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The is sue of en tropy gen er a tion and Nusselt num ber in Poiseuille-Benard chan nel
flow are an a lyzed by solv ing nu mer i cally Navier-Stokes and en ergy equa tions with
the use of the clas sic Boussinesq in com press ible ap prox i ma tion. The Nusselt num -
ber is stud ied as a func tion of  q. In ad di tion vari a tions of en tropy gen er a tion and
the Bejan num ber as a func tion of  q and j are stud ied. The chan nel an gle (q) and
ir re vers ibil ity (j) were changed from –25 to 30 and from 10–5 to 1, re spec tively,
whereas Reynolds, Peclet, and Ray leigh num bers were fixed at Re = 10, Pe = 20/3,
and Ra = 104. More over the pos i tive and neg a tive ef fect of buoy ancy force on flow
field, Nusselt num ber and en tropy gen er a tion are dis cussed. Op ti mum an gle for dif -
fer ent irreversibilities are spec i fied by def i ni tion h as the rate of the Nusselt num ber 
to the en tropy gen er a tion, the op ti mum an gle was dis tin guished for dif fer ent ir re -
vers ibil ity. Re sults show that the Nusselt num ber changes very slightly and is al -
most con stant when q changes from –10 to 10 and the Nusselt num ber de creases
sharply when q in creases from 20 to 30 or de creases from –15 to –25. More over it
has been found that the en tropy gen er a tion due to heat trans fer is lo cal ized at ar eas
where heat ex changed be tween the walls and the flow is max i mum, while the en -
tropy gen er a tion due to fluid fric tion is max i mum at ar eas where the ve loc ity gra di -
ents are max i mum such as vor tex cen ters. Con se quently when q is de creased from
–15 to –25 or is in creased from 20 to 30 en tropy gen er a tion for small
irreversibilities de creases and in creases sharply for large irreversibilities.
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In tro duc tion

En tropy gen er a tion has re cently been in ves ti gated by many re search ers. Bejan [1]
stud ied the en tropy minimization in the ther mal sys tems, in ad di tion he an a lyzed heat trans fers
from ducts with con stant heat flux for flat plates, cyl in ders in cross flow and rect an gu lar ducts
[2-4]. Perez-Blanco [5] in te grated the en tropy gen er a tion rate along the en tire sur face of the heat 
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exchanger, and then eval u ated the ef fect of the heat trans fer aug men ta tion tech nique on the to tal
en tropy-gen er a tion rate. Ouellette et al. [6] stud ied the pos si bil ity of re duc tions in the en tropy
gen er a tion (exergy de struc tion) by us ing pro mot ers of swirl flow.

Re cently, op ti mal de signs of ther mal sys tems have been widely pro posed from the
view point of ther mo dy namic Sec ond Law [7-22]. The min i mal en tropy gen er a tion prin ci ple has 
be come an im por tant con sid er ation for the heat exchanger de sign. The op ti mal de sign work for
rect an gu lar curved ducts based on the min i mal en tropy gen er a tion prin ci ple was first re ported in 
re cent work of Ko et al. [16]. In the study, the en tropy gen er a tion due to lam i nar forced con vec -
tion in a curved rect an gu lar duct with con stant wall heat flux was in ves ti gated. The op ti mal
Dean num ber and op ti mal as pect ra tio of duct cross-sec tion ac cord ing to var i ous rel e vant de sign 
pa ram e ters for the rect an gu lar curved duct were an a lyzed based on min i mal en tropy gen er a tion
prin ci ple. With nu mer i cal meth ods later, Ko [17] in ves ti gated the lam i nar forced con vec tion
and en tropy gen er a tion in a curved rect an gu lar duct with a sin gle lon gi tu di nal rib mounted at
mid way of the heated wall. The mounted rib with proper sizes was found to re sult in a sig nif i cant 
re duc tion of en tropy gen er a tion in the flow field. Through the en tropy gen er a tion anal y sis and
min i mal en tropy gen er a tion prin ci ple, the op ti mal rib size for the rect an gu lar curved duct with
dif fer ent flow con di tions were dis cussed in de tail. Abbassi et al. [23] stud ied en tropy gen er a tion 
in Poiseuille-Benard chan nel flow. He found that the max i mum en tropy gen er a tion is lo cal ized
at ar eas where heat ex changed be tween the walls and the flow is max i mum. No sig nif i cant en -
tropy pro duc tion is seen in the main flow.

