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This pa per dis cusses the ap pli ca tion of heat-bal ance in te gral method for solv ing
the con duc tion equa tion in a va ri ety of rewetting prob lems. A host of rewetting
prob lems for var i ous ge om e try, con vec tive bound ary con di tions and in ter nal heat
gen er a tion as well as for vari able prop erty has been solved by em ploy ing the
method. Closed form ex pres sions for rewetting ve loc ity and tem per a ture field in the 
hot solid have been ob tained. Fur ther, a uni fied so lu tion meth od ol ogy for dif fer ent
ge om e try and di men sion of the prob lem has been de rived. The re sults ob tained
agrees well with other an a lyt i cal tech niques namely, Winer-Hopf tech nique, sep a -
ra tion of vari ables method as well as with the nu mer i cal ones. The pre dicted so lu -
tions ex hibit a good agree ment with ex per i men tal data as well. Ad di tion ally, an op -
ti mal linearization tech nique has been ap plied to an a lyze the ef fect of tem per a ture
de pend ent prop er ties on the phe nom ena of rewetting. The re sults ob tained and op -
ti mal linearization tech niques have been com pared and a good agree ment has been
ob tained. All the stud ies made so far dem on strates the suit abil ity of em ploy ing
HBIM in the anal y sis of var i ous rewetting prob lems.
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In tro duc tion

It is dif fi cult to solve many con duc tion prob lems an a lyt i cally. Such prob lems in clude
tran sient heat con duc tion (one-di men sional or two-di men sional) as well as mul ti di men sional
steady or quasi steady con duc tion. Over the years a num ber of an a lyt i cal tech niques have been
used in or der to ob tain so lu tions, some of which in clude in fi nite se ries of com plex func tion
which needs to be trun cated for prac ti cal com pu ta tion. Oth ers are ame na ble only through nu -
mer i cal anal y sis. Among var i ous such meth ods, the heat-bal ance in te gral method (HBIM) for -
mally pro posed by Good man [1] is a land mark de vel op ment. This tech nique, in spite of be ing
sim ple, pro vides re mark able ac cu racy of re sults. Though ini tially the tech nique was pro posed
for a non-lin ear heat con duc tion prob lem in volv ing phase change, sub se quently it has been ap -
plied to other steady-state two-di men sional con duc tion prob lems. In both the cases, this pow er -
ful tech nique ren ders the par tial dif fer en tial equa tion into or di nary dif fer en tial equa tion which
re duces the dif fi culty of the so lu tion enor mously. Re cently the method has been adopted in the
anal y sis of rewetting of hot sol ids. The orig i nal tran sient two-di men sional con duc tion prob lem
has been con verted into a set of two quasi-steady for mu la tions. HBIM has been ap plied sep a -
rately to these two prob lems with proper match ing of bound ary con di tions. The phe nom ena of
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rewetting can be an a lyzed con sid er ing the ax ial con duc tion in solid and con vec tive heat trans fer
from solid to the liq uid film.

When a hot sur face is brought in con tact with the liq uid me dium a vapour blan ket is
formed and that pre vents the con tact be tween the solid and the liq uid phase. As the sur face cools 
off, the vapour blan ket col lapses and the solid liq uid con tact is re-es tab lished. This phe nom e non 
is known as rewetting. The phe nom ena of rewetting of hot sur faces is of great in ter est in var i ous
fields namely, cryo genic sys tems, met al lur gi cal pro cesses, elec tron ics cool ing and cool ing of
nu clear re ac tors. Dur ing a pos tu lated loss of cool ant ac ci dent, the tem per a ture of the fuel el e -
ments in side the re ac tor core in creases dras ti cally due to the stored en ergy in side the fuel. In or -
der to re move the heat, the hot sur face es sen tially un der goes through a rewetting phase. This is
achieved ei ther by spray ing the cool ant from the top of a hot ob ject known as top flood ing or an
up ward mov ing wa ter front can cool down the core and is known as bot tom flood ing. When the
cool ant is sprayed to the hot sur face, a wa ter film forms and it flows down thereby cool ing the
hot sur face. It is ob served that the wet front moves with a con stant ve loc ity known as rewetting
ve loc ity. Over the de cades var i ous mod els have been pro posed in or der to eval u ate the rewetting
ve loc ity and the tem per a ture field in hot solid.

Ini tially, ef forts were made to an a lyze rewetting prob lems based on one-di men sional
ap prox i ma tion. These mod els are rea son ably suc cess ful in cor re lat ing rewetting phe nom ena at
low flow rates. Var i ous mod els [2-3] have been pro posed that dem on strates the tran si tion be -
tween one-di men sional and two-di men sional for mu la tions and es tab lishes the lim i ta tion of
one-di men sional model for high val ues of Peclet num ber and Biot num ber. In view of  this, sev -
eral two-di men sional mod els have been pro posed to solve the con duc tion equa tion. Some of the
im por tant stud ies are elab o rated be low.

