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The velocity field and the associated shear stress corresponding to the torsional oscillatory flow of a
fractional Oldroyd-B fluid, also called generalized Oldroyd-B fluid (GOF), between two infinite coaxial
circular cylinders, are determined by means of the Laplace and Hankel transforms. Initially, the fluid and
cylinders are at rest and after some time both cylinders suddenly begin to oscillate around their common
axis with different angular frequencies of their velocities. The exact analytic solutions of the velocity field
and associated shear stress, that have been obtained, are presented under integral and series forms in
terms of generalized G and R functions. Moreover, these solutions satisfy the governing differential
equation and all imposed initial and boundary conditions. The respective solutions for the motion
between the cylinders, when one of them is at rest, can be obtained from our general solutions.
Furthermore, the corresponding solutions for the similar flow of classical Oldroyd-B, generalized
Maxwell, classical Maxwell, generalized second grade, classical second grade and Newtonian fluids are
also obtained as limiting cases of our general solutions.
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1. Introduction

Flows in the neighborhood of spinning or oscillating bodies are of interest to both academic workers
and industry. Among them, the flows between oscillating cylinders are some of the most important and
interesting problems of motion. As early as 1886, Stokes [1] established an exact solution for the
rotational oscillations of an infinite rod immersed in a classical linearly viscous fluid. Casarella and Laura
[2] obtained an exact solution for the motion of the same fluid due to both longitudinal and torsional
oscillations of the rod. Later, Rajagopal [3] found two simple but elegant solutions for the flow of a
second grade fluid induced by the longitudinal and torsional oscillations of an infinite rod. These
solutions have been already extended to Oldroyd-B fluids by Rajagopal and Bhatnagar [4]. Others
interesting results have been recently obtained by Hayat et al [5] and Fetecau et al [10] and references
therein [6 -8].

The non-Newtonian fluids are increasingly being considered more important and appropriate in
technological applications than the Newtonian fluids. Strictly speaking, the linear relation between stress
and the rate of strain does not exist for a lot of real fluids, such as blood, oils, paints and polymeric
solutions. In general, the analysis of the behavior of the fluid motion of the non-Newtonian fluids tends to
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be much more complicated and subtle in comparison with that of the Newtonian fluids. There have been a
fairly large number of flows of Newtonian fluids for which a closed form analytical solution is possible.
However, for non-Newtonian fluids such exact solutions are rare.

In order to describe the rheological properties of wide classes of materials more clearly and deeply,
the rheological constitutive equations with fractional derivatives have been introduced for a long time,
which are discussed in the papers given by Friedrich [25], Bagley [33], Glockle and Nonnenmacher [34],
Rossikhin and Shitikova [35], [36], Mainardi [37], Mainardi and Gorenflo [38], Makris and Constantinou
[23] and the references therein. The Oldroyd-B model contains as a special case the Maxwell model for
which an inadequacy has been pointed out by Choi et al. [39]. In a simple shear flow of a real fluid, it pre-
dicts a linear relation between shear rate and shear stress. Furthermore, for the Maxwell model it was not
possible to achieve satisfactory fit of experimental data over the entire range of frequencies [23]. A very
good fit of experimental data was achieved when the ordinary Maxwell model has been replaced by the
Maxwell model with fractional calculus [24]. Recently, the fractional calculus has encountered much
success in the description of viscoelasticity. Especially, the rheological constitutive equations with
fractional derivatives play an important role in the description of the behavior of the polymer solutions
and melts. In other cases, it has been shown that the constitutive equations employing fractional
derivatives are also linked to molecular theories [25]. At least the modified viscoelastic models are
appropriate to describe the behavior for Xanthan gum and Sesbania gel [26]. The starting point of the
fractional derivative models of non-Newtonian fluids is usually a classical differential equation which is
modified by replacing the time derivative of an integer order by the so-called Riemann-Liouville
fractional differential operator. This generalization allows us to define precisely non-integer order
integrals or derivatives [13]. There is a vast literature dealing with such fluids, but we shall recall here
only a few of the most recent papers [27-32, 40, 41].

