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One-dimensional melting and freezing problem in a finite slab with time-dependent
convective boundary condition is solved using the heat-balance integral method.

The temperature, T. (1), is applied at the left face and decreases linearly with time
while the other face of the slab is imposed with a constant convective boundary con-

dition where T.  is held at a fixed temperature. In this study, the initial condition of
the solid is subcooled (initial temperature is below the melting point). The tempera-

ture, T.. 1(t) at time t = 0 is so chosen such that convective heating takes place and
eventually the slab begins to melt (i. e., T.. ;(0) > Ty> T.. ). The transient heat con-

duction problem, until the phase-change starts, is also solved using the heat-bal-

ance integral method. Once phase-change process starts, the solid-liquid interface
is found to proceed to the right. As time continues, and T.,;(t) decreases with time,

the phase-change front slows, stops, and may even reverse direction. Hence this
problem features sequential melting and freezing of the slab with partial penetra-
tion of the solid-liquid front before reversal of the phase-change process. The effect
of varying the Biot number at the right face of the slab is investigated to determine
its impact on the growth/recession of the solid-liquid interface. Temperature pro-
files in solid and liquid regions for the different cases are reported in detail. One of
the results for Biot number, Bi, = 1.5 are also compared with those obtained by
having a constant value of T.. ().
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Introduction

Phase-change heat transfer needs to be addressed in various industrial processes. Such
solutions provide an improved knowledge of the process under study. But, solutions in explicit
form (similarity solutions) exist only for semi-infinite problems with thermophysical properties
constant in each phase and constant initial and imposed temperatures [1]. This limitation is on
account of the inherent non-linearity of the solid-liquid interface. Thus, for more realistic situa-
tions we are forced to seek approximate analytical or numerical solutions [2]. The problems
dealing with finite slabs are even more complicated and there is very limited literature available
on such phase-change problems in finite domain. Kar et al. [3] studied the classical Stefan prob-
lem for a finite slab with Dirichlet boundary conditions. There is some literature on starting so-
lutions for phase-change of finite slabs considering both one and two-dimensional heat conduc-
tion [4, 5]. Goodman addressed the melting of a finite slab with a constant heat-flux on one side,
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the other side of the slab being insulated or at a constant temperature [6]. Zhang et al. worked on
this same problem but considered the case when the preheating time of the slab was longer than
the thermal penetration time [7]. It is well known that there are many phase-change processes
that involve convective boundary conditions and such boundary conditions are often time-de-
pendent. Analysis of these phase-change problems is difficult and the literature is scarce. There
are a few solutions for phase-change problems involving convective boundary conditions in
semi-infinite mediums such as those using quasi stationary approximation [8] and the heat-bal-
ance integral technique [9]. A convective cooling problem was studied by Chan et al. for a
semi-infinite phase change medium [10]. There is a published study involving solidification of a
finite slab initially at fusion temperature and convectively cooled from both sides and solved us-
ing perturbation technique [11]. More recently, Roday et al. examined the problem of one-di-
mensional melting and freezing with constant convective boundary conditions on both faces of a
finite slab using the heat balance integral technique [12, 13].

The aim of this paper is to analyze the problem of phase-change in finite slabs using
the heat-balance integral method but for a time-dependent convective boundary condition,
[T.1(2)], at the left face of the slab. The other face of the slab is imposed with a constant convec-
tive boundary condition with 7', , being constant and held at the ambient temperature. The tem-
perature, T, , is assumed to decay with time in a linear fashion. The slab is analyzed for the ini-
tial condition of the solid being subcooled below the melting temperature. Initially, 7, ; is so
chosen that 7., ;(0) > 7;> T, ,. This causes the slab to start melting from the left face. But when
T., decreases with time along with convective cooling at the right face, the slab begins to
refreeze. The variation of Bi, (Biot number at the right face of the slab) is investigated.

Mathematical analysis

The slab is assumed to be initially subcooled (at the temperature 7, ,). Hence, it starts
to change phase only when the left face of the slab reaches the fusion temperature. The problem
is solved in two different time periods. The first time period involves transient heat conduction
in the solid, during which the left face of the slab reaches the phase-change temperature. During
the second time period, the slab undergoes phase-change. The solution for the first time period is
discussed in the section Transient heat conduction in the solid and forms the initial condition for
the phase-change problem which is solved in the section Phase-change problem.