Due to math e mat i cal dif fi culty, mostly the two-di men sional mod els have been solved
ei ther by em ploy ing ap prox i mate method or nu mer i cal ones. A so lu tion to the above prob lems
was re ported by Duffey et al. [2] by em ploy ing sep a ra tion of vari able method. In their so lu tion,
a small num ber of terms of the se ries so lu tion were re tained. Blair [4] pre sented an ap prox i mate
so lu tion to the same prob lem for a cy lin dri cal rod. Among other mod els that em ploy ei ther
Winer-Hopf tech nique [3, 5] or nu mer i cal tech niques [6] in or der to solve the two di men sional
con duc tion equa tion.

HBIM [1] has pri mar ily been used for solv ing a va ri ety of Stefan prob lems in volv ing
one-di men sional con duc tion. Later, the method has also been em ployed for solv ing some typ i -
cal two di men sional con duc tion equa tions [7-9]. It may be noted that the phe nom ena of
rewetting pos sesses some sim i lar ity with the clas si cal Stefan prob lem. In both the cases the
mov ing bound ary di vides the so lu tion space into two dis tinct re gions with a strong tem per a ture
gra di ent at the in ter face. Re cently, HBIM have been ex ten sively used in or der to solve a va ri ety
of rewetting prob lems com pris ing var i ous ge om e try, con vec tive bound ary con di tions and in ter -
nal heat gen er a tion. This pa per briefly dis cusses the find ings of var i ous rewetting prob lems an a -
lyzed by the HBIM and brings out the strength of this an a lyt i cal tool. At the same time, it is
shown that by em ploy ing HBIM highly ac cu rate re sults are pro duced with out re course to math -
e mat i cal com plex ity and spe cial com pu ta tion. Fur ther, the anal y sis of rewetting model with
tem per a ture de pend ent prop er ties, ob tained by em ploy ing HBIM and op ti mal linearization
tech nique has been dis cussed in de tails.

Ba sic rewetting model

The ba sic rewetting mod els [2-4] con sider two dif fer ent re gions (wet and dry) for a hot
ob ject (slab or rod) of in fi nite length with a quasi-steady ap prox i ma tion. The sche matic of a two
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di men sional ob ject and the vari a tion
of tem per a ture and heat trans fer co -
ef fi cient along the ax ial di rec tion is
shown in fig. 1(a)-(c). In these mod -
els a con stant heat trans fer co ef fi -
cient is as sumed in the wet re gion
and an adi a batic con di tion is as -
sumed in the dry re gion ahead of the
wet front in or der to solve one-di -
men sional/two-di men sional con duc -
tion equa tion. While the wa ter is
sprayed to the hot sur face the sur face
tem per a ture of the hot ob ject be hind
the wet front ap proaches the liq uid
sat u ra tion tem per a ture Ts. In gen eral
most of the rewetting mod els as sume 
suit able val ues of rewetting tem per a ture and heat trans fer co ef fi cient in or der to solve the con duc -
tion equa tion.

Var i ous an a lyt i cal mod els have been pro posed to ob tain the so lu tion. Some of them
com pute the so lu tion by trun cat ing the se ries of com plex func tion by em ploy ing ei ther Fou rier
ex pan sion or Greens func tion. Thus the trun ca tion of in fi nite se ries of the func tion may lead to
er rors in the so lu tion. On the con trary, var i ous nu mer i cal tech niques have also been used to pre -
dict the so lu tion. The ob tained so lu tion by these meth ods al though pow er ful, the ac cu racy of the 
so lu tion de pends on the choice of struc tural mesh ing. There fore, in or der to ob tain an ac cept able 
ac cu racy, it is nec es sary to use dense discretization mesh, which is computationally in ef fi cient
and time con sum ing as well. As an al ter na tive, HBIM al though ap prox i mate, pro vide the so lu -
tion with a good ac cu racy re quir ing only a lit tle ef fort.

Al though a num ber of con duc tion con trolled mod els have been pro posed a few ef forts
have been made to for mu late a uni fied rewetting model ir re spec tive of ge om e try and di men sion
of the prob lem. Re cently, the rewetting model pro posed by Sahu et al. [10] em ploys HBIM in
or der to solve the con duc tion equa tion. This pro vides a uni fied so lu tion tech nique to the
rewetting of hot ob ject ir re spec tive of ge om e try and di men sion of the prob lem.

Mostly the rewetting ex per i ments have been per formed in rod/slab con sid er ing wa ter
at at mo spheric pres sure. The real value of heat trans fer co ef fi cients (Biot num ber) have not been 
re ported pre cisely. How ever, ex per i men tal data have been used to find an av er age value of heat
trans fer co ef fi cient dur ing the anal y sis. At the same time the rewetting mod els [2-3] ob tained ei -
ther by em ploy ing sep a ra tion of vari able method or Winer-Hopf tech nique use a suit able value
of Biot num ber to com pare the the o ret i cal mod els with the ex per i men tal data. A so lu tion to the
above prob lem [10], ob tained by em ploy ing HBIM, yields a unique ef fec tive Biot num ber which 
was used to cor re late the ex per i men tal data com pris ing of dif fer ent cool ant types, cool ant flow
rates, heater type, and range of sur face tem per a ture. 