In the literature, we can find a lot of work corresponding to the oscillatory flows of viscoelastic non-
Newtonian fluids between two cylinders, when one of them is oscillating (see references therein), while
the attempts to achieve exact solutions, when both cylinders are oscillating, are scarcely met. As far as the
knowledge of authors is concerned, no attempt has been made regarding the torsional oscillatory flow of
GOF in the annular region of two infinitely long coaxial circular cylinders, when both of them are
oscillating simultaneously. So the aim of this paper is to examine the torsional oscillatory motion of a
GOF between two infinite coaxial circular cylinders, both of them oscillating around their common axis
with given constant angular frequencies @, and @,. Velocity field and associated tangential stress of the
motion are determined by using Laplace and Hankel transforms and are presented under integral and
series forms in terms of the generalized G and R functions. It is worthy to point out that the solutions
that have been obtained satisfy the governing differential equation and all imposed initial and boundary
conditions as well. The solutions corresponding to the similar flow of classical Oldroyd-B, generalized
Maxwell, classical Maxwell, and Newtonian fluids are also determined as special cases of our general
solutions. Unlike other authors, the corresponding solutions for generalized as well as classical second
grade fluid are also achieved from general solutions. Furthermore, the respective solutions for the
oscillatory motion between the cylinders, when one of them is at rest, can be obtained from our general
solutions.



2 Torsional oscillations between two cylinders

2.1 Constitutive equations

The constitutive equations of an incompressible GOF are given by [19, 20]

DS D
T=-pl+S, S+A—=u|1l+1 — |A 1
p Ot #( rDJ 1)

Where Tis the Cauchy stress tensor, —pl denotes the indeterminate spherical stress, Sis the
extra-stress tensor, A=L+L" with Lthe velocity gradient, 1and 2, are the material constants
and DS/Dtand DA/Dt are defined by

%f =D’S+V.VS-LS-SL", %’?‘ =D/A+V.VA-LA-AL (2a, b)

Here Vs the velocity vector, V is the gradient operator, the subscript T denotes the transpose
operation and the fractional differential operators D7 and D/ are defined as [9, 21, 22]
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where I'(-) is the Gamma function. This mode can be reduced to classical Oldroyd-B model when
a —land B —1, to the fractional (or generalized ) Maxwell model when A4, — 0, to the classical
Maxell model when 4, —0 ad o —1, and to Newtonian model when 2 —0 and 4, —0.

2.2 Mathematical formulation of problem and governing equation

Suppose that an incompressible GOF is situated in the annular region between two infinite
straight circular cylinders of radii R and R, (R, >R,). Attimet =0, the fluid and cylinders are at rest. At
time, t=0", inner and outer cylinders suddenly begin to oscillate around their common axis (r =0) with
the velocities W,sin(@t)and W,sin(e,t). Owing to the shear, the fluid between the cylinders is
gradually moved, its velocity being of the form

v=v(rt)=o(rt)e, 4)

where e, is the unit vector along & -axis, of the cylindrical coordinate system (r,e, z). For such flows the
constraint of incompressibility is automatically satisfied. Since the velocity field (4) depends only on
rand t, so we assume that the extra stress tensor , S is also independent of ¢ and z. Furthermore, if the
fluid is assumed to be at rest at the moment t =0 then

S(r,0)=0 ®)



Equalities (1b), (4) and (5) imply S,, =S,, =0 and relevant equation

(1+2,Dt“)z’(r,t):ﬂ(l+/1er)(i—lju(r,t) (6)

or r

Where z(r,t)=S,,(r,t)is the shear stress, which is different from zero. In the absence of body forces

and pressure gradient in the axial direction, the balance of the linear momentum leads to the meaningful
equation

pau(r,t):(ﬁJrZ)T(r,t) ™

ot or r

Eliminating r(r,t) between egs. (6) and (7) we get the governing differential equation of our problem, as
follows

oo(rt o 1o 1
(1+4D7) ”(gtr )=v(1+/IrDtﬁ)[¥+Fa—r—2ju(r,t), re(R,R,), t>0 (8)

