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All first-order spatial derwatives of the turbulent velocity fluctua-
tions were measured using a pair of X hot-wire probes. Measure-
ments were performed in the self-preserving region of a turbulent
plane wake downstream of a cylinder and in an azisymmetric wake
behind the sphere. Good spatial resolution of the measurements
was ensured by choosing small values for the cylinder/sphere di-
ameter and a low flow speed. Errors due to the finite hot-wire
length and the wire and probe separation were analysed using Wyn-
gaard’s correction method. The deried corrections were verified
experimentally. The measuring technique and the experimental
results were systematically checked and compared with the results
available in the literature. The assumptions of local isotropy and
local azisymmetry were ezamined. Both investigated flows deviate
only moderately from local isotropy and local azisymmetry. Sup-
port for the measured results is provided by plotting the data on
an anisotropy invariant map. The budgets of the turbulent kinetic
energy were computed from the measured data. In contrast to the
results obtained in the plane wake, where the pressure transport is
nearly negligible, in the azisymmetric wake it was found to play an
important role_and closely follows the estimate made by Lumley,

wp/p ~ —0.2¢%u;.

INTRODUCTION

The dissipation correlations €;; = ug;‘; BZL play an important role in turbu-

lence modelling, since these represent a sink term in the Reynolds stress equations.
The trace of the dissipation tensor ¢! appears in nearly all turbulent models. Mod-
elling of the dissipation rate correlations is the weakest part of the turbulence closures

le and the total average turbulent dissipation rate € are related as follows:
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The second term on the right-hand side is negligible in the wake flows under consideration

Eh—

6$k

=]
(&4



THERMAL SCIENCE: Vo. 5 (2001), No. 1, pp. 75-100

since the dynamics of €;; are extremely complicated. Often they are modelled assum-
ing local isotropy, as proposed by Kolmogorov [1]. An exception is the near-wall region
where empirical wall functions are used to recast the data. One of many difficulties
also originates from an insufficient amount of numerical or experimental data that
can be of some use for direct validation of the closure assumptions used to construct
a transport equation for the dissipation rate. Although direct numerical simulations
have been available for almost 20 years, only very few data sets contain useful in-
formation about terms in the transport equation of the turbulent dissipation rate.
In this respect, two-point statistics would be extremely useful but are not available.
Experimental data are also rare, since measurements of the relevant terms are very
difficult or even impossible. :

The first dissipation measurements were made by Simmons and Salter [2] using
hot-wire probes together with Taylor’s frozen flow hypothesis and assuming isotropy
in the dissipation range. In a similar way, the turbulent dissipation rate was measured
in a turbulent jet by Corrsin [3] and Corrsin and Uberoi [4] and in a plane wake by
Townsend [5,6]. Townsend measured statistics of the streamwise derivatives which
provided support for the applicability of the assumption of local isotropy. Laufer [7]
and Klebanoff [8] measured five of the nine terms of the turbulent dissipation rate
in a turbulent pipe flow and in a flat plate boundary layer, respectively. For the
determination of the remaining terms they appiied isotropic relationships. All three
components of the temperature dissipation rate were measured in a turbulent wake
flow by Uberoi and Freymuth [9] and Antonia and Browne [10]. The same quantities
were also measured by Tavoularis and Corrsin [11,12] in a homogeneous shear flow
and by Krishnamoorthy and Antonia [13] in a turbulent boundary layer.

Using a pair of X hot-wire probes, Browne et al. [14] measured all nine terms
of the turbulent dissipation rate. Instead of € the authors determined the dissipation
from € and assumed local isotropy for the three remaining terms. George and Hussein
[15) and Hussein et al. [16] used the flying hot-wire technique for measuring five
of the nine dissipation terms in a round jet at high Reynolds numbers. A similar
experiment was performed by Hussein [17], who measured seven of nine terms of € in
a plane jet. The results obtained in this study showed that local axisymmetry is a
better approximation than local isotropy.