The pres ent study re ports a nu mer i cal study of Nusselt num ber and en tropy gen er a tion
in the Poiseuille-Benard chan nel flow in dif fer ent an gles. By us ing h, the rate of Nusselt num ber 
to the en tropy gen er a tion, the op ti mum an gle is dis tin guished for less gen er ated en tropy and
high Nusselt num ber. The in ves ti ga tion is car ried out from the nu mer i cal so lu tions of com plete
Navier-Stokes and en ergy equa tions by fi nite volume method. Dur ing this study Reynolds, Ray -
leigh, and Peclet num bers are fixed at Re = 10, Ra = 104, and Pe = 20/3 whereas chan nel an gle q
and ir re vers ibil ity j are var ied from –25 to 30 and from 10–5 to 1, re spec tively.

Gov ern ing equa tion

Poiseuille-Benard flow is a chan nel un -
der a ver ti cal tem per a ture gra di ent as in di -
cated in fig. 1. Since the Reynolds num ber
is fixed at a weak value, Ray leigh num ber is 
at high val ues, con vec tive rolls ap pear in
the chan nel al ter na tively near the lower and
the up per walls. In this study the flow is
lam i nar, in com press ible and the Bous-
sinesq ap prox i ma tion has been used for buoy ancy force ef fect. Con se quently, con ti nu ity, mo -
men tum, and en ergy equa tions can be ex pressed in the fol low ing form in the Car te sian co-or di -
nate sys tem:
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Figure 1. Geometry of the problem 
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The ther mal heat flux ex changed be tween the walls and the flow is spec i fied by the
space-av er aged Nusselt num ber and is cal cu lated as:

Nu Nu d= ò
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where Nu is the lo cal Nusselt num ber de fined as:
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The space- and time-av er aged Nusselt num ber is de fined as:
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where t1 is the to tal time, whereas Abbassi [23] cal cu lated the +Nu, in the pe riod of os cil la tions
of the space-av er aged Nusselt num ber +Nu,, but in this study, it can not be done be cause in some
an gles the vari a tions of Nusselt num bers are not pe ri odic. Af ter the ve loc ity and tem per a ture
dis tri bu tions of the flow field are solved the non-di men sional vol u met ric en tropy gen er a tion due 
to heat trans fer ir re vers ibil ity (sheat trans fer) and fluid fric tional ir re vers ibil ity  (sfluid fric tion) can be
cal cu lated by the fol low ing equa tions [23]:
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where T *, x, y, u, and v are the dimensionless tem per a ture, Car te sian co-or di nates, and ve loc ity
com po nents, re spec tively, and j is the ir re vers ibil ity dis tri bu tion ra tio:
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where DT = (Th – Tc) and To = (Th + Tc)/2 is de fined as bulk tem per a ture. The to tal en tropy gen er -
a tion can be ob tained by:

s = sheat transfer + sfluid friction (11)

The dimensionless to tal en tropy gen er a tion is cal cu lated by in te grat ing eq. (11):

S S S s x y
L H
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where ST and Sf are the to tal en tropy gen er a tion due to the heat trans fer and fluid fric tion, re spec -
tively. The time-av er aged to tal en tropy gen er a tion can be de fined as:

Nourollahi, M., et al.: Numerical Study of Mixed Convection and Entropy Generation in ...

THERMAL  SCIENCE: Year 2010, Vol. 14,  No. 2, pp. 329-340 331



+ ,S
t

S t
t

g gd= ò
1

1 0

1

(13) 

The Bejan num ber (Be) which de scribes the con tri bu tion of heat trans fer en tropy on
over all en tropy gen er a tion is de fined by:

Be heat transfer

g
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S
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(14)

The Be ranges from 0 to 1. When Be ³ 1/2 the ir re vers ibil ity due to heat trans fer dom i -
nates, while for Be £1/2 the ir re vers ibil ity due to vis cous ef fects dom i nates. For Be @ 1/2, the en -
tropy gen er a tion rates from heat trans fer and fluid fric tion are equal.