The above governing equation (8) can be reduced to the governing equation (corresponding to the similar
flow) of generalized second grade fluid when A2 — 0 and to the classical second grade fluid when 4 —0
and g —1. The appropriate initial and boundary conditions, for the present problem, are

u(r,O)zaU(r'O)

=0, re(Rl,Rz) 9

v(R,t)=W,sin(at) , v(R,,t)=W,sin(m,t) (10a, b)
To solve this problem, we shall use as in [16, 17], the Laplace and Hankel transforms.

2.3 Calculation of the velocity field
Applying the Laplace transform to Egs. (8) - (10) and using the Laplace transform formula for
sequential fractional derivatives [13], we obtain the ordinary differential equation

o*o(r,q) 105(rq) 1 _ _q(iq“+1)_ e
o’ r or rzu(r,q) v(/quﬁJrl)U(r'q)_o’re(Rl’RZ) (1)

where the image function o(r,q) of o(r,t) has to satisfy the conditions
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In the following, let us denote by [18]
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the finite Hankel transform of (r,q), where r, are the positive roots of the transcendental equation
B,(R,r)=0 and

B.(rr,)=3,(rr,)Y,(R,r,)—=J,(R,r, )Y, (rr,) (14)

In the above relation, Jl(-) and Yl(-)are Bessel functions of order one of the first and second kind, respectively.
Applying the finite Hankel transform (13) to Eq. (11) and taking into account the conditions (12), we find that [14]
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In order to determine o (r,q)from o, (q), we firstly write 5, (q) under the suitable form as follows

W0, Wy Ji(R1) _
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and use the inverse Hankel transform formula [14]
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and (A1) from appendix, we obtain
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Now, in order to avoid the burdensome calculations of residues and contour integrals, we apply the
discrete inversion Laplace transform method [11, 12], writing
a o l+m=k 1am/( _ 2 k pm—k-1
AQ* +1 222 KIA™ [ —vr, q : (20)
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and using (A2), where [15]
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is the generalized G function and(c)j is the Pochhammer polynomial [15].
Finally, egs.(19)-(21) and (A5) give the velocity field
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where “*” denotes the convolution of two functions.
2.4 Calculation of the shear stress
Applying the Laplace transform to eq. (6), we find that
_ u(29"+1) 5 1)
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where



o 1) 2RR, [(RW,0, RW,m,) &Ji(Rn)[(¥r)B(rr)-r,
-~ U(I’,q)= 2 p2\p2|l n2, 2 2, 2 +”Z 2 12 x
or r (RZ—Rl)r q +w, q" +ao n=1 ‘]1 (ern) Jl(RZrn)
(24a)
q(iq“ +1) q(lq“ +1)
% WZwZJl(er”) 2 2 a+l 2 B T 2 a+l 2 B
(g +a)2)[/1q +q+vi (49 +1)] (q +a)1)[/lq +q+vi (49 +1)}
has been obtained from (19) and (A6), where in the above relation
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Introducing (24) into (23), applying again the discrete inversion Laplace transform to the obtained result
and using (A3) and (A5), where

© Cj(t_d)(j+l)a—b—1
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is R function [15], we find for the shear stress the expression
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Making the limits as « —1, g —1linto Egs. (22) and (26), we can recover the corresponding solutions
for the classical Oldroyd-B fluid.

3 Limiting case
3.1 Generalized Maxwell fluid

Making 4, — 0 into egs. (22) and (26) and using (A4), we obtain the velocity field
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and associated shear stress
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corresponding to the Generalized Maxwell fluid, performing the same motion. It is remarkable here that if
we have a —1in Egs. (27) and (28), then corresponding solutions for ordinary or classical Maxwell fluid
are recovered.