In this study an at tempt has been made to cor re late the ef fec tive Biot num ber with the
cool ant flow rate of all avail able ex per i men tal data. Re cently, Duffey [11] have tried to fit the
ex per i men tal data us ing the ef fec tive Biot num ber (M). A cor re la tion be tween ef fec tive Biot
num ber and flow rate per unit per im e ter for the ex per i men tal data set ob tained by Dueffy et al.
[12] was de vel oped. This ex hib its that ef fec tive Biot num ber var ies lin early with the flow rate
per unit per im e ter and is ex pressed as M = 5.0 ́  flow rate. Tak ing a cue from his anal y sis, an at -
tempt has been made to com pare the ex per i men tal data of Duffey et al. [12], and Yamanocuhi
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Fig ure 1. Sche matic view of top flood ing of a two-di men sional 
ob ject



[13] with M. Based on the HBIM anal y sis
[10], a straight-line cor re la tion, M = 3.45 ´
flow rate is sug gested and is shown in fig. 2.
This shows a good agree ment be tween the
HBIM pre dic tions with the ex per i men tal data
and con firms the va lid ity of HBIM anal y sis.

Re fine ment over ba sic rewetting model

Al though the ba sic con duc tion con trolled
rewetting mod els are suc cess ful in cor re lat ing 
the ex per i men tal data for mod er ate flow rates, 
it could not pre dict the phys i cal re al i ties of
the rewetting phe nom ena. There fore a num -
ber of re fine ments over the ba sic model have

been made in or der to im prove the ca pa bil ity of pre dict ing the phys i cal phe nom ena. This have
been achieved in var i ous ways, namely, in clud ing the ef fect of heat ing of the clad ding due to de -
cay heat, in cor po rat ing the vari a tion in heat trans fer by mul ti ple step func tions and ex po nen tial
func tions in the hot ob ject. The sche matic of var i ous mod els is shown in fig. 1. The de tailed de -
scrip tion of var i ous ad vanced mod els has been elab o rated be low. At the same time it is ob served 
that the ba sic model is ob tained as a par tic u lar case of these ad vanced mod els.

Rewetting model with multi re gion anal y sis

The ba sic rewetting model as sumes a con stant heat trans fer co ef fi cient in the wet re -
gion and adi a batic con di tion in the dry re gion ahead of the wet front. How ever, from ex per i -
ments [12], it has been ob served that sig nif i cant cool ing takes place over a very short dis tance
near the quench front. The in tense rate of heat re moval in this small re gion is due to the high
boil ing heat trans fer co ef fi cient. This re gion, known as sput ter ing re gion, plays an im por tant
role dur ing the rewetting pro cess. There fore, adopt ing a sin gle heat trans fer co ef fi cient in the
wet re gion of hot sur face may not be suit able for an a lyz ing rewetting phe nom ena. In view of
this, dif fer ent pro files of heat trans fer co ef fi cient have been con sid ered along the hot ob ject to
solve the con duc tion equa tion. The sche matic of a two di men sional ob ject and the vari a tion of
heat trans fer co ef fi cient along the ax ial di rec tion is shown in fig. 1(a) and (d). Rewetting mod els
have been re ported [14-17] that pro pose a three re gion anal y sis which di vides the wet re gion
into two dis tinct re gions: one liq uid re gion and an other sput ter ing re gion in a hot solid. Ef forts
have also been made to in clude the ef fect of heat gen er a tion, sub cool ing in the three re gion
rewetting model [15]. Fur ther, the rewetting ve loc ity pre dicted by the above mod els de pends on
the pro file of heat trans fer co ef fi cient and sput ter ing re gion. Most of these mod els [15-17] em -
ploy ei ther sep a ra tion of vari able method or nu mer i cal ones in or der to solve the con duc tion
equa tion for Car te sian ge om e try as well as in cy lin dri cal ge om e try.

An at tempt has been made to pro vide a so lu tion meth od ol ogy [18] valid for both cy lin -
dri cal as well Car te sian ge om e tries by em ploy ing HBIM. This yields a closed form so lu tion for
tem per a ture field and rewetting ve loc ity. The HBIM so lu tion in cor po rates a sput ter ing length
which plays an ad just able pa ram e ter and main tains the en ergy bal ance be tween stored and re -
moved heat from the hot ob ject. Thus dur ing a quasi steady-state the prop a ga tion of wet front
takes place in pro por tion with the re moval of stored heat. It has been seen that by ne glect ing the
sput ter ing re gion the three re gion model re duces to the ba sic rewetting model. Based on the
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Figure 2. Variation of flow rate with effective Biot
number (M)



anal y sis, it may be noted that HBIM can be used as an al ter na tive an a lyt i cal tool for a three re -
gion rewetting model.