Com pu ta tional do main and bound ary con di tion

In this study, the flow is sup posed to be lam i nar and two-di men sional in ad di tion the
length and width of chan nel is sup posed to 10 and 1, re spec tively. For turn ing the chan nel, q is
pos i tive and neg a tive for clock wise and vice versa, re spec tively. At the chan nel in let a fully de -
vel oped par a bolic pro file for the ax ial ve loc ity is pre scribed: 
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where Yb = H/2. The com po nents of dimensionless ve loc ity in Car te sian co-or di nates at chan nel
in let can be eval u ated as:
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where q is the chan nel an gle and ïVï is de fined as:

V u v= +2 2 (16)

On all solid walls, if there is no flow through the wall, con vec tive fluxes of all quan ti -
ties are zero and the dif fu sive fluxes in the mo men tum equa tions at walls are re placed by the
shear force [24]. To avoid dis con ti nu ity, the tem per a ture of in com ing stream is sup posed to
change lin early from Th at the bot tom wall to Tc at the up per wall. At out let the con vec tive
bound ary con di tion (CBC) is used that is for mu lated as:
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where f is any de pend ent vari able and uav is the av er age ve loc ity at the in let of the chan nel.

Nu mer i cal pro ce dure and val i da tion

The men tioned equa tions in per vi ous sec tion were solved by UTFN code [24]. This code 
uses fi nite vol ume method and SIMPLE al go rithm for discretizing the gov ern ing equa tions of
flow and re solv ing the pres sure-ve loc ity cou pling sys tem. In ad di tion, all the vari ables are stored
in same nodes by us ing col lo cated grid. The con vec tion and dif fu sion term of the equa tions are
discretized by cen tral dif fer ence scheme (CDS). More de tail of these tech niques is avail able in
refs. [24, 25]. The Poiseuille-Benard chan nel has been stud ied by some re search ers. For val i da tion 
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of this code, a Poiseuille-Benard chan nel with the
length of 20, width of 1 at Re =10 and Ra = 104 was
solved. The non-uni form grid is used and the study of
grid de pend ence in di cated in tab. 1 shows that a
non-uni form grid of 200 ´ 30
is suf fi cient to ob tain ac cu rate 
re sults. The re sults from this
code and other ref er ences are
re ported in tab. 2. This ta ble
shows that there are good
agree ment be tween the re -
sults of this pro gram and the
pre vi ous stud ies. So that the
max i mum dif fer ence at
Nusselt num ber and dimensionless pe riod (Q) are 3.37% and 6.52% in [27] and [28], re spec tively.

Re sults and dis cus sion

Fluid flow 

The stream line for Poiseuille-
-Benard chan nel q = 0 at in an in stant
is de picted in fig. 2. It is clear from fig. 
2 that the val ues of tem per a ture and
ve loc ity com po nents fluc tu ate pe ri od -
i cally along the chan nel. That is be -
cause of small Re num ber and large value of Ra num ber.

When q is not equal to zero, the size of vor texes in vi cin ity of the walls change that is
due to the grav ity force on fluid. When q < 0, by in creas ing q grad u ally large vor texes ap pear in
the vi cin ity of the bot tom wall be cause of the in crease in the fluid ve loc ity. Fi nally at q = –25,
large re cal cu lat ing zone will be formed along the chan nel (fig. 3a). 
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Ta ble 1. Grid de pend ence

Grid 150´20 200´30 250´40

+ ,NU 2.327 2.487 2.531

Ta ble 2. Poiseuille-Benard chan nel flow: Re = 10, Pe = 20/3, 
and Ra = 104

Ref er ence Pres ent study Ref. [26] Ref. [27] Ref. [28]

Pe riodQ 1.304 1.273 1.332 1.395

+ ,NU 2.487 2.536 2.574 2.558

Fig ure 2. In stan ta neous stream lines for Poiseuille-Benard
chan nel at angle q = 0

Figure 3. Instantaneous streamlines for orientation angle q
(a) –25, (b) –15, (c) 15, (d) 20, (e) 25, and (f) 30 at time unit =140



In case of  q > 0, vor texes gen er ated in the vi cin ity of the top wall will be larger, while
q in creases. Fi nally at q = 30, a large re cal cu lat ing zone ap pears along the top wall, fig. 3(e). An -
gles of 25, 30, and –25 are called the crit i cal an gle be cause at these an gles some large re cir cu lat -
ing zones will be gen er ated along the chan nel (fig. 3).