3.2 Generalized second grade fluid

Now, making the limit as 4 — 0into Egs. (22) and (26), we obtain the corresponding solutions
for the generalized second grade fluid, which are given by
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By making £ —1 into (29) and (30), we get the corresponding solutions for the similar flow of classical
or ordinary second grade fluid.

3.3 Newtonian fluid

Making the limitasa —1, f —>1, 4 —>1, 4 —1linto egs. (22) and (26), we obtain the
corresponding solutions for the Newtonian fluid, which are given by

W,R (R} —r?)sin(ayt) +W,R, (r* =R )sin(eyt) & J,(R1,)B(rr,)
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It is important to point out that the terms containing exp(') in Egs. (31) and (32), correspond to
the transient parts of the solutions of v, (r,t)and 7, (r,t), respectively. For large values of time, these
terms tend to zero and we remain with the steady-state solutions, which are periodic in time and are
independent of the initial condition.

Concluding remarks and results

Our purpose in this paper was to establish exact solutions for the velocity field and shear stress
corresponding to the flow of a GOF between to infinite coaxial circular cylinders, by using Laplace and
Hankel transforms. The motion of fluid was due to the simple harmonic sine oscillations of both cylinders
around their common axis, with different angular frequencies @,and w, of their velocities. It is important
to point out that the velocity field and the shear stress for the oscillatory motion between the cylinders,
when one of them is at rest, can be obtained from our general solutions by making W, =0, W, =W and
@, = (when inner cylinder is at rest) or W, =W ,W, =0and @, = ® (when outer cylinder is at rest). For
instance, the velocity field for the flow of generalized Maxwell fluid, when inner cylinder is at rest and
outer cylinder is oscillating, is given by (from eq. (20))

o(rt)=

WRZ(rZZ— R1225|n((0t) _ﬂwwii“m:k k!/lrm [Lrnz]k .
(RZ _Ri )r n=0 k=0 I,m>0 Ilml ﬂ,

(33)

x IjZ i cos(@t)*G, s 1 (-4 1)

The solutions that have been obtained, presented under integral and series forms in terms of the
generalized G and R functions, satisfy the governing equation and all imposed initial and boundary
conditions. The corresponding solutions for the similar flow of generalized as well as the classical
Maxwell and second grade fluids are also achieved as special limiting cases of our general solutions.

Appendix
Some results used in the text:

The finite Hankel transform of the function

AR, (R} —r?)+BR,(r* —R})
(R: —R?)r

a(r)= (Ala)

satisfying a(R,)=A and a(R,)=B s
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L1{ qbd)c}—Gabc(d,t); Re(ac—b)>0, Re(q)>0, ‘ia

dq.b o i q\(i*Dab
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arr ar? 3 (Rr)

<1

q

d>0, Re[(j+1)a-b]>0, Re(q)>0

R, (a0,t)=exp(at)

If u, (t)=L"{T,(q)} and u,(t)=L"{ad,(q)} then

Nomenclature

R, -radius of inner cylinder, [m]
R, -radius of outer cylinder, [m]
r -radial coordinate, [m]
t-time, [s]

Greek letters

o -fractional order (dimensionless)

p -fractional order (dimensionless)

p -fluid density , [kg.m™]

L - dynamic viscosity [N.m?.s]

v = u/ p fluid kinematic viscosity, [ m*s™]
o - angular frequency of velocity, [s™]

7 -shear stress, [ N.m™?]

Subscripts

1-inner cylinder

2- outer cylinder

GSC- generalized second grade
N -Newtonian

(A1b)

(A2)

(A3)

(Ad)

(A5a)

(A5h)

(A6)

11



References

[1] Stokes, G. G., On the effect of the rotation of cylinders and spheres about their axis in increasing the
logarithmic decrement of the arc of vibration, Cambridge University Press, Cambridge, 1886

[2] Casarella, M. J., Laura, P. A., Drag on oscillating rod with longitudinal and torsional motion, Journal
of Hydronautics, 3 (1969),1, pp. 180-183