Transient heat conduction

i Liquid i . o
Solid qul Solid in the solid

=)

The heat balance integral method is uti-
lized in this section to determine the tem-
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slab are so chosen such that the heat diffusion through the slab ensures that its left face eventu-
ally reaches the phase-change temperature.
The heat conduction equation is:

2
ﬂ:LGTS O<x<L (1)
ox? oy Ot
subject to boundary conditions
oT
&, =T ()-T| ] )
and =0
oT
—k, =h(T| _, ~T.») 3)
x=L
The initial condition at time ¢ = 0 is:
T,=T., “4)
The temperature 7,,,(¢) is assumed to decay linearly such that:
a7, (¢
1) = —const. %)
dr
at
1=0,T.; = Tiisa (6)
Non-dimensional variables are introduced using the following definitions:
T,-T., X fa hL h,L
=S—’ =—, ‘[Sz_s’ Bi S bt Bi =2z 7Ta-e
@ T, 3 I 12 1 k. 2 k. ( )
The non-dimensional heat diffusion thickness is defined by:
o
* - 8
m=7 (®)
Egs. (1), (2), and (4) are transformed using the non-dimensional variables as:
2
90 _0p . é<1 9)
08 ot

and the boundary conditions on the left face is:

. Tml(Ts)
g_O:—Bhli[ T —IJ—(/)L?:O} (10)

Forn® <1, the heat has not yet diffused to the right end of the slab, therefore, the fol-
lowing two conditions exist at& = n

o

99 _ 0 (11)
g &=n

and since the solid is initially subcooled to 7., ,
9., =0 (12)

The initial condition at , = 0 reduces to:
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»=0 (13)
The temperature T, (z,) is assumed to decay linearly with 7 such that:
dr,, (z,
1—() = —const. (14)

dr

S
The heat balance integral method is used to solve this problem.
A quadratic expression for the non-dimensional temperature profile is assumed as

Qo =a+ b+ c&? (15)
Atr =0,
n*=0 and T, =T,

initial

(16a, b)

Now, eq. (9) is integrated over the non-dimensional heat diffusion thickness 1" to ob-

tain:
_2_? _ (;ﬂ (17)
o drg
where =0
i
0= [pdd (18)
0
The following differential equation is then obtained:
T.. (t T, (tr ) )
o| 210 (Bi,n* +2) = A2 @n* By +2) - 52Bi,) 3
T., T, dr, (19)

L (Biyn" +2)n T,
T., dr
Equations (19) and (14) are solved using MATLAB ODE solver to obtain r(z,) and
T.,(zy). The coefficients a, b, and c of the assumed quadratic profile can be computed from the
solution of the differential equations. Using these coefficients, ¢ can be obtained from eq. (18).
If, for a value of n°< 1, ¢ evaluated at & = 0, ¢(0, 7, ), equals @;= (T;— T ,)/T.., it is then con-
cluded that the left end of the slab has reached the fusion temperature at time 7, = 7, ,. The tem-
perature distribution in the entire thickness of slab at this instant, (&, 7, ), will form the initial
condition for the phase change problem.
Note that the condition selected in this paper is limited to those problems of a
subcooled solid where the preheating time (to heat one end of the slab to the fusion temperature)
is less than the time it takes for the heat to diffuse to the other end to the slab.

Phase-change problem

The section Transient heat conduction in the solid provides the temperature distribu-
tion in the slab and the value of temperature 7, , at the very instant the slab reaches the melting
temperature, caused by the initial convective heating at the left face. They form the initial condi-
tion for the phase-change problem.