Rewetting model with pre cur sory cool ing

In case of top flood ing, when the wa ter is sprayed at lower flow rates, wa ter flows
down in the form of a film and cools the hot ob ject. How ever, at higher flow rates a part of the
cool ant sput ters away from the wet front and cools the dry re gion ahead of the quench front. This 
mode of cool ing is known as pre cur sory cool ing. There fore it is nec es sary to in cor po rate the ef -
fect of pre cur sory cool ing in the model while cor re lat ing with the ex per i men tal data at higher
flow rates. In or der to model the pre cur sory cool ing, one can con sider a con stant heat trans fer
[16, 19-20], vari a tion of heat trans fer [21] or vari a tion of heat flux [22-24] ahead of the wet
front. If a con stant heat trans fer co ef fi cient is as sumed in the dry re gion ahead of the wet front,
the high est heat flux from the wall oc curs at the far thest lo ca tion in the down stream di rec tion of
the quench front. This is phys i cally un re al is tic. At the same time by as sum ing a vari a tion of heat
trans fer in the dry re gion ahead of wet front, one may re quire the knowl edge of the vari a tion of
tem per a ture of the drop let-vapour mix ture Ta with dis tance to de ter mine the heat flux in the dry
re gion, which is also dif fi cult to ob tain in real sit u a tion. In view of this, an ex po nen tially vary ing 
heat flux model is gen er ally adopted in most of the mod els. The sche matic of a two di men sional
ob ject and the vari a tion of heat trans fer co ef fi cient along the ax ial di rec tion is shown in fig. 1(a)
and (e). Thus an ex po nen tially vary ing heat flux of the form q'' = Q0/Ne -dx  is adopted in the dry
re gion ahead of the wet front, where N is the mag ni tude of pre cur sory cool ing, d – the re gions of
in flu ence for pre cur sory cool ing, Q0 – the heat flux as so ci ated at the wet front, and q'' – the heat
flux from the sur face.

Var i ous mod els [23-24] have been pro posed that em ploy ei ther sep a ra tion of vari ables 
method or Weiner-Hopf tech nique to solve the con duc tion equa tion with pre cur sory cool ing. In
most of the mod els the gov ern ing con duc tion equa tion is solved ei ther con sid er ing a Car te sian
ge om e try or cy lin dri cal ge om e try. How ever, a few mod els have been pro posed that re ports a
uni fied ap proach for slab and cy lin dri cal ge om e try. Re cently, Sahu et al. [25] pre sented a so lu -
tion meth od ol ogy that is valid for both slab and rod by em ploy ing HBIM. Re sults ob tained from
HBIM match with the ear lier an a lyt i cal re sults and ex hibit good agree ment with ex per i men tal
re sults cov er ing a wide range of para met ric vari a tion.

From the HBIM anal y sis a five pa ram e ter re la tion ship has been de vel oped and ex -
pressed as:
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where a is the non-di men sional dis tance con trol ling the re gion of in flu ence for pre cur sory cool -
ing and Z is a pa ram e ter as so ci ated with ge om e try of the prob lem.

From a math e mat i cal stand point, the pre cur sory cool ing ef fect is due to the pa ram e ter
S. The model that ac counts for pre cur sory cool ing re duces to the ba sic model if the pa ram e ter S
is set to zero. This can be at tained in the fol low ing ways:
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Case 1: Bi ® 0

This rep re sents the con di tion that there is no heat trans fer from the hot sur face ahead of 
the quench front and ob vi ously it rep re sents an adi a batic con di tion in the dry re gion, which is
usu ally adopted in a ba sic model [2, 10].

Case 2: N ® 4

In this case, an ex po nen tially vary ing heat flux of the form q'' = (Q0/Ne)-dx is adopted
in the dry re gion ahead of the wet front. From the ex po nen tial heat flux ex pres sion, it is ob -
served that heat flux from hot sur face de creases with in crease in N. This leads to the sit u a tion
when N® 4, there is no heat trans fer from the hot sur faces. This is the same as an adi a batic
con di tion in the dry re gion ahead of the wet front. On the con trary, one can also de fine N as the 
mag ni tude of pre cur sory cool ing which de pends on the flow rate. As the cool ant flow rate in -
creases, num ber of cool ant drop lets in creases in the sput ter ing re gion.

This re sults in an in crease in heat trans fer from the hot sur face, yield ing stron ger pre -
cur sory cool ing. Thus one can con clude that N de creases with in creas ing cool ant mass flow rate. 

At the same time, with de creas ing cool ant flow
rate the sput ter ing de creases and heat trans fer
de creases thus N in creases. Thus when N ® 4,
this sit u a tion cre ates no cool ing from the dry re -
gion ahead of the wet front.

Case 3: a
Z

=
± +Pe Pe 2

26

2

This shows the re la tion be tween the re gion
of in flu ence by pre cur sory cool ing and Peclet
num ber for a given op er at ing con di tions. How -
ever, this sit u a tion seems phys i cally un re al is tic
and hence is not con sid ered here for the anal y -
sis.

Fig ure 3 de picts the vari a tion of Peclet num -
ber with Biot num ber for two dif fer ent cases
with pre cur sory cool ing and with no pre cur -
sory cool ing. It is ob served that in both cases
the wet front ve loc ity in creases with in, creas -
ing Biot num ber. The rate of in crease in wet
front ve loc ity be comes higher at higher Biot
num ber for the case of pre cur sory cool ing. The 
pre dicted wet front ve loc ity with pre cur sory
cool ing sig nif i cantly dif fers with that of with
no pre cur sory cool ing at higher Biot num ber.
How ever, the dif fer ence be tween the rewetting 
rates for these two mod els de creases sig nif i -
cantly with de crease in Biot num ber.