Heat trans fer

It is ex pected that the Nusselt num ber vari a tion along the chan nel changes pe ri od i cally 
by pe ri odic change of tem per a ture along the chan nel. The start ing time t = 0 in this study is the
in stant when the av er aged Nusselt num ber at the bot tom wall ( )Nu b  is max i mum. As it is men -
tioned in the per vi ous sec tion, the way of vor tex for ma tion in the vi cin ity of the hot and cold
walls at q < 0 and q > 0 are op po site. There fore, in the rest, we only con sider the Nu b . Fig ure 4
pres ents the Nub  vari a tion in re spect to time at dif fer ent an gles.

It can be con cluded that the vari a tion of Nub along the time is pe ri odic and it will be
trans po si tion with re spect to the case of q = 0. It is due to the ap prox i mately same vor texes
which are gen er ated be sides of the chan nel walls. At two stud ied an gles, q = 20 and –15, the
Nusselt num ber vari a tions are not same. At q = 20 the smaller vor texes ap pear along the bot tom
wall, there fore, the Nub vari a tions are pe ri odic with the small am pli tude but at q = –15, these
vari a tions are pe ri odic with high am pli tude as re sults of large vor tex for ma tion in vi cin ity of bot -
tom wall. At the crit i cal an gles, the vari a tion of Nub are not pe ri odic due to gen er a tion of large
re ticu lat ing re gion along the chan nel.

Fig ure 5 shows the vari a tion Nub the in stan ta neous lo cal Nusselt num ber at dif fer ent an -
gles along the chan nel walls. It can be seen that the vari a tions of Nub and Nut vs. the chan nel length 
are com pletely pe ri odic at most of the stud ied an gles but at crit i cal an gles, these vari a tions are
chaos. It is due to the flow field and form of the cre ated vor texes in the chan nel. Time and space
av er aged  Nusselt  num ber vari a tion at dif fer ent an gles is shown in  fig.  6. It  can  be ob served that
+Nu, at crit i cal an gles de creases sharply and it is ap prox i mately con stant for 10 £ q £ –5.
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Figure 4. Variation of the Nub  in respect to time at (a) positive and (b) negative angles q



En tropy gen er a tion

From eqs. (8) to (11), it can be un der stood
that the value of en tropy gen er a tion in flow
field is de pended on ir re vers ibil ity, tem per a -
ture, and ve loc ity gra di ents. When ir re vers -
ibil ity is very small, the en tropy gen er ated
due to heat trans fer has a pre dom i nant ef fect
on the Sg.

Fig ure 7 shows the vari a tion of Sg at dif fer -
ent an gles in re spect to time when ir re vers ibil -
ity is very small (j = 10–3). It can be seen that
as far as j is very small, the be hav ior of Sg

vari a tions are same as Nub vari a tions. It means 
that when Nub changes pe ri odic, Sg has also
pe ri odic changed but with dif fer ent fre quency.
Fig ure 8 pres ents Nub and Sg vari a tions at q = 0 
for j = 10–3. It can be ob served that in one os -
cil la tion of Nub , the to tal en tropy gen er a tion has two max i mums and two min i mums. These re -
sults are in a very good agree ment with Abbassi et al. [23].

The in stan ta neous con tours of the Bejan num ber (Be) are shown in fig. 9 for dif fer ent
an gles. The vari a tion of time av er aged of to tal en tropy gen er a tion and Be num ber at dif fer ent
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Figure 6. Time and space averaged Nusselt
number variations at different angles q

Figure 5. Instantaneous variation of the local Nusselt number along the channel walls at different angles q



an gles are de picted at fig. 10 when j = 10 –3. From fig. 9 it can be con cluded that the en tropy
gen er a tion due to heat trans fer has pre dom i nant ef fect on Sg in vi cin ity of walls where the heat
ex changed be tween wall and fluid is max i mum and in vor tex cen ters the ve loc ity gra di ents are
high so the ef fect of the fluid fric tion is more im por tant. 

In fig. 10, +Sg, vary same as +ST, be cause the ir re vers ibil ity is very small so that the to -
tal en tropy gen er a tion de creases sharply at crit i cal an gles. 

