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The math e mat i cal model of un steady one-di men sional gas to par ti cles heat trans fer 
for non-iso ther mal fluidized bed with pe ri odic heat ing of solid par ti cles has been
de scribed. The method of nu mer i cal so lu tion of gov ern ing dif fer en tial equa tions,
the al go rithm and the com puter pro gram, have been pre sented. By us ing math e mat -
i cal model and com puter pro gram, the tem per a ture pro files for in ter sti tial gas, gas
in bub bles, and solid par ti cles along the height of fluidized bed in func tion of time,
have been de ter mined. The re sults ob tained on the ba sis of pre dic tion method are
com pared to the ex per i men tal re sults of the au thors; the sat is fac tory agree ment has 
been found for in ter sti tial gas tem per a ture and solid par ti cle tem per a ture. On the
ba sis of this com par i son, the math e mat i cal model has been ver i fied.
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In tro duc tion

The phe nom ena of gas-to-par ti cle heat trans fer ac com pa nied with mass trans fer and
chem i cal re ac tion are pres ent in many tech no log i cal pro cesses (dry ing of particulated ma te ri als,
com bus tion of coal, ther mal treat ment of metal prod ucts ...) tak ing place in fluidized bed. For
suc cess ful de sign and con struc tion of re ac tors per form ing such pro cesses with fluidized bed it is 
nec es sary to have re li able in for ma tion on gas to par ti cle heat trans fer co ef fi cient, vari a tions of
gas and par ti cle tem per a tures along fluidized bed height, as well as on height of ac tive zone for
heat trans fer.

Ex per i men tal in ves ti ga tions are usu ally long and ex pen sive, which de mand com plex
and ex pen sive mea sur ing tech niques, there fore arises the need for pre dic tion and un der stand ing
of such pro cesses with min i mum ex per i men ta tion.

That is the rea son why the de vel op ment of math e mat i cal model for those pro cesses in
form of dif fer en tial equa tions is nec es sary con di tion for un der stand ing of ex per i men tal re sults
as well as for pre dic tion of pro cesses in re ac tors.

A great num ber of the o ret i cal and ex per i men tal re searches on the phe nom e non of
fluid-to par ti cle heat trans fer in fluidized bed have been per formed in re cent years, but the prob -
lem is not yet solved in a sat is fac tory way. In lit er a ture re lated to this prob lem one can find very
of ten quite op po site con clu sions.

De ter mi na tion of fluid-to-par ti cle heat trans fer co ef fi cients for both cases when par ti -
cles are cooled or warmed un der sta tion ary or un-sta tion ary con di tions was car ried out many
times. In the case of wet par ti cles the heat trans fer is ac com pa nied with the mass trans fer.
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Kettenring et al. [1] have per formed the in ves ti ga tion of fluidized bed heat and mass
trans fer with Al2O3 and sil ica gel par ti cles un der con stant par ti cle sur face tem per a ture that is se -
cured by evap o ra tion of mois ture from par ti cle sur faces. The air tem per a tures were mea sured
along the bed height by thermocouples un pro tected of par ti cle con tacts, while the par ti cle tem per -
a ture was as sumed to be equal with air tem per a ture at bed out let. Walton et al. [2] have de ter mined 
air-to-coal par ti cle heat trans fer in a test sec tion with in ner di am e ter of 102 mm, un der steady ther -
mal con di tions. The air tem per a ture was mea sured by mov able as pi ra tion ther mo cou ple, while the 
par ti cle tem per a ture was mea sured by un pro tected ther mo cou ple. Shachova [3] has per formed in -
ves ti ga tion of gas to par ti cle heat trans fer un der un steady ther mal con di tions. In pa per of Wamsley 
et al. [4] the method of un steady ther mal re gime was ap plied. In a tube of in ner di am e ter 59 mm
the solid par ti cles var i ous ma te ri als were fluidized by us ing air or car bon di ox ide. The par ti cle
sizes were within the in ter val dp =  0.135-0.913 mm. Heertjes et al. [5] were de ter min ing par ti cle
to air heat trans fer un der steady ther mal con di tions in fluidized bed with dry ing of sil ica gel par ti -
cles within the in ter val of con stant dry ing ve loc ity. The air tem per a ture in fluidized bed was mea -
sured by mov able as pi ra tion ther mo cou ple, which hot end was pro tected from con tact with par ti -
cles by us ing a grid. The solid par ti cle tem per a ture was treated to be con stant within the bed and it
is as sumed to be equal with air tem per a ture at bed out let. A very in ter est ing in ves ti ga tion of air to
dry par ti cle heat trans fer un der low fluidization num bers was car ried out by Sharlovskaya [6, 7].
The ex per i ments were per formed un der quasi-sta tion ary con di tions, it means that both the bed
tem per a ture and the air tem per a ture were var ied with re spect to the same lin ear re la tion and so the
tem per a ture dif fer ence was re mained to be con stant. Rich ard son et al. [8] were de ter min ing gas to
par ti cle heat trans fer co ef fi cient in fluidized bed of small height (Ho = 10 mm), and rect an gu lar
cross-sec tion (100 ´ 50 mm) un der quasi-sta tion ary con di tions – con stant ma te rial flow rate, and
con stant tem per a tures of both in let air and ma te rial. Glass and lead spheres of size within
0.114-0.55 mm were used as fluidizing par ti cles. Fluidization was per formed by air and car bon di -
ox ide. Donnadieu  [9] was in ves ti gat ing the air to par ti cle heat trans fer in fluidized bed un der the
con di tions of un steady heat ing and cool ing of bed. The glass sphere bed (dp = 0.430 mm) was
fluidized in tube of di am e ter 200 mm. He as sumed the air tem per a ture de pend ence on bed height
to be for ev ery time mo ment of ex po nen tial form. Dur ing the ex per i ment the tem per a ture was
mea sured by thermocouples with un pro tected hot end, in the same time in a se ries of bed points it
was ac cepted that this tem per a ture is the air tem per a ture. The solid par ti cle tem per a ture is as -
sumed to be con stant within the bed and equal to air tem per a ture at bed out let.