[3] Rajagopal, K. R., Longitudinal and torsional oscillations of a rod in a non-Newtonian fluid, Acta
Mechanica, 49 (1983), 3-4, pp. 281-285

[4] Rajagopal, K. R., Bhatnagar R. K., Exact solutions for some simple flows of an Oldroyd-B fluid, Acta
Mechanica, 113 (1995), 1-4, pp. 233-239

[5] Khan, M., Asghar, S., Hayat, T., Oscillating flow of a Burgers’ fluid in a pipe, The Abdus Salam
International Center for Theoretical Physics, 1C/2005/071

[6] Rajagopal, K. R., A note on unsteady unidirectional flows of a non-Newtonian fluid, International
Journal of Non-Linear Mechanics, 17 (1982), 5-6, pp. 369-373

[7] Hayat, T., Khan, M., Siddiqui, A. M., Asghar, S., Transient flows of a second grade fluid,
International Journal of Non-Linear Mechanics, 39 (2004), 10, pp. 1621-1633

[8] Dunn, J. E., Rajagopal, K. R., Fluids of differential type: critical review and thermodynamic analysis,
International Journal of Engineering Science, 33 (1995), 5, pp. 689-729

[9] Hilfer, R., Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000

[10] Fetecau, C., Fetecau C, Starting solutions for the motion of a second grade fluid due to longitudinal
and torsional oscillations of a circular cylinder, International Journal of Engineering Science, 44
(2006), 11-12, pp. 788-796

[11] Tan, W. C., Xu, M. Y., The impulsive motion of flat plate in a generalized second grade fluid,
Mechanics Research Communications, 29 (2002), 1, pp. 3-9

[12] Shen, F., Tan, W. C., Zhao, Y., Masuoka, T., The Rayleigh-Stokes problem for a heated generalized
second grade fluid with fractional derivative model, Nonlinear Analysis: Real World Applications, 7
(2006), 5, pp. 1072-1080

[13] Podlubny, 1., Fractional differential equations, Academic Press, San Diego, 1999

[14] Sneddon, I. N., Functional Analysis in: Encyclopedia of Physics, Vol-Il, Springer, Berlin, Gottingen,
Heidelberg, 1955

12



[15] Lorenzo, C. F., Hartley, T. T., Generalized Functions for the Fractional Calculus, NASA/TP-1999-
209424/Rev1, 1999

[16] Fetecau, C., Mahmood, A., Fetecau Corina, Vieru, D., Some exact solutions for the helical flow of a
generalized Oldroyd-B fluid in a circular cylinder, Computers & Mathematics with Applications, 56
(2008), 12, pp. 3096-3108

[17] Tong, D., Liu, Y., Exact solutions for the unsteady rotational flow of non-Newtonian fluid in an
annular pipe, International Journal of Engineering Science, 43 (2005), 3-4, pp. 281-289

[18] Debnath, L., Bhatta, D., Integral Transforms and Their Application, (2nd Edition), Chapman &
Hall/CRC, 2007

[19] Han, S. F., Constitutive Equation and Computational Analytical Theory of Non-Newtonian fluids,
Science Press, Beijing, 2000

[20] Qi, H., Xu, M., Stokes’ first problem for a viscoelastic fluid with the generalized Oldroyd-B model,
Acta Mechanica Sinica, 23 (2007), 5, pp. 463-469

[21] Nazar, M., Fetecau, C., Awan, A. U., A note on the unsteady flow of a generalized second-grade
fluid through a circular cylinder subject to a time dependent shear stress, Nonlinear Analysis: Real
World Applications, Nonlinear Analysis: Real World Applications, 11 (2010), 4, pp. 2207-2214

[22] Samko, S. G., Kilbas, A. A., Marichev, O. I., Fractional integrals and derivatives: theory and
applications, Gordon and Breach, Amsterdam, 1993

[23] Makris, N., Constantinou, M. C., Fractional-derivative Maxwell model for viscous dampers, Journal
of Structural Engineering, 117 (1991), 9, pp. 2708-2724