Ye [18] measured all nine terms of the turbulent dissipation rate and three
components of the dissipation tensor in a turbulent plane wake using the same tech-
nique as Browne et al. [14]. The measurements described in this paper are an ex-
tension of the work of Browne et al. [14] and Ye [18]. Instead of a fixed X hot-wire
cénﬁguration, two probes with variable separation were employed, allowing precise
relative alignment and the possibility of performing various test measurements. The
paper focuses mainly on experimental aspects such as corrections and accuracy tests.
At the end of the paper we provide distributions of the individual terms involved
in the transport equation for turbulent kinetic energy. A detailed investigation and
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Figure 1. Different configurations of X hot-wire probes employed for
measurements of the instantaneous velocity derivatives. (a) ur1, ui2, uz1,
uz,2; (b) ujp,1, U1,3, U3,1, U3,3; (C) uy .1, 01,3, U231, U235 (d) uy,1, Ui,2, U3,1, U3,2

validation turbulence closure of the dissipation correlations using the experimental
data will be the subject of a future paper.

EXPERIMENTAL TECHNIQUE FOR MEASURING
VELOCITY DERIVATIVES

Spatial derivatives of the fluctuating velocities can be obtained experimentally
by measuring the velocity difference at two closely spaced points, u;; = Ou;/0z; =
Au;/Az;. This technique, known as the finite-difference method, was used in several
studies by Browne et al. [14], Ye [18], and Zhu and Antonia [19]. Using a pair of
X hot-wire probes of different configurations all nine components of the turbulent
dissipation rate e can be measured, as shown in Fig. 1, which provide details of
a wind-tunnel arrangement of two closely separated X hot-wire probes used for the
velocity derivative measurements. The sketch shows probe holders, the device used
for calibration of hot wires at known yaw angles in the wind tunnel (top) and different
configurations of X hot-wire probes (bottom). Here, the coordinates z2 and z3 lie in
the plane perperdicular to the flow which is along the z; direction.

In the analysis of the data measured by different hot-wire configurations shown
in Fig. 1, it was necessary to account for the spatial filtering arising from the finite
length (1) of the hot wires and also for the wire (d) and probe (s) separation. For this
purpose, the correction procedure suggested by Wyngaard [20,21], and extended by
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Figure 2. Schematic of the X hot-wire configuration shown in Fig. 1(a). Here
d is the distance between the hot wires, 1 is the hot-wire length, s is the
distance between two probes and 1 is the effective wire angle

Zhu and Antonia [19], was applied. Here we provide a brief summary of the correction

method used to evaluate the data.
Assuming that turbulence is homogeneous, the derivative (Ou;/0z2)? can be

(g?) /J/ k2 ¢y (K)dkey dkadks (1)

where k is the wavenumber vector, k = (k1, ko, k3), and ¢1; is the energy spectral
tensor. The measured velocity derivative spectrum ¢, , for the hot-wire configuration
(a) shown in Figs. 1 and 2 can be represented by

m (k) 1/s%sin? (kos/2){d11[(X2 + X?) + 2X o X, cos(ksd))

expressed by

Il

4+ 2cotdd 1a(XE — X2)

+  cot’d gaa[(X7 + Xj) — 2X,X, cos(ksd)]} (2)
where X, = sin(kl,)/(kl,) originate from the filtering effect due to the finite length
of the hot-wire (Zhu and Antonia, [19]). The use of the above equation assumes

homogeneity of turbulence, uniformity of the mean velocity field across the hot-wire
and small turbulence intensity. With egs. (1) and (2) one can estimate the ratio

(3u1/5$2)2m fff o, (k)dkydkadks 3
o
3 (6’&1/6.’1‘2)2 fff k ¢11 dkldkgdkg
by integrating eq. (3) numerically with the assumed isotropic form for ¢;;:

E(k
i 47r(k‘2

(k2635 — kik;) (4)
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Figure 3. The test section of a wind tunnel at the Lehrstuhl fiir

Stromungsmechanik Erlangen

where E(k) is the three-dimensional energy spectrum. In the same way, corrections

for all other gradients can be defined.
Zhu and Antonia [19] used E(k) from the DNS data for a turbulent channel

flow to evaluate the data. In the present study the form of E(k) suggested by Pao [22]
was used to estimate the influence of the wire length and the wire and probe separation
on measured statistics of the velocity derivatives. Because of the implied isotropy
assumption involved in approximation of the energy spectrum, E (k) corrections must
be verified before they can be applied.

