, there is a smaller quantity of cold fluid
coming up from below to a warmer ambient. Hence
the fluid in the boundary layer is warmer with a
higher Schmidt number as seen from fig. 8. As
well, fig. 9 represents that a fluid with higher
Schmidt number has a smaller value of the species
diffusion coefficient; consequently, its concentra-
tion level decreases as seen from eq. (9).

As Prandtl number is characteristic of the rela-
tionship between the momentum boundary layer
thicknesses to thermal boundary layer thickness,
the thermal boundary layer becomes thin by in-
creasing the Pr as seen by fig. 5. The heat diffusion
becomes slow due to an increase in Prandtl number
which in turn reduces the velocity of the flow as
noted in fig. 4. Figure 6 show that an increase in Pr
increases the concentration. As high Prandtl fluid
has low velocity, which in turn also implies that at
lower fluid velocity the species diffusion is com-
paratively lower and hence higher species concen-
tration is observed at high Prandtl number.

Figure 5 shows that by increasing the buoyancy

ratio parameter N, the temperature initially drops and then rises. It is also observed from fig. 4
that the velocity increases with an increase in V. Buoyancy ratio parameter is defined as the ratio
of mass diffusion force to thermal diffusion force. As a positive buoyancy ratio parameter is be-



Periyanagounder, G., et al.: Doubly Stratified Effects in a Free Convective ...

THERMAL SCIENCE: Year 2014, Vol. 18, No. 2, pp. 365-376

373

ing considered here, the mass diffusion force aids
the thermal diffusion force and hence an increase in
the velocity of the flow.

Figures 10, 11, and 12 depict the velocity, tem-
perature and concentration profiles at different
time in the presence of doubly stratified effects.
From the figures, it is observed that the velocity,
temperature and concentration profile increases
with the time ¢ and after certain time step the pro-
files decreases gradually to attain the steady-state.
Thus, during the transient flow development the
boundary layer thickness for a time exceeds the
steady-state value.

From figs. 13 and 16, it is noted that an increase
in Sy, decreases the local and average skin friction.
This is because, the velocity of the fluid decreases
by increasing the stratification parameter as de-
picted in fig. 4. Therefore, there is a reduction in
the shear stress along the wall and hence a decrease
in the skin friction. Figures 14 and 15 depict that an
increase in thermal stratification decreases the lo-
cal Nusselt number and local Sherwood number.
Figure 6 depicts that for a fixed S, an increase in
thermal stratification parameter increases the con-
centration level in the fluid. This leads to a de-
crease in the concentration gradient and hence a
subsequent decrease in the local Sherwood num-
ber. Similarly, from fig. 5, it is clear that the tem-
perature decreases with an increasing stratification
parameter. Thus, the temperature gradient along
the wall increases and hence there is an increase in
the average Nusselt number as seen from fig. 17.
Also, it is noted that the influence of the mass strat-
ification parameter on average Nusselt number is
less significant.

Figures 13 and 16 represent that an increase in
Sw» decreases the local and average skin friction.
This is because, the velocity of the fluid decreases
by increasing the mass stratification parameter as
shown from fig. 7. The deceleration in the velocity
reduces the wall friction and hence a decrease in
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Figure 11. Concentration profiles for various

time

C1
097
0.8 1
0.7
0.6
0.5
0.4
0.3
0.2 4
0.1 1
0

8:=01;5,=01;5c=06,Pr=073; N=1

-0.1

B

Figure 12. Concentration profiles for various

time

the local and average skin friction. From figs. 15 and 18, it is observed that an increase in mass
stratification increases the local and average Sherwood number. An increase in mass stratifica-
tion parameter decreases the concentration as seen from fig. 9 which in turn increases the con-
centration gradient and results in an increase in the local as well the average Sherwood number.
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Figures 14 and 17 illustrate that an increase in mass stratification parameter decreases
the local and average Nusselt number. Moreover, it is observed that the effect of thermal stratifi-
cation parameter on average Sherwood number is not of much significance.
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Conclusions

In the present work, a numerical study of free convective flow past a vertical plate in a
doubly stratified medium has been analyzed. The dimensionless governing equations are solved
by an implicit finite difference scheme of Crank-Nicolson type. The results reported in this pa-
per were validated by comparing them with the particular solutions existing in the previously
published paper. Our results show an excellent agreement with the existing work in the litera-
ture. The results are summarized as follows.

e Increase in thermal stratification parameter decreases the velocity and temperature profiles
while it increases the concentration profiles.

e Increase in mass stratification parameter decreases the velocity and concentration profiles
and increases the temperature profiles.

e An increase in buoyancy ratio parameter increases the velocity and decreases the
temperature profiles.

e An increase in Schmidt number increases the temperature and decreases the velocity and
concentration level.

e During the transient flow development, the momentum, thermal and concentration boundary
layer thickness for a certain time exceeds the steady-state.

e Local and average values of skin friction and Sherwood number decrease by increasing the
thermal stratification parameter. However, an opposite effect is observed for average Nusselt
number.

e Local and average values of skin friction and Nusselt number decrease by increasing the
mass stratification parameter. However, an opposite effect is observed for local and average
Sherwood number.

e At an initial stage, only heat conduction (or) mass diffusion occurs.

Nomenclature
C — dimensionless concentration v — velocity component normal to the plate,
C' — concentration in the fluid, [kgm’3 ] [ms™]
D — mass diffusion coefficient, [m?s™'] X — dimensionless spatial co-ordinate along
Gr — thermal Grashof number the plate
k — thermal conductivity, [Wm K] X — spatial co-ordinate along the plate, [m]
N — buoyancy ratio parameter Y — dimensionless spatial co-ordinate normal
Nu — local Nusselt number to the plate
Nux - average Nusselt number y — spatial co-ordinate normal to the plate, [m]
Pr — Prandtl number
Sc — Schmidt number Greek symbols
Shx — average Sherwood number a — thermal diffusivity, [m s ']
Sh, - local Sherwood number B — volumetric thermal expansion coefficient,
Swm — mass stratification parameter K]
St — thermal stratification parameter B — volumetric coefficient of expansion with
T — dimensionless temperature concentration, [K™']
T — temperature of the fluid, [K] v — kinematic viscosity, [m?’s ']
— dimensionless time Tx — local skin friction

t' — time, [s] 3% — average skin friction
U — dimensionless velocity component alon .

the X-direction Y ’ y Subscripts
u — velocity component along the plate, w — conditions on the wall

[ms ] 0 — free stream conditions
V — dimensionless velocity component along

Y -direction
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