The vari a tion of rewetting rate with Biot
num ber for var i ous val ues of N is de picted in
fig. 4. It is seen that the rewetting rate var ies
in versely with N. With in crease in N the rate
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Figure 3. Effect of precursory cooling on the
rewetting velocity

Figure 4. Variation of Peclet number with Biot
numbers for various magnituide of precursory
cooling and with no precursory cooling



of in crease in rewetting rate in creases. It is seen that the pre cur sory model ap proaches the for -
mer model [18], when N ® 4. From this anal y sis it is seen the model with pre cur sory cool ing
ap proaches that of with out pre cur sory cool ing [18] for a higher value of N and lower Biot
num ber. This es sen tially proves the equiv a lence be tween rewetting mod els with and with out
pre cur sory cool ing for the same ini tial and bound ary con di tions.

Rewetting model with heat gen er a tion

In case of a re al is tic sit u a tion, the tem per a ture of the fuel rods in creases due to the de -
cay heat gen er ated by fis sion. This im plies that an in ter nal heat source ex ists in side the fuel rod.
Be cause of the in ter nal heat source, tran sient con duc tion may take place across the fuel rod and
this af fects the rewetting ve loc ity. In this con text, the ba sic model is in ad e quate to de scribe the
phys i cal phe nom ena. De pend ing on the cool ant flow rate and in ter nal heat source, the wet front
may ei ther prop a gate in down ward di rec tion or cease (dryout con di tion) at some lo ca tion. Thus
a crit i cal in ter nal heat gen er a tion is de fined as the min i mum heat gen er a tion rate at which the
wet front ceases at some lo ca tion. The sche matic of a two di men sional ob ject and the vari a tion
of heat trans fer co ef fi cient along the ax ial di rec tion is shown in fig. 1(a) and (f). The rewetting
ve loc ity ob tained by these mod els de pends on the sur face tem per a ture and heat re moval rate
from the sur face. In view of this, it be comes es sen tial to in clude the heat source pa ram e ter in the
ba sic rewetting model. Some of the im por tant stud ies are elab o rated be low. 

Var i ous mod els [26-29] have been pro posed that con sider the ef fect of spec i fied heat
flux as well as heat gen er a tion in the clad in or der to ac count the de cay heat ing of the fuel el e -
ment. Chan et al. [30] have ob tained the so lu tion to the same prob lem by em ploy ing nu mer i cal
meth ods as well as by an a lyt i cal tech niques. They have re ported a closed form so lu tion for both
tem per a ture field and rewetting ve loc ity for both smooth and grooved plates. Satapathy et al.
[5], Satapathy et al. [6] have re ported a so lu tion to the above prob lem by em ploy ing a
Winer-Hopf tech nique and fi nite dif fer ence tech nique, re spec tively.

In gen eral most of the mod els con sider ei ther a slab or tube with a spec i fied heat flux
on one side and flooded on the other side. At the same time one can also mod ify the gov ern ing
equa tion by con sid er ing the in ter nal heat gen er a tion to ac count the de cay heat dur ing the pro -
cess of rewetting. How ever, so far only a sin gle in ves ti ga tion [31] has been pro posed to con sider 
the sec ond ap proach. The model re ported by Sahu et al. [31] con sid ers both bound ary heat flux
as well as heat gen er a tion ap pli ca ble for var i ous ge om e tries by em ploy ing HBIM. All the dif fer -
ent cases have been an a lyzed by em ploy ing HBIM. The HBIM yields a closed form so lu tion for
the tem per a ture field and rewetting ve loc ity valid for both bound ary heat flux as well as heat
gen er a tion as ap plied to dif fer ent ge om e try of the prob lem. Fur ther, it has been shown that a
gen er al iza tion of the anal y sis is pos si ble through HBIM.

Rewetting model with tem per a ture de pend ent prop er ties

In gen eral, most of the mod els do not con sider the vari a tion of tem per a ture de pend ent
prop er ties while solv ing the con duc tion con trolled rewetting. The mod els based on con stant
prop erty have been suc cess ful in pre dict ing the rewetting ve loc ity for a given range of sur face
tem per a ture. How ever, dur ing the cool ing of hot sur faces, dur ing met al lur gi cal quench ing and
rewetting of nu clear fuel rods, the hot ob jects may un dergo a sub stan tial change in sur face tem -
per a ture and hence as sump tion of con stant thermophysical prop er ties can only pro vide ap prox i -
mate re sults.
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There fore, it is nec es sary to in cor po rate prop erty vari a tion in the model for the
rewetting anal y sis. How ever only a sin gle in ves ti ga tion [32] has been re ported that con sid ers
the vari a tion of tem per a ture de pend ent prop er ties for an a lyz ing rewetting phe nom ena. Olek et
al. [32] pre sented a so lu tion con sid er ing the ef fect of var i ous tem per a ture de pend ent pa ram e ters 
namely, ther mal con duc tiv ity, spe cific heat, den sity, and thick ness of the test ob ject for an a lyz -
ing the rewetting phe nom ena. It is re vealed that the vari a tion of con duc tiv ity with tem per a ture is 
more sig nif i cant com pared to other pa ram e ters. There fore, in this study, the vari a tion of tem per -
a ture de pend ent con duc tiv ity has been in cor po rated in the model in or der to an a lyze the phe -
nom ena of rewetting. Two dif fer ent tech niques one HBIM an other op ti mal linearization tech -
niques have been em ployed for an a lyz ing the vari a tion of prop er ties dur ing a rewetting anal y sis. 
The re sults ob tained by both the an a lyt i cal meth ods have been pre sented in closed form ex pres -
sion. The com par i sons be tween the re sults ob tained by both the mod els have been pre sented and 
the ef fect on con duc tiv ity vari a tion on wet front ve loc ity has been dis cussed.