Wind tunnel setup and instrumentation

The experiments were carried out in the closed test section of a return-type
wind tunnel at the Lehrstuhl fiir Strémungsmechanik, Erlangen (see Fig. 3). Its test
section is 1.87 m wide, 1.40 m high and 2.0 m long. The flow uniformity in the wind
tunnel and two-dimensionality of the plane wake were systematically investigated
before performing the measurements. The free stream turbulence level in the empty
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Figure 4. Experimental arrangement of a sphere in the wind tunnel

test section was approximately 0.07% in the streamwise direction and 0.04% in the
normal and lateral directions. Since the free stream turbulence level was very low, no
interference with the wake turbulence was expected.

The plane wake was generated by a steel tube of diameter D = 3 mm which
was installed in the middle of the tunnel test section. The velocity Us in the free
stream was 6.6 m/s, corresponding to a Reynolds number based on the cylinder
diameter of Rp = 1340. For generating the axisymmetric wake a sphere of diameter
D = 16 mm was suspended using four thin wires (see Fig. 4). In order to avoid
vortex shedding from the suspending wires, their diameter was only 50 pm. With a
free stream velocity of 6.1 m/s the wire Reynolds number was 20, which is well below
Regrit ~ 50. The Reynolds number based on the sphere diameter was 6550.

The axisymmetry of the mean flow field was measured using a single hot-wire
probe. Figure 5 shows distributions of turbulence intensity, skewness and flatness
factors of the streamwise velocity component. Data from the contour plots shown in
this figure display small radial asymmetries in the narrow region of the upper part of
the wake which originate from disturbances caused by the suspending wires. Detailed
profiles of mean velocity and turbulence quantities taken by horisontal and vertical
traverses across the wake showed very small deviations and nearly perfect symmetry in
the measured data (Schenck, [23]). It was decided, therefore, that data obtained from
vertical traverses are good represntatives to quantify turbulence in the axisymmetric
wake flow.

Detailed experimental investigations reported here were performed in the self-
preserving region: 400 diameters downstream from the circular cylinder and 75 di-
ameters behind the sphere. The self-similarity in the wake was checked by comparing
mean velocity profiles, second- and third-order moments and statistics of the longitu-
dinal gradient of the fluctuating u; velocity component taken at different streamwise
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Figure 5. Contour plots of relative turbulence intensity ull/Ul (top left), the
skewness factor (top right) and the flatness factor (bottom) of the streamwise
velocity component in the axisymmetric wake at x;/D = 101

locations.
All measurements were made using standard DANTEC hot-wire probes op-

erated with Dantec StreamLine constant temperature anemometers at an overheat
ratio of 0.6. The output signals from the anemometers were passed through back-up
amplifiers, low-pass filtered and then digitized and stored on a PC for further pro-
cessing. For measurements of the mean velocity and turbulence intensities, single and
X hot-wire probes (DANTEC 55P11 and 55P61 ? ) were used.

To ensure the statistical independence of the sampled data, the integral time-
scale was measured from the autocorrelation function at various positions across the
wake. This information was used to set the sampling interval to about two integral
time-scales of the flow. The sample size at each measuring point was 25000 data taken
at rate of 250 Hz. This sample size corresponds to a sampling error of 0.03% for the

2The hot-wire probes employed were made from Pt-plated tungsten wire, diameter 5 pm, length
I = 1.16 &+ 0.02 mm and the separation between the wires was d = 0.4 £ 0.05 mm
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mean velocity and 2.3% for the second-order moments calculated on the basis of a
99% confidence level.

Hot wires were calibrated in situ in the wind tunnel by fitting the anemometer
output voltage (E) to the effective cooling law E? = 4 4+ BUL/¥. The coefficients
A and B, that were determined from the linear regression of the calibration data
taken over the relatively small speed range, provided high accuracy (0.2%) of the
voltage to velocity conversion. Owing to the small turbulence levels encountered in
the investigated wake flows, the cosine law for the effective cooling velocity U.s; was
used for splitting the signals from cross wires into the velocity components. For yaw
calibration, the method proposed by Bradshaw [24] was utilized. The cross wires
were employed for measurements of the normal and lateral intensity components,
shear stress and triple velocity correlations, which contribute to the balance of the
turbulent kinetic energy. Townsend’s [6] method for measuring the triple correlation
u3uy was employed (see Wygnanski and Fiedler [25] and Ye [18]).