Once melting starts, the slab consists of the liquid and the solid regions containing the
melted and the unmelted regions, respectively, as shown in fig. 1b. As the solid melts, this inter-
face moves forward to the right, thus increasing the thickness of the melt. The temperature 7., ,(¥)
continuously decreases and at some point in time the interface stops, and reverses direction.
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During this re-freezing process, the region from x = 0 to x = s(t) is still occupied by the liquid
(same as that during melting) and the solid occupies the region from x = s(¢) to x = L. The direc-
tion of the interface movement s(¢) from right to the left indicates the growth of the solid portion
thus signifying the freezing process. Considering such a coordinate system and geometry, the
governing differential equations, boundary conditions and Stefan condition become identical
for the melting and freezing process. The phase-change problem can then be mathematically ex-
pressed as given below.
The heat conduction equation for the liquid region is:

2T, T,
Oh 1 e o). 10 (20)
ox? o, Ot
The heat conduction equation for the solid region is:
2
T, -1 o, s(t)y<x< L,t>0 (21)
ox?  a, Ot
The boundary conditions are:
o1,
~k— =T, () -T]_] (22)
ox |,
or.,
~k—  =m(T|_, ~T.,) (23)
x=L

where k; and k; are the thermal conductivities of the liquid and the solid, respectively.
The conditions at the melt line are given by:

T=T,=T, at x=s(t) (24)

where 7}is the fusion temperature. This states that the temperature at the melt line is equal to the
fusion temperature.
The Stefan condition is given by:

T T
AL AN B (25)
Ox x=5(t) ox x=5(t) dr
where p is the density, and A is the latent heat of fusion.
Initial condition (at ¢ = ;)
s(H)=0 (26)
T(x, 1) (27)

which is obtained by solving the transient heat conduction without phase change to provide the
temperature distribution at the instant the slab starts to melt.
The non-dimensionalization is carried out using:

to . hL
é:ﬁy n:ﬂ, T:_l’ Bllzl—,
L L Iz k,
(28a-h)
. L T, - T, T, - T, a,
Blzz—, (pl :—’ qDS:—’ V= —_
k. T, -T., T, -T., a,



146 Roday, A. P., Kazmierczak, M. J.: Melting and Freezing in a Finite Slab Due to ...

Non-dimensionalized governing equations are therefore:

2
Th_9 §gcn (liquid)

062 ot

2
TP o 90 el (solid)
og? ot

Boundary conditions become:
99,
o¢

=-Bi, (M - ¢, |
=0

e0)

where M is given by

M(t)=[T°°’1(T)_TfJ

Ty -T.,
The boundary condition at the right face is:
99,
og
The Stefan condition is obtained as:
oy, St o

St ——
0¢ v: o0&

=-Bi, (1 + ¢
&=1

et)

__dn

&=n dr

&=n

Also at the melt line
S=n ¢ =p,=0
Initial condition (7 = 7))
n=>~0
Pyx, 7o) = @

obtained by solving the transient heat conduction without phase change.

(29)

(30)

1)

(32)

(33)

(34)

(35)

(36)

(37)
(38)

The heat balance integral method is used again as in the section Transient heat con-
duction in the solid. The temperature distributions in the solid and liquid region are assumed to

be quadratic. The non-dimensional temperature profiles become:
@ =a T bé +cé?

Py = ay + byg + 87
If we define 6, and 6, as: n
0, = g(Pldg

1
0, =[pdS
n

the heat balance integral method leads to three ordinary differential equations:

_ BiMp? 2 del{ 1 1}

_ — —_— +_
" 2(1+Bi,y) 4 dr|1+Bijp 3

(39)

(40)

(41)

(42)

(43a)
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___Bi(-m?>  v2df, | (1-n)@2+Bi, —Bi,n?) (1+n-2n%) (43b)
> 2(1+Bi, -Bi,n) 2 dr| 2(1+Bi, -Bi,y) 3
dn_ g, {de{ 2+Bijn | BiyM |
dr “ldr|2(0+Bi;n) | 1+Bin
. e (43¢)
Sty -Bi, 2 do, Bi,(1-7n) .
v? |1+Bi, —Bi,n dr |2(1+Bi, - Bi,n)
with the initial conditions at 7=0 and 7 = 7,
n=0 (44)
n
0, =[pds =0 (45)
0
1 1
0, =[pds = (I) X3 (46)
n

Since the solid is initially subcooled then:

0, = :J)(Ps (&7 )& 7)

where ¢ (&, 7)) is first obtained by solving the transient heat conduction problem without phase
change. The section Transient heat conduction in the solid provides the value of (&, 7, ;) which
is the temperature distribution in the slab at the instant the phase-change starts. This is redefined
using eq. (28g) and curve fitted to get an expression for ¢ (&, 7). The time 7, , can be re-ex-
pressed as 7, using the relation

7o = V1 (48)

and the temperature 7., ,(7) can be assumed to decrease in time such that:
d7.., ()
dr

The value of the constant here is kept exactly the same as in eq. (14), even though the
definition of 7 is now different. This is done so as to keep the numerical value of the decay rate
the same as before.