The o ret i cal anal y sis

HBIM anal y sis

For one-di men sional con duc tion of heat, the gov ern ing equa tion is given as:
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where d is the thick ness of the slab and r, C, and K, are den sity, spe cific heat, and ther mal con -
duc tiv ity of the slab ma te rial, re spec tively. Em ploy ing quasi-steady state as sump tion, ¶T/¶t =
–u¶T/¶x yields:
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Con sid er ing the vari a tion of ther mal con duc tiv ity to be a lin ear func tion of tem per a -
ture, one can ob tain:

K = K0[1 + n(T – Ts)] = K0[1 + bq] (6)

where K0 is the ther mal con duc tiv ity of the solid body at the am bi ent fluid tem per a ture and n is
the pa ram e ter de scrib ing the vari a tion of con duc tiv ity.

Em ploy ing the fol low ing dimensionless pa ram e ters:
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and using eqs. (6) and (7), the gov ern ing eq. (5) re duces to:
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with bound ary con di tions:
q q( ) ( )- = = - < £4 40 0 1 0x (9a)

q q q( ) ( )0 1 1 01= + = + £ <4 4 x (9b)

So lu tion pro ce dure by HBIM

At this junc ture one needs to choose dis tri bu tion pro files of tem per a ture along the ax -
ial di rec tion. Pre vi ously, other re search ers have adopted a poly no mial guess func tion in or der to
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solve the fluid flow and heat trans fer prob lems by em ploy ing in te gral tech niques [7, 33]. How -
ever, it is seen that in the pres ent con fig u ra tion the tem per a ture de cays (or in creases slowly)
away from the or i gin. Re cently, an ex po nen tial trail func tion has been sug gested by Mosally et
al. [34] in or der to solve de cay like spa tial vari a tion in tem per a ture for a Stefan prob lem. It is
also re ported [34] that if the se lec tion is made prop erly, ex po nen tial pro files give better re sults
com pared to poly no mial ap prox i ma tion.

In the gen er al ized form, the en ergy eq. (8) can be in te grated as:
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For the pres ent case the fol low ing guess pro file has been se lected:
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where A, B, and D are pos i tive con stants. Us ing bound ary con di tion given in eqs. (9a) and ( 9b)
and eqs. (10) and (11) yields:
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It is noted that the dimensionless wet front ve loc ity Pe, is un known and can be de ter -
mined by ap ply ing heat bal ance con ti nu ity at or i gin:
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Us ing eq. (14), eq. (12) yields the fol low ing ex pres sion:
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Equa tion (15) cor re lates among Biot num ber, non-di men sional wet front ve loc ity,
non-di men sional tem per a ture and the pa ram e ter for con duc tiv ity vari a tion. There fore, the wet
front ve loc ity can be eval u ated us ing known val ues of Bi, q1, and b.

Linearization tech niques

While solv ing the heat con duc tion equa tion, the thermo-phys i cal prop er ties of the test
ma te rial can ei ther be as sumed con stant or vary with tem per a ture. When the tem per a ture de -
pend ent prop er ties are con sid ered in the model, the gov ern ing dif fer en tial equa tions be come
non lin ear. Out of var i ous an a lyt i cal tech niques the op ti mal linearization meth ods is one such ap -
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proach used to solve non-lin ear heat trans fer prob lems. This method es sen tially re duces the
non-lin ear bound ary value prob lem to a lin ear one and yields the so lu tion in terms of closed
form ex pres sion. Ini tially this method was first in tro duced by West [35] and Blaquiere [36] in
or der to solve the dif fer en tial equa tions in non-lin ear vi bra tion the ory. This has also been ap -
plied to solve non-lin ear con duc tion prob lems in clud ing prop erty vari a tion by Vujanovic [37].
The so lu tions ob tained by op ti mal linearization tech nique, al though not ex act, are suf fi ciently
ac cu rate for con duc tion prob lems. In this study an at tempt has been made to em ploy this tech -
nique in or der to solve the con duc tion-con trolled rewetting prob lems with prop erty vari a tion. A
one-di men sional con duc tion model is con sid ered and the con duc tiv ity of ma te rial is as sumed to
vary lin early with tem per a ture.

Em ploy ing eq. (7), eq. (5) re duces to:
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To gether with eq. (16) con sid er ing the fol low ing equa tion:
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where l is a con stant ad just able pa ram e ter. At this junc ture, one needs to se lect the best value of 
l in or der to ap prox i mate the lin ear eq. (17) with the non-lin ear eq. (16) to gether with bound ary
con di tions. In this re gards, one can eval u ate the dif fer ence term be tween eq. (17) and eq. (16)
and adopt a suit able minimization cri te ria to min i mize the dif fer ence term.

The dif fer ence term can be ex pressed as:

e l q
q q

l
q

q
q

, , , ( ) (
d

d

d

d

d

d

d

dx x x
K

x
K

2

2

2

2

2
æ

è
ç

ö

ø
÷ = - ¢

æ

è
ç

ö

ø
÷ - q

q
)

d

d

2

2x
(18)
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Out of the var i ous meth ods, the minimization of the mean square of the dif fer ence term 
[38] is mostly used in or der to ob tain a min i mum value of dif fer ence term. In this study we adopt
the method re ported by Iwan et al. [38] in or der to min i mize the dif fer ence term as ex pressed in
eq. (18).