The gradients of fluctuating velocities in the normal and lateral directions,
which contribute to the dissipation rate correlations, were measured using a pair of
either single or cross hot-wire probes (see Fig. 6). The two cross hot wires were
each yawed by 5° to allow a small separation between the probes (~1.6 mm). The
inclination of the probes to the flow was accounted for during the data processing
by adding the yaw angle to the effective wire angle to compute the effective cooling
velocity using the stored calibration data. Taylor’s hypothesis was used to determine
the derivatives in the streamwise direction from recorded time traces of the measured
fluctuations. The outputs of the hot-wire anemometers were first low-pass filtered at
5 kHz and then digitized at a sampling frequency fs of 12 kHz. Prior to com-
puting time derivatives, the data were additionally digitally low-pass filtered at the
Kolmogorov frequency fr = Uy /2nLy [Lx = (v%/€)'/4] using the NERD filter rou-
tines described by Kaiser and Reed [26]. The derivatives were then evaluated using
At = 2/fs and subsequently corrected for the effects of finite hot-wire length, probe
and wire separation.

EXPERIMENTAL RESULTS

Mean flow field

In order to ensure high reliability of the measured data, a number of qualifying

tests were made. Several profiles of u; = \/1:—%, Uy, us were compared to check the
repeatability of the measurements . For the plane wake flow most of the measured
profiles are shown in Fig. 7. This figure shows complete profiles, i. e. both sides
of the wake, and includes the data measured by all hot-wire configurations shown in
Fig. 1. Note that for measurements of the instantaneous velocity derivatives it is
important that both probes give nearly identical responses. The deviations between
the individual curves are within a few percent and the agreement between single and
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Figure 6. Photograph of the hot-wire mounting and the microscope for probe
positioning in the wind tunnel (left). Enlarged front view of the hot-wire
probes (right)

cross-wire measurements is seen to be very good. The data for the axisymmetric wake

(not presented here) show nearly the same degree of agreement.
An additional check of the measured data can be made from the mean mo-

mentum equation. For the two-dimensional small-deficit wake this equation is

oU, = Ourus

el =0 =
Ueorgritiigg,; (5)
which can be rearranged in the form
Wy o) Ao
U&ls al 245 4 (6) _

where A and Ay are the similarity constants. These can be expressed as

US Tl — &1.0 Al L Ty — 1.0 e
ot S - —_=A — 7
o i ( D ) i =D L D i

where Us is the centerline mean-velocity defect, which measures the difference between
the free stream and local mean velocities, 0 is the virtual flow origin, 7 is the
non-dimensional normal coordinate n = z2/L, L is the half-width of the wake (where
Us = 0.5) and f(n) is the normalized mean velocity distribution f(n) = (Uss—U1)/Us.
Figure 8 shows the comparison between the measured data and values computed from
eq. (6). At the position of maximum shear stress the deviation is about 10% and
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Figure 7. Comparisons of the intensity and shear stress distributions across
the plane wake measured using single wire (denoted Single), cross wire
(denoted X400) and configurations (a), (b), (c) and (d) shown in Fig. 1.

Displayed data includes both side of the wake which cannot be distinguished

owing to perfect symmetry of the flow

originates from uncertainties in the determination of the similarity constants involved
in eq. (7), which were obtained by fitting the measured data at different streamwise
positions in the wake (see Schenck, [23]). In the case of the axisymmetric wake the
maximum deviation between the measured and calculated shear stress was 8%.

The measured mean velocity profiles were used to compute the momentum

thickness:
%= U U
9:/_0017:;<1—i>dx2 ()

which must be constant. Figure 8 (right) shows the computed values of § at different
locations behind the cylinder. The average value § = 1.42 & 0.02 mm corresponds
to a drag coefficient cp = 26/D of 0.95, which is identical with the result obtained
by Wygnanski et al. [27] and is close to the value suggested in the literature (see
Hoerner, [28]). The value of drag inferred from the measurements in the wake behind
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Figure 8. Normalized distributions of measured and calculated shear stress
(left). Momentum thickness in the plane wake computed at different locations
behind the cylinder (right)

the sphere, ¢cp = 0.42, is in good agreement with the data from the literature (Hoerner
[28], ¢p = 0.42; Schlichting and Gersten [29], cp = 0.40).