[24] Makris, N., Dargusf, D. F., Constantinou M. C., Dynamic analysis of generalized viscoelastic fluids,
Journal of Engineering Mechanics, 119 (1993), 8, pp. 1663-1679

[25] Friedrich, C., Relaxation and retardation functions of the Maxwell model with fractional derivatives,
Rheologica Acta, 30 (1991), 2, pp. 151-158

[26] Song, D. Y., Jiang, T. Q., Study on the constitutive equation with fractional derivative for the
viscoelastic fluid-modified Jeffrey’s model and its applications, Rheologica Acta, 37 (1998), 5, pp.
512-517

[27] Hayat, T., Nadeem, S., Asghar, S., Periodic unidirectional flows of a viscoelastic fluid with the
fractional Maxwell model, Applied Mathematics and Computation, 151 (2004), 1, pp. 153-161

[28] Khan, M., Nadeem, S., Hayat, T., Siddiqui, A. M., Unsteady motions of a generalized second-grade
fluid, Mathematical and Computer Modelling, 41 (2005), 6-7, pp. 629-637

13



[29] Khan, M., Magbool, K., Hayat, T., Influence of Hall current on the flows of a generalized Oldroyd-B
fluid in a porous space, Acta Mechanica, 184 (2006), 1-13, pp. 1-13

[30] Shaowei, W., Mingyu, X., Exact solution on unsteady Couette flow of generalized Maxwell fluid
with fractional derivative, Acta Mechanica, 187 (2006), 1-4, pp. 103-112

[31] Hayat, T., Khan, S. B., Khan, M., The influence of Hall current on the rotating oscillating flows of an
Oldroyd-B fluid in a porous medium, Nonlinear Dynamics, 47 (2007), 4, pp. 353-362

[32] Shaowei, W., Mingyu, X., Axial Couette flow of two kinds of fractional viscoelastic fluids in an
annulus, Nonlinear Analysis: Real World Applications, 10 (2009), 2, pp. 1087-1096

[33] Bagley, R. L., A theoretical basis for the application of fractional calculus to viscoelasticity, Journal
of Rheology, 27 (1983), 3, pp. 201-210

[34] Glockle, W. G., Nonnenmacher, T. F., Fractional relaxation and the time-temperature superposition
principle, Rheologica. Acta, 33 (1994), 4, pp. 337-343

[35] Rossikhin, Y. A., Shitikova, M. V., A new method for solving dynamic problems of fractional
derivative viscoelasticity, International Journal of Engineering Science, 39 (2000), 2, pp. 149-176

[36] Rossikhin, Y. A., Shitikova, M. V., Analysis of dynamic behaviour of viscoelastic rods whose
rheological models contain fractional derivatives of two different orders, Zeitschrift fir Angewandte
Mathematik und Mechanik (ZAMM), 81 (2001), 6, pp. 363-376

[37] Mainardi, F., Fractional relaxation-oscillation and fractional diffusion-wave phenomena, Chaos,
Solitons & Fractals, 7 (1996), 9, pp. 1461-1477

[38] Mainardi, F., Gorenflo, R., On Mittag-Lefler-type functions in fractional evolution processes,
Journal of Computational and Applied Mathematics, 118 (2000), 2, pp. 283-299

[39] Choi, J. J., Rusak, Z., Tichy, J. A., Maxwell fluid suction flow in a channel, Journal of Non-
Newtonian Fluid Mechics, 85 (1999), 2-3, pp. 165-187

[40] Vieru, D., Akhtar, W., Fetecau, C., Fetecau, C., Starting solutions for the oscillating motion of a
Maxwell fluid in cylindrical domains, Meccanica, 42 (2007), 6, pp. 573-583

[41] Mahmood, A., Parveen, S., Ara, A., Khan, N. A., Exact analytic solutions for the unsteady flow of a
non-Newtonian fluid between two cylinders with fractional derivative model, Communications in
Nonlinear Science and Numerical Simulation, 14 (2009), 8, pp. 3309-3319

14