Con sid er ing the in te gral:
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In or der to eval u ate the value of I (l) , a guess pro file for the tem per a ture vari a tion in
spa tial di rec tion has to be cho sen. Con sid er ing a known func tion that sat is fies the bound ary con -
di tions in eqs. (9a) and (9b) is ex pressed as:

q = g(x) (21)

The de tails func tional value of g(x) are dis cussed later. Em ploy ing eq. (21) into eq.
(20) one ob tain:

I(l) = w1l
2 – 2l(w2 + w3) + w4 (22)

where
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The op ti mal value of l may be found from the equa tion:
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There fore the op ti mal value of l solely de pends on the form of cho sen func tion q = g(x)
in eq. (21), and the lin ear dif fer en tial equa tion with con stant co ef fi cients in eq. (17) should be con -
sid ered “op ti mal” sub ject to q = g(x) . From the prior knowl edge, the ap prox i mate so lu tion of the
prob lem is known. Based on this, we have se lected an ex po nen tial trail func tion for the both wet
and dry re gion of the hot ob ject.

Thus eq. (21) is ex pressed as:
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Em ploy ing eq. (26) in eq. (23), the con stants w1, w2, and w3 are eval u ated and ex -
pressed as:
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Uti liz ing eq. (27), eq. (25) is ex pressed as:
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Em ploy ing eq. (28), the lin ear eq. (17) re duces to:
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Sub ject to the bound ary con di tions in eqs. (9a) and (9b), the so lu tion of eq. (29) is ex -
pressed as:
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It is noted that the dimensionless wet front ve loc ity Pe, is un known and can be de ter -
mined as has been done in the HBIM anal y sis and one gets:
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Re sults and dis cus sion

Based on the pres ent anal y sis, two dif fer ent closed form ex pres sions have been ob -
tained for rewetting ve loc ity by em ploy ing HBIM and op ti mal linearization tech niques, re -
spec tively. Three in de pend ent dimensionless pa ram e ters, namely, q1, Bi, and b are used to an -
a lyze the rewetting pro cess of the hot sur face with prop erty vari a tion. In a sim i lar anal y sis
Olek [32] have re ported ex pres sions in volv ing these pa ram e ters. How ever, dif fer ent func -
tional forms were ob tained. From the re ported re la tion ship as ex pressed in eqs. (15) and (32),
some im por tant as pects of the rewetting pro cess may be de scribed. It is in ter est ing to ex am ine
that for the case of b = 0, both the ex pres sions ob tained by HBIM and op ti mal linearization
tech nique re ported in eqs. (15) and (32), re duces to the fol low ing ex pres sion:

Bi

Pe
= +q q1 11( ) (33)

This is the same as that of one-di men sional model of Yamanouchi [13] ob tained for
fixed prop er ties.
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Fig ure 5 de picts the vari a tion of wet front ve -
loc ity for var i ous val ues of Biot num ber for a
given value of q1, b, and K0. It is ob served that
Peclet num ber in creases with in creas ing Biot
num ber. Fur ther, the re sults ob tained by var i ous
mod els, namely HBIM and op ti mal linearization
have been com pared with that of Yamanouchi
[13] which were ob tained con sid er ing a con stant
ther mal con duc tiv ity and is shown in fig. 5. It is
ob served that for a given value of q1, b, and K0 the 
re sult ob tained by HBIM and op ti mal lineariza-
tion tech nique is same with the model that con sid -
ers a con stant ther mal con duc tiv ity. It may be
noted that for a con stant dry wall tem per a ture (q1), 
the con duc tiv ity re mains con stant. There fore, the
pre dic tion is same for all the mod els.

Fig ure 6 shows the vari a tion of Peclet num -
ber with dry wall tem per a ture (q1) for a given
value of Bi, b, and K0. The re sults ob tained by
HBIM, op ti mal linearization tech nique, and
Yamanouchi [13] model shows the same value
of Peclet num ber for lower value of dry wall tem -
per a ture. How ever, with in crease in sur face tem -
per a ture the Peclet num ber ob tained by em ploy -
ing HBIM and op ti mal linearization tech nique
var ies with that of Yamanouchi model [13] and
is shown in tab. 1. It is seen that HBIM shows a

THERMAL  SCIENCE: Vol. 13 (2009), No. 2, pp. 97-112 109

Figure 5. Variation of wet front velocity with Bi

Figure 6. Variation of wet front velocity with q1

Ta ble 1. A com par i son be tween the non-di men sional wet front ve loc ity (Pe) ob tained 
by Yamanouchia [13], HBIMb, and OLc for b = 0.0012, Bi = 0.5, and K0 = 14 W/mK

q1
Yamanouchi [13]

(I)
HBIM (II)

Er ror [%] 
(I) vs. (II)

OL (III)
Er ror [%] 
(I) vs. (III)