The measured data were also compared with the results available from other
studies reported in the literature. Since the shape of the self-similar profiles depends
on the initial conditions, as shown by Wygnanski et al. [27], only the data from
wake flows behind circular cylinders from Townsend [6], Fabris [30], Aronson and
Lofdahl [31], Browne et al. [14], Uberoi and Freymuth [32] and Ye [18] were used for
comparisons. However, only in the studies reported by Fabris [30] and Ye [18] were all
stresses directly measured. Figure 9 shows comparisons of the turbulence intensities
and the shear stress in the plane wake. The data from Browne et al. [14] are shown
with error bars which indicate the maximum deviations between their data sets. The
agreement is seen to be good, in particular with the data of Fabris [30] and Ye [18].
The source of the deviations of the present data from those measured by Townsend
[6] could not be found. An attempt to apply the extended similarity theory proposed
by George [33] was not successful and the data emerging from this analysis are not

shown here.

Statistics of the velocity derivatives

In order to test the validity of the corrections discussed in the previous section,
measurements with variable separation between hot-wire probes were performed. The
derivatives in the streamwise direction were computed from the recorded time traces
using the Taylor hypothesis. Figure 10 shows the measured and corrected derivatives
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Figure 9. Comparisons of the measured intensity components and shear stress
across the plane wake with the data available in the literature

UIU = 1/ (0u1/011)?, u’3,1 and ull’s as a function of the separation distance between the
probes normalized by the Kolmogorov microscale Ly 3. The displayed data correspond
to the centerline region and the outer part of the wake and were obtained using the
single hot wire (U;,1)7 cross wire (ugyl) and a pair of single hot wires (u; ;). If the
corrections were exact, the corrected derivatives would exhibit no dependence on the
separation distance between the probes. In the centerline region of the wake the
correction procedure works very well whereas in the outer part it underestimates
expectations. This may be attributed to larger deviations from local isotropy in the
outer part of the wake. Because the Kolomogorov length scale Lj increases with the
distance from the wake centerline by a factor of about two, the relative separation
between the sensors Az /L decreases and the poor performance of the corrections in

3For the plane case the values of L were 0.44 mm near the wake centerline (7 ~ 0) and 0.75 mm
in the outer part (1 ~ 2) of the wake. The corresponding values for the axisymmetric case were 0.55
and 1.05 mm, respectively
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Figure 10. Measured and corrected statistics of the velocity derivatives ull,l,
u;yl and ully3 at the centerline (x2/L ~ 0) and in the outer part (x2/L =~ 1.8 —2)
of the plane wake

the outer part of the wake is not so critical.

For very small separations between the probes, the influence of noise causes
the derivatives to increase. Owing to the decreasing signal-to-noise ratio, this effect
is noticeable in the outer part of the wake. An average separation between the probes
of 1.7 mm corresponding to ~ 4L near the centerline and ~ 2L; near the edge of
the wake was found to be an optimal compromise between sufficient signal-to-noise
ratio and a small amount of correction (3-5%) due to spatial averaging.

The separation between the individual X hot-wire probes was estimated from
the average of the measured distances between the four pairs of supporting prongs.
However, it was also possible to find an effective probe distance by shifting the statis-
tics measured with hot-wire configurations shown in Fig. 1(a) and (d). Figure 11
(left) shows the measured profiles of the u; and u, intensities in the plane wake. By
matching the measured profiles one obtains the effective probe distance as shown in
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Figure 11. Determination of an ”effective” separation between the probes
from the measured single point statistics using two X hot wires; profiles before
matching (left) and after matching (right)

Fig. 11 (right). This method was found to be reliable and the separation distance esti-
mated in this way was always within £0.08 mm of the gecmetrical distance measured
between the probes. ‘

Figure 12 shows comparisons between the statistics of u;,2 and u'113 using
the probe configurations shown in Fig. 1 and the data obtained from a pair of two
single hot wires. This figure also includes the statistics for ullyl obtained by invoking
Taylor’s hypothesis. The displayed data were obtained in the axisymmetric wake and
include profiles measured across both sides of the wake. The agreement achieved
between various measurements of u’L1 is very good. A similar degree of agreement
was obtained for “',2,1 and u,&l using different X hot-wire configurations (not shown).
The agreement between the data for “11,2 and ) , measured using a pair of single hot
wires and configurations (a) and (b) shown in Fig. 1 is also good. However, there is
some discrepancy in the data measured with configuration (d) shown in Fig. 1. The
same observations were made in the plane wake, with the exception that deviations of
about 10% were obtained between the measured data for configurations (b) and (c).
The origin of these deviations cannot be explained by spatial filtering effects due to
the finite resolution of the kot wires employed. It might be associated with the phase
differences between signals related to the separation between the wires which cannot
be accouted for using the spectral corrections. In general, however, the accuracy can
be considered to be satisfactory.