The differential equations obtained above are coupled and the system needs to be nu-
merically solved. The ODE solver in MATLAB is utilized to obtain the solutions to these differ-
ential equations. But before that however, because the solid is subcooled, the transient heat con-
duction analysis (section Transient heat conduction in the solid) first needs to be performed
before solving the phase-change.

The next section discusses the results for this phase-change problem. This includes the
study of the impact of the change in Biot number (Bi,) at the right face of the slab.

= —const. (49)

Results and discussion

The slab of finite thickness is assumed to be a paraffin-based phase-change material
with fusion temperature, T} of 69.3 °C. The thermal conductivity of the slab, for both the solid
and liquid portions, is £ = 0.173 W/mK. The density difference between the solid and liquid
phases of this material is neglected. The specific heats of the solid and liquid are not identical.
The temperature difference, 7;— T, ,, imposed on the right face of the slab has a constant value of
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49.3 °C. However, the difference in temperature at the left end, 7, ,(¢), continuously decreases
with time at a constant assumed rate of —4.5 °C per unit time 7. The initial temperature differ-
ence, 7., —T; at (t=0) is taken as 10.7 °C. The value for the Stefan number of the solid is St,=
=0.467. A high value of heat transfer coefficient, /, (a constant value of Bi;=15) is assumed to
exist on the left end of the slab. The effect of varying Bi, (=1, 1.5, and 2) is investigated.

Pre-heating of the slab to the fusion temperature

Transient heat conduction analysis as per the section Transient heat conduction in the
solid is performed until the left face reaches the fusion temperature. The PCM slab is initially at
a temperature equal to 7(&, 0) = T, ,. The value of Bi;=15 and the initial temperature difference
T, (0) — Ty of 10.7 °C causes convective heating of the slab with decreasing magnitude as the
value of T, ; drops down. Melting begins when the value of ¢ evaluated at the left face of the slab
—eq. (7a), becomes 2.465.

The solutions for conduction without phase change are obtained by solving the ordi-
nary differential eqs. (14) and (19) for the first stage (7" < 1). The temperature distribution in the
slab at the very instant the left face reaches the melting temperature is shown in fig. 2. It can be
seen from fig. 2 that the heat diffuses to only about 62% of the slab thickness (" ~ 0.6) during
the time the left face attains the fusion temperature.

Figure 3 depicts the depth of heat diffusion (growth of ") into the slab in terms of 7. It
is seen from this figure that it takes 7, =0.041 for the fusion temperature to be attained at the left
end. This non-dimensional time can be re-written using eq. (48) to be consistent with the defini-
tion of 7 for the phase-change analysis and it is seen that it takes 7 = 0.035 for the slab to reach
the fusion temperature in fig. 3.
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Figure 2. Temperature distribution in the slab Figure 3. Heat diffusion thickness vs. time

when left end reaches T; (7, = 0.041)

Thus, the diffusion time to the other end of the slab is much more than the pre-heating
time it takes for the left end to reach the fusion temperature. Hence, the boundary condition on
the other end (the effect of Bi,) is not felt. So, the same exact temperature profile, as shown by
fig. 3, exists for all the cases of Bi, = 1, 1.5, and 2 being investigated. This profile is re-con-
structed using the definition of ¢ as given in eq. (28g) and curved-fit to obtain a mathematical
expression in terms of &. The temperature 7., ,(7) decreases linearly with time 7, and drops to
79.8 °C at the start of the phase-change. This particular value of 7, |, along with the temperature
profile obtained from fig. 2 forms the initial condition for the phase-change problem.
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Phase-change problem: Bi, =1.0