It is be cause at these an gles some large vor texes ap pear along the chan nel length con -
se quently the heat ex changed be tween the walls and fluid de crease. In ad di tion, the Be num ber
de creases be cause at crit i cal an gles the ef fect of +Sf, on +Sg, is more than other an gles. By in -
creas ing ir re vers ibil ity j, the en tropy gen er a tion at crit i cal an gles will be higher than other an -
gles (fig. 11) and the Be num ber goes to zero (fig. 12).
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Figure 7. Variation of Sg at different angles q in respect to time at small irreversibility for j = 10–3

Figure 8.  Nu b and Sg variations at angle q = 0 for j = 10–3



Op ti mi za tion

In this study op ti mal an gle for a spe cific j is de fined as func tion of op ti mi za tion fac tor
which in tro duce bel low:

h =
+ ,

+ ,

Nu

gS
(18)

Con sid er ing the h, op ti mum an gle is an an gle which the di vi sion of heat trans fer to to -
tal en tropy gen er a tion is at max i mum value. Op ti mi za tion fac tor is pre sented in fig. 13 for dif -
fer ent value of ir re vers ibil ity. While j in creases, the value of h de creases and h is ap prox i -
mately con stant ex cept at crit i cal an gles. When the ir re vers ibil ity is very small, it can be found a
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Figure 9. Instantaneous contours of Bejan number at different angles q at time unit =140
(color image see on our web site)

Figure 10. Variation of time and space averaged of (a) entropy generation and (b) Be number 
with angle q at j  = 10–3



max i mum for h and can be de fined the op ti mal
an gle. For ex am ple by as sum ing j = 10–3, al -
though + ,Nu  is at max i mum value at –5 < q < 5
(see fig. 6), but the en tropy gen er a tion at this
an gles is more than other an gles.  By us ing the h
the op ti mum an gle can be found at 15 < q < 20.
In these an gles the per cent age re duc tion of the
Nusselt num ber in com par i son with the max i -
mum value of the Nusselt num ber are from
3.23% to 12.4%. On the other hand, en tropy
gen er a tion shows the re duc tion from 8.83% to
18.11% for these an gles. As a re sult, the op ti mi -
za tion fac tor can be de rived from an gle q = 15 to
q = 20. Op ti mi za tion fac tor can be used for find -
ing op ti mal an gle in this ge om e try where ir re -
vers ibil ity is small.

Con clu sions

The vari a tions of en tropy gen er a tion and Nusselt num ber in 2-D lam i nar Poiseuille-
-Benard chan nel flow in dif fer ent an gels have been stud ied nu mer i cally. More over the op ti mum
an gle for a spe cific j is de fined by op ti mi za tion fac tor (h). Reynolds, Peclet, and Ray leigh num -
bers were fixed at Re = 10, Pe = 20/3, and Ra = 104 whereas ir re vers ibil ity j and chan nel an gle q
are changed from 10–5 to 1 and from –25 to 30, re spec tively. Ac cord ing to the re sults obtained,
the fol low ing con clu sion are achieved.

Vor tex gen er ated along the chan nel are ap prox i mately at the same size when the slope
of the chan nel is small but by near ing to crit i cal an gles, the vor texes are not  same and fi nally,
large vor texes ap pear along the chan nel at crit i cal an gles.
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Figure 11. Variation of time and space averaged
of entropy generation with angle q at different
irreversibility j

Figure 12. Variation of time and space averaged
Be number with irreversibility j at different
angles q

Figure 13. Variation of h with angle q at
 different irreversibility j



Time and space av er aged Nusselt num ber will not change at small value of  q but it de -
creases sharply at crit i cal an gles.

En tropy gen er a tion due to heat trans fer is largely higher near the chan nel walls than
that in the cen tral flow, where as the en tropy gen er a tion due to fluid fric tion is largely higher in
the cen tral flow es pe cially in the vor tex cen ters. When ir re vers ibil ity is small, ST has more ef fect
on Sg in com par i son with Sf, there fore, Sg will de creases at crit i cal an gles. When ir re vers ibil ity is 
large, Sf has more ef fect on Sg in com par i son with ST and Sg in creases at crit i cal an gles be cause
large re cal cu lat ing re gion ap pears along the chan nel and then, Sf will in crease.
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