Figure 13 shows comparisons with the results from Browne et al. [14] and Ye
[18]. Statistics of the streamwise derivatives from Ye [18] show qualitatively the same

88



Schenck, T., et al. : Turbulent Dissipation Rate Measurements in Plane and Axisymmetric ...

'1,1 (5-’)

u

21 ‘
Badtgeps ., AN
45%:% |
‘e o (b)
14 R‘nu
'Q 3% . (c)
-: d‘l =T
= &S
7 4 ’-.' ...........
LS
L3
oge
0 T
0 20 40 60
r-r, (mm)

Figure 12. Comparisons of ullvl, u’1‘2 and u;‘3 measured with hot-wire
configurations (a), (b), (c) and (d) shown in Fig. 1 with measurements taken
using a single wire and a pair of single hot wires (denoted N) in the
axisymmetric wake

behavior but are 5-10% higher than the present values. The reason for this can be
attributed to the electronic noise, since Ye [18] used a 3 dB filter and computed the
derivatives directly from time series sampled at 10 kHz. Browne et al. [14] did not
apply any corrections to the measured data that were sampled at a frequency of 5 kHz,
which corresponds to Az, /Ly ~ 3. Measured statistics for the derivatives in the zo
and 3 directions are in good agreement with the data from Ye [18]. Deviations from
the data measured by Ye are in the outer part of the wake and most probably originate
from uncertainties in the position of the centerline, since she measured only half of the
wake width. It must be mentioned, however, that Ye [18] did not correct her data for
the finite length of the hot wires and probe and wire separation effects. The agreement
of “,1,2 and “11,3 with the data of Browne et al. [14] is good. The remaining statistics for
the derivatives “;,27 u;)g, u'312 and u'373 show significant deviations. The reason for this
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Figure 13. Comparisons of the statistics of all nine derivatives u-:’j in the plane
wake with the data of Browne et al. [14] and Ye [18]

lies in the experimental difficulties associated with derivative measurements. In the
next section we provide support for our measurements based on rational arguments.

Validation of the assumptions of local isotropy and
local axisymmetry

The measured statistics of the velocity derivatives were used to check the
assumptions of local isotropy and local axisymmetry. Local isotropy requires

Ou; \/ Ou; 1/0u;\?
(63%)(67:%) = 5(8—4) (405081 —dadjk — 0510k ). 9)

from which it follows that in such a turbulence the ratios K; must be equal to unity:

_20ufon)? . MOumfenP . _ Aow[om)’
LT omfone’ YT (Puafom)eE o (Bur[0za)?
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Figure 14. Distributions of the isotropic ratios K; — Ks (left) and the
axisymmetric ratios Ka1 — Kas (right) across the plane wake

o jemE | Howufon) . _ 20u/0n)

@uafoza) . . (OuafOm2)E. . (Ouz]Oms)
o @upn? o Oufon) e
(Qug/0z2)? (Ous/0x3)?

In a similar way, one can derive the ratios K,; for the case of locally axisym-
metric turbulence (George and Hussein [15]):

- _ O /oz:) k. @uz/0z))? K _ ©Ou/0zs)

“ 7 (Bup/0z3)% 7 (Ous/0z1)? * (Ous/0xs)®
_ (0u2/0w3)’ . 3(Ous/0x2)? i

“ T Buszdz2)® " (Our/z1)? + (Ous/Ox3)?

Figure 14 shows profiles of the individual ratios K;-Ks and K, 1-K45 in the
plane wake. According to the results reported in the literature, the deviations from
local isotropy and local axisymmetry grow with increasing distance from the wake
centerline. Our results show relatively small deviations from local isotropy near the
wake centerline and are in agreement with measurements of Townsend [6] and Ye
[18] but at variance with the results of Browne et al. [14]. Owing to moderate
deviations from local isotropy, the isotropic estimate of the dissipation rate e —
150(du, /8z,)2, shown in Fig. 15, is about 12% lower than the true value of € at the
wake centerline.