The amount of heat loss from the right face is studied by maintaining the Bi, value at 1.
The phase-change problem is solved using the heat balance integral method explained in
phase-change problem. The slab loses heat (i. e. convective cooling) from the right face with Bi, =
= 1. The heat transfer coefficient on the left face is maintained at the same value as before, Bi, =
=15. The Stefan number for the solid is 0.467. Using the initial conditions obtained from the ear-
lier conduction solution above, the three ordinary differential equations — eq. (43 a, b and c), are
solved. Figure 4 and 4b depicts the rate of decay of temperature 7', ; and the interface movement
with time.
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Figure 4. (a) Rate of decay of 7, ;; (b) Non-dimensional interface location vs. time (Bi, = 1.0)

The slab begins to melt on account of the higher convective heat gain from the left end
and as time progresses, T, ,(f) decreases, thus causing less heating at the left face. However, simul-
taneously, the slab is continually losing heat from the right face. After some point in time, the rate of
heat loss exceeds the rate of heat gain and the slab begins to freeze back. It is evident, as shown by
fig. 4, that some melting takes place (n=0.147) before the slab completely freezes back at 7=
=2.42. It is seen in fig. 5 that the slab starts

melting at time 7 = 0.035. However, the tem- 02
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temperature at around 7 = 2.38, before the 2
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specifically to the point that 99% of the slab

is already solid (freezing is almost com- -2 02 04
plete). Figure 5 shows the temperature pro-

files for the solid and liquid portions of the Figure 5. Non-dimensional temperature profiles in
slab. the solid and liquid regions for Bi, = 1.0

0.6 0.8
Non-dimensional distance, &
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Phase-change problem: Bi, = 2.0

Next, the effect of much higher value of Bi, (=2.0) is considered. Here too, the inter-
face starts moving from the left to the right as the slab melts. As time advances, the interface
stops, and then recedes so that the slab continues to freeze (interface moving left) until it be-
comes all solid. Figure 6 shows that the interface starts advancing forward from 7 = 0.035. This
indicates melting from the left-end. At time 7 = 0.9, the interface movement reverses. The slab
melts only to the extent of 7 =0.119 because of a high value of Bi, =2 as seen in fig. 6. With fur-
ther increase of time, 7, (¢) decreases and the slab becomes a complete solid again at 7 =2.16.
Note that the temperature 7, (), at this time instant, is 70.3 °C, which is still above the fusion
temperature of the slab. On account of a very high value of Bi, it is seen that the rate of melting
is faster relative to the rate of freezing.

80 . ; . . 0.2
¥ £0.18
= 3
o 781 {1 2016
(] Q
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o
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Figure 6. (a) Rate of decay of 7. {; (b) Non-dimensional interface location vs. time (Bi, = 2.0)
Select temperature profiles in the
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g ——Solid || the slab is all solid at 7 = 0.035. With
g the increase in time the melt front ad-
%—0.2 vances forward (z = 0.101, 0.545).
b Thus, the slab then consists of both
§ -0.4 solid (solid line) and liquid (dotted
é line). Initially, the right face of the slab
3708 is very low in temperature at about 7,
2 08 With passage of time, it gets heated on
e account of heat diffusion from the left
o1 h end and temperature peaks but remains
solid. With more convective loss now,
42 . . . s it can be seen that the temperature of
0 0.2 0.4 0.6 0.8 1

the right face drops down slightly. Fi-
nally, observe that the freezing process

Figure 7. Non-dimensional temperature profiles in the is completed at T =2.16 .an.d the tem-
solid and liquid regions for Bi, =2.0 perature profile in the solid is linear.

Non-dimensional distance, &
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Phase-change problem: Bi, = 1.5

Next, the slab is analyzed when there is less convective heat loss from the right face,
Bi, =1.5 as compared to the previous case. The heat transfer coefficient on the left face as well as
all the other properties are maintained the same as before for the case of Bi, =2. Recall, the initial
condition for this phase-change problem is the same as that for the previous case. This is because
when the left end reaches the fusion temperature, the temperature on the other end is unchanged
and the boundary condition on the right hand side is inconsequential. It is seen from fig. 8 that the
slab melts a bit more (compared to the previous case), to the extent of about 12.9%. This is be-
cause there is a less heat leakage from the right face (Bi, = 1.5). As shown in fig. §, as the time in-
creases to about 7 ~ 0.98, the slab starts freezing back even though the temperature 7., ; = 75.6 °C,
at this instant of time, is above the fusion temperature similar to the previous case. This is be-
cause the rate of heat leakage out of the slab is much higher than the rate of heat entering from the
left face. The temperature profiles in the solid and liquid phases are depicted in fig. 9 and are
quite similar to those obtained in fig. 7. The final steady linear temperature profile occurs in the
complete solid at 7 = 2.25.
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Figure 8. (a) Rate of decay of 7. ,; (b) Non-dimensional interface location vs. time (Bi, = 1.5)