  1.0 0.5000     0.5005 0.10    0.5003  0.06  

  2.0        0.2886     0.2891 0.17    0.2887  0.03  

  3.0        0.2041     0.2045 0.1959 0.2041  0.0    

  4.0        0.1581     0.1585 0.2530   0.1581    0.0    

  5.0        0.1290     0.1295 0.3875   0.1290    0.0    

  6.0        0.1091     0.1095 0.3666   0.1090      0.09    

  7.0        0.0944 0.09491 0.5402 0.0944   0.0     

  8.0  0.08333     0.08375 0.540  0.08326   0.08    

  9.0        0.07453     0.07495 0.5635 0.07446   0.09    

10.0        0.06741     0.06783 0.6230 0.06733   0.14    

15.0        0.04564     0.04605 0.8983 0.04554   0.22    

20.0        0.03450 0.03490 1.1594 0.03439 0.318

30.0        0.02318     0.02358 1.725  0.02306   0.51    

a: Yamanouchi's [13] one-dimensional model; b: heat-balance integral method; 
c: optimal linearization technique



higher value of Peclet num ber where as the op ti mal linearization tech nique pre dicts a lower
value of Peclet num ber com pared to Yamanouchi's model. The max i mum er ror in vari a tion in
Peclet num ber with Yamanouchi's model is 1.72% and 0.51% in HBIM and op ti mal lineariza-
tion tech nique, re spec tively. There fore from this anal y sis it is ob served that the vari a tion of
prop erty have a min i mal ef fect on the rewetting ve loc ity.

Con clu sions

Heat-bal ance in te gral method (HBIM) has been em ployed in or der to solve the con -
duc tion equa tion in a va ri ety of rewetting prob lems. These in clude the ba sic rewetting model,
three re gion model, in clu sion of pre cur sory cool ing, heat gen er a tion, and prop erty vari a tion in
the hot ob ject. A uni fied so lu tion meth od ol ogy for a va ri ety of con duc tion con trolled rewetting
prob lems has been ob tained by em ploy ing HBIM. In all the cases a closed form so lu tions have
been ob tained for the tem per a ture field and rewetting ve loc ity of the hot solid. By the ap pli ca -
tion of this tech nique one can iden tify a unique func tion solely de pend ant on Biot num ber.
Treat ing this func tion as a mod i fied Biot num ber (M) unique para met ric re la tion ship for the
rewetting ve loc ity is ob tained. This elim i nates the need for the de vel op ment of dif fer ent mod els
for dif fer ent ge om e try, uni fies 1-D and 2-D anal y sis and also shows a di rec tion for com par ing
the ex per i men tal data with the an a lyt i cal re sults (fig. 2). Next, this tech nique has been ex tended
to in clude the vari a tion of tem per a ture de pend ent prop er ties dur ing rewetting pro cess. Ad di -
tion ally, an op ti mal linearization tech nique has been em ployed for the same prob lem to fa cil i tate 
com par i son. From both the stud ies, it is ob served that the ef fect of tem per a ture de pend ent con -
duc tiv ity have a min i mal ef fect on the rewetting ve loc ity.

It may be noted that HBIM has the abil ity to deal with a host of rewetting prob lems
with out re course to math e mat i cal com plex ity and spe cial com pu ta tion. This def i nitely shows an 
ad van tage of HBIM over other an a lyt i cal and nu mer i cal tech niques. This tech nique is sim ple to
use and can be adopted as an al ter na tive method for the class of rewetting prob lems. Ac cep tance
of HBIM widely de pends on ap pli ca tion of this method for solv ing var i ous heat trans fer prob -
lems as ap plied to en gi neer ing pur poses. This study has shown that HBIM has the po ten tial as an 
ac cept able al ter na tive an a lyt i cal tool for solv ing gen eral par tial dif fer en tial equa tions.
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No men cla ture

A, B, D –  constants defined in text
a –  parameter defined in eq. (3)
Bi –  Biot number (= hd/K0) defined in eq. (7)
Bi1 –  Biot number defined in eq. (31)
C –  specific heat, [Jkg–1°C–1]
d –  constant in exponent, fig. 1(e), [m–1]
E, F –  parameters defined in eq. (27)
h –  heat transfer coefficient, [Wm–2°C–1]
I –  error integral defined in eq. (20)
j –  parameter defined in eq. (3)
K –  thermal conductivity, [Wm–1°C–1]
K0 –  thermal conductivity at the ambient

–  fluid temperature, [Wm–1°C–1]
M –  effective Biot number, [–]
N –  magnitude of precursory cooling, [–]
n –  constant defined in eq. 7
Pe –  dimensionless wet front velocity

– (= udrC/K0) defined in eq. (7)

Pe1, Pe2 –  Peclet numbers defined in eq. (31)
Q0 –  heat flux at the wet front [=h(T0 – TS)],

–  [Wm–2]
q" –  wall heat flux, [Wm–2]
S –  parameter defined in eq. (2)
T –  temperature, [°C]
T0 –  wet front temperature that corresponds

–  to the temperature at the minimum film
–  boiling heat flux, [°C]

TS –  saturation temperature, [°C]
TW –  initial temperature of the dry surface, [°C]
t –  time, [s]
u –  wet front velocity, [ms–1]
x –  length coordinates, [m]
x –  length coordinates, [–]
Z –  parameter defined in eq. (3)
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