Figure 14 (right) suggests that local axisymmetry is a better approximation
than local isotropy. In the inner part of the wake all ratios and K,1 — K,5 are within
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Figure 15. Comparison of the measured dissipation rate €; with its isotropic
and axisymmetric approximations in the plane (left) and axisymmetric (right)
wake

experimental accuracy close to unity. In the outer part of the wake the deviations
from local axisymmetry increase. Figure 14 (left) indicates that the axisymmetric
estimates of €, which may be defined in different ways owing to the identities (11)
(Rotta, [34]):

€ = y [—(ﬁul 7821)° + 2(0u1 J0z2)? + 2(0uz/0x1)? + 8(0us /axg)Z] (12)

or

=y [g(aul/azl)z’ + 2(Ju1 /9z3)? + 2(0us/011)? + g(auz/axs)z} (13)

are in good agreement with the results of direct measurements.

The data for the axisymmetric wake are displayed in Fig. 16. Deviations
from local isotropy and local axisymmetry in the centerline region of the wake are
even smaller than in the plane case. Both isotropic and axisymmetric estimates for e
are in very good agreement with the true value of e deduced from direct measurements
of all nine terms involved in € (see Fig. 15, right).

We may provide additional support for the results shown in Figs. 14-16 by
exploring the results obtained from invariant theory. Using this theory, Jovanovi¢ and
Oti¢ [35] derived the exact relation between the anisotropies of the large and small
scales in axisymmetric turbulence:

€i; = .A(Li]' (14)
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Figure 16. Distributions of the isotropic ratios K; — Ks (left) and the
axisymmetric ratios Ka1 — Kas (right) across the axisymmetric wake

where a;; and e;; are defined as follows:

s =
Aij :-—:()—J e 5611 (1))
- g2
5o 1
eij = = 551‘]' (16)

€
and A is a scalar function. Eq. (14) shows that anisotropy of turbulence in the
dissipation range is directly proportional to the anisotropy of turbulence at large
scales. To quantify anisotropy, Lumley [36] introduced scalar invarants of a;;:
11— Q5 Ag; (17)
L = A A5k Akq (18)

to show that these can be interrelated analytically for two-component turbulence:

II = 2/9+ 2III (19)
and axisymmetric turbulence:

= (2/3)[(4/3)/I1))*/* (20)

The cross-plot of II versus III constructed from eqs. (19) and (20) defines the
anisotropy invariant map which bounds all physically realizable turbulence.

By plotting the experimental data on the anisotropy invariant map (Fig. 17),
one can clearly observe that, in the inner part of the wake behind the sphere, tur-
bulence is almost exactly axisymmetric. Also, the data of the plane wake show only

93



THERMAL SCIENCE: Vo. 5 (2001), No.

1, pp. 75-100

- Measurement :
[ --- DNS (Moser, 1998}

(B} dloere

0L A

0.0

0.7

T T

I

ol e e e o

05+
04t
0.3k
Qb

D%

0.0

©

-0.06

Figure 17.

0

0.06 0.12 0.18 0.24
I

-0.06 0.00 0.06 0.12 0.18 024 .

0.12 -

o Measurement
- - DNS (Moser, 1

998]

0.00

I

0,004 0000 0.004 0.008~ 0.0

0.08

0.04 +

0.00 {

(d)

0.000

0.006

0.012

0.018

Traces of joint variations of the invariants across the plane wake

(top, left-right) and the axisymmetric wake (bottom, left-right) within the
anisotropy-invariant map

moderate deviations from the axisymmetric state. Figure 17 shows that these results
are supported by the DNS data of Moser et al. [37], who performed direct numerical
simulations of the plane wake flow. Taking these results into account, it follows from
eq. (14) that the anisotropy at small scales and therefore of €;; must vanish near the

wake centerline.

The balance of the energy equation

The experimental data were used to compute the budget of the turbulent
kinetic energy k = urur/2 = q2/2. For the two-dimensional wake flow the transport
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equation for £ is

B P oU, o)

10
Uy = _wus——>7—¢uy ——75—DPuz — € (21)
Oz 2 Ozs 2012 p Oz
—_— ~— S —_— S
Convection Production F~Diﬁusion Pressure—Diffusion DiSSiPaFiO‘_‘

The viscous diffusion was neglected in eq. (21) since it was found to be much smaller
than the other terms involved in the budget of k.