Comparison of the phase-change problem 0.2 : : . :
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As mentioned above, the slab melts to an ex-
tent of about 12.9% in the case of time-depend-
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10.7 °C. A high value of heat transfer coeffi-
cient, s, (a constant value of Bi, = 15) is as-
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' ' * : ) balance integral method. In that study
T ool /f; o 1 [12], the temperature differences im-
c U iy=15;Bi,=1.5
2 {( posed on the two ends of the slab were
8015 {1 AT, =T, — T;and AT, = T;— T, with
S values of 10.7 and 49.3, respectively.
5 01 1  Choosing the same values of Biot num-
= I bers (Bi, = 15 and Bi, = 1.5) and the
0.051' 1  same initial condition, the problem of
0 L ! ! ! ! this study becomes very similar to the

0 2 4 6 8 10 12 previous study [12] except that 7., de-

Non-dimensional time, ¢ cays with time. It is in interesting to

Figure 10. Melting with solid initially subcooled; Bi; =15,  point out that, with similar imposed con-

Bi, = 1.5 [12] ditions, the slab underwent partially

melting (about 25%) in the case of con-

stant 7,; and shown in fig. 10. However, with a decaying rate of 7.,;, melting (up to 12.9%) freez-
ing back for the slab is seen as depicted in fig. 8b.

Conclusions

The heat balance integral approach is an effective tool for solving phase-change prob-
lems with convective boundary conditions. With the availability of numerical solvers, the ordi-
nary differential equations, how-so-ever complicated become more manageable to solve. This
makes the heat-balance integral approach all the more useful in solving phase-change problems
with complex boundary conditions. In this study, this approach has been used to solve the phase
change problem (melting and freezing in succession) for a finite slab subjected to a time-de-
pendent convective boundary condition on one side and a constant convective boundary condi-
tion on the other side. The slab is initially subcooled. The effect of varying the Biot number on
the right face of the slab has been investigated. The heat-balance integral method was also used
to determine the temperature distribution in the slab before the phase-change starts.
Phase-change analysis revealed that the solid-liquid interface advances forward (melting), stops
and then retracts (freezing) when the rate of heat leaking out exceeds the rate of heat input, and
finally the slab becomes a complete solid again. Temperature distributions in the solid and lig-
uid phases (during the melting as well as the freezing part) of the phase-change process were
also reported for all cases investigated. It was found that the maximum amount of melting that
occurred before the slab re-freezes back decreases with an increase in the heat loss (increase in
Bi,) from the right face of the slab. The results are also compared for the case of a constant con-
vective boundary condition.

Nomenclature

Bi  — Biot number (= hL/k), [-] t — time, [s]

C, - specific heat at constant pressure, [Tkg 'K z — ratio of specific heat of liquid to solid
h — convective heat transfer coefficient, [Wm K ']

k — thermal conductivity, [Wm 'K '] Greek letters

L — length of slab, [m] — thermal diffusivity, [m’s ]

s — interface location , [m] — heat diffusion thickness, [m]

St — Stefan number [= Cy(7t— T2.)/A], [-] — non-dimensional interface location

— temperature, [°C]
temperature difference, [°C]

— non-dimensional heat diffusion thickness
integral

B>~

~

|
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A — latent heat, [Jkg '] 2 - right end of the slab

v — thermal diffusivity ratio [= ( ayo)"?] «  — ambient fluid

& — non-dimensional distance 1 — liquid

T — non-dimensional time (fot/L%) S — solid

® — non-dimensional temperature 0 — start of melting/freezing

Subscripts f - ?usiop temperature (melting or

— freezing process)

1 — left end of the slab
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