A large num ber of re search ers in their in ves ti ga tions have found that the heat ex -
change be tween gas and par ti cles was al most com pletely done within a thin layer above the dis -
tri bu tion plate. This layer is so-called “ac tive heat trans fer zone”. Above this layer the heat ex -
change could be ne glected. For in stance, in the pa per of Zenz et al. [10] it is pointed out that heat 
ex change be tween gas and par ti cles will ter mi nate in the re gion up to 25 mm from dis tri bu tion
plate. The re sults are in nice cor re la tion with the re sults of Kazakova [11] ob tained for cod ling
of so dium ni trate spheres by air in fluidized bed. 

In the pa per Ciesielczyk [12], the air to par ti cle heat trans fer has been in ves ti gated, as
par ti cles the spheres of sil ica gel, sand, so dium ni trate, and polytetrafluorethylen were used with 
the first dry ing pe riod. The spe cial at ten tion was paid to the in flu ence of the par ti cle shape fac tor 
j, on the air to par ti cle heat trans fer co ef fi cient. It was found that shape fac tor has a sig nif i cant
in flu ence on the val ues of heat trans fer co ef fi cient, as well as there is the in crease of heat trans fer 
co ef fi cient with in crease of  j.

Be side cited pa pers, there are more pa pers re lated to the in ves ti ga tion gas to par ti cle
heat trans fer in fluidized bed. A de tailed re view of var i ous in ves ti ga tions as well as criterial
equa tions for air to par ti cle heat trans fer in fluidized bed is given in pa per [13].
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It is nec es sary to point out that there were many tri als in the gen er al iza tion of ex per i -
men tal re sults on air to par ti cle heat trans fer in fluidized bed. One of in ter est ing sug ges tions for
gen er al iza tion of a part of pub lished ex per i men tal re sults are the cor re la tions of Franz [14]
based on the re sults of many au thors for the case when the gas tem per a ture was mea sured by as -
pi ra tion thermocouples, and par tic u larly when it was mea sured by un pro tected thermocouples.

How ever, af ter many tri als the gen er al iza tion was not successfull in sense of ob tain ing
a gen eral re la tion which could ap prox i mate the ma jor ity of pub lished ex per i men tal re sults. The
rea son why is in large diffusivity of re sults pub lished by many au thors. For in stance the pub -
lished re sults for air to par ti cle heat trans fer co ef fi cients ob tained un der sim i lar con di tions by
dif fer ent au thors dif fer be tween each other for more than 2-3 or ders of mag ni tude. The rea sons
for such a sit u a tion are nu mer ous and they are an a lyzed in de tails in [15]. Such sit u a tion is the
re sult of us ing dif fer ent meth ods for mea sur ing air and par ti cle tem per a tures, dif fer ent ex per i -
men tal con di tions (sta tion ary and unstationary op er a tion re gimes), dif fer ent method for treat -
ment of re sults (plug flow or ideal mix ing flow model).

Real ex per i ments cer tainly do not fol low nei ther of the above re gimes (plug flow
model or ideal gas mix ing), they usu ally fol low the model which is the mix ture of the above two. 
Kunii et al. [16] have shown that re sults based on the ideal mix ing model have a large dif fu sion,
whereas, the re sults based on ideal mix ing model tend to unique ex pres sion. So they rec om mend 
the ideal mix ing model as the most ap pro pri ate for de ter mi na tion of air to par ti cle heat trans fer
co ef fi cient. Ex per i men tal re sults of some au thors they gen er al ized by one unique equa tion [16,
17].

On the ba sis pre vi ous works re view one can con clude that up to day in ves ti ga tions did
not solve many prob lems within the field of air to par ti cle heat trans fer in fluidized bed, al though 
many in ves ti ga tions have been done which have treated this prob lem.

Also one can con clude that a re li able model which could be suc cess fully ap plied for
pre dic tion the air to par ti cle heat trans fer in fluidized bed still does not ex ist. Ex ist ing mod els are 
very com plex and valid for par tic u lar cases for which they are de signed.

The lack of re li able data en abling the de ter mi na tion of air to par ti cle heat trans fer co ef -
fi cient with suf fi cient ac cu racy and also a boom ing need for re li able meth ods of de sign ing, siz -
ing of fluidized bed de vices, and ap pa ra tuses pro voke un der tak ing such kind of study with
deeper the o ret i cal and ex per i men tal in ves ti ga tion of pro cesses in fluidized bed [15].

In this pa per, the math e mat i cal model for un steady gas to solid par ti cles heat trans fer
in fluidized bed is pre sented, the nu mer i cal so lu tion method of dif fer en tial equa tions is given, as 
well as the al go rithm and the com puter pro gram. By us ing math e mat i cal model and nu mer i cal
pro ce dure the tem per a ture pro files for in ter sti tial gas, gas in bub bles and solid par ti cles along
the height of fluidized bed in func tion of time have been de ter mined. The re sults ob tained for in -
ter sti tial gas tem per a ture and solid par ti cle tem per a ture on the ba sis of pre dic tion method are
com pared to the ex per i men tal re sults given in [15].

Ex per i men tal in ves ti ga tion of the air to 
par ti cle heat trans fer in fluidized bed

The main goal of this in ves ti ga tion is to give a closer de scrip tion of the phe nom e non of 
air to par ti cle heat trans fer in fluidized bed