The convection term was estimated from the self-similarity of the profiles,
%/ b= q—z(n) Production and diffusion terms were computed directly from the
measured profiles of the mean velocity, shear stress and triple moments. The pressure
diffusion was deduced from the balance of eq. (21) by difference.

The distributions of all terms involved in the balance of eq. (21), normalized
by L/U%, are shown in Fig. 18 (left). At the wake centerline convection and turbulent
diffusion are balanced by the dissipation. The pressure-diffusion is small compared
with the other terms. A similar observation was made by Ye [18] and Browne et al.
[14]. The integral constraints for the diffusion terms

2 (PPuz)dn =0 and Z (puz)dn =0 g9
/0 377(11 us)dn n A 377(pU2) n (22)

were satisfied within 1.5% and 15%, respectively, relafiveto the absolute value of the
corresponding integral. One should note that the pressure-diffusion is small compared
with the turbulent diffusion and therefore is strongly influenced by small measuring
errors of the terms dominating the balance of k. For example, the integral of the
pressure-diffusion term tends to zero if the dissipation rate is underestimated by 2%.

The DNS data of Moser et al. [37), which are plotted in Fig. 18 (right), show
nearly the same trends in the behavior of the individual terms of the energy balance
(21) as our experimental results. One should note that Moser et al. [37] simulated
the time-developing wake whereas our experimental investigations correspond to the
spatially developing wake.

For the axisymmetric wake the energy equation is

o ¢ ol 1@ | 114
Uj—— = —Wls—5— —— - TqU2 ———-TPUz — € 23
0zy 2 Ol i 200 Dar )
e 358,
Convection Production q—z—Diffusion Pressure—Diffusion DlSSlpa_tlon

Figure 19 shows the distributions of the individual terms involved in eq. (23),
normalized by L/U3. The production of k is seen to be much smaller than in the
plane case. This observation and the whole energy balance is in very good agreement
with the data of Uberoi and Freymuth [38]. It should be mentioned, however, that
they computed the diffusion terms directly from the balance of eq. (23) and found
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Figure 18. Budget of the turbulent kinetic energy in the plane wake:
measurements (left); DNS of Moser et al. [37] (right)

that these do not satisfy the integral constraints. An explanation for this might lie in
the uncertainty of the estimated convection term. We encountered a similar problem
and therefore decided to estimate the convection term directly by computing the
streamwise derivative from the measured longitudinal intensity component assuming
that the changes of the anisotropy in the streamwisc dicecticn are negligible. The
turbulent and pressure diffusion which were obtained by difference from eq. (23)
satisfy the integral constraints within 1.5% and 6%, respectively. Figure 19 implies
that in the axisymmetric wake the pressure diffusion cannot be neglected and follows
qualitatively the suggestion made by Lumley [36], wip/p = —0.2¢%u;.

CONCLUSION

Measurements of all first-order spatial derivatives of the instantaneous velocity
fluctuations in plane and axisymmetric small-deficit turbulent wakes were performed
using a pair of X wires. Errors due to finite length of the hot wires and due to the
wire and probe spacing effects were analyzed and accounted for in evaluation of the
data.

The experimental results were systematically checked and were found to be
consistent with the dynamic equations for the turbulence quantities and also with
the data available in the literature. The assumptions of local isotropy and local
axisymmetry were examined. Both investigated wake flows deviate only moderately
from local isotropy and local axisymmetry.

The assumption of local axisymmetry was found to be a better approximation
than the assumption of local isotropy. The axisymmetric estimate of the turbulent
dissipation rate was found to be a good approximation for both plane and axisymmet-
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Figure 19. Budget of the turbulent kinetic energy in the
axisymmetric wake

ric wake flows. The results presented demonstrate that the isotropic approximation
of the dissipation rate underestimates the true value of e between 10% near the wake
centerline and 25% in the outer part of the plane wake. In the case of the axisym-
metric wake the isotropic dissipation computed by assuming local isotropy gives an
excellent estimate in comparison with direct measurements.

The budget of the turbulent kinetic energy was computed from the data. The
individual terms of the k equation show the plausible distributions with the diffusion
terms which satisfy the integral constraints. While the pressure transport is nearly
negligible in the plane wake, it plays an important role in the axisymmetric wake and

follows closely Lumley’s [36] suggestion, wip/p = —0.2¢%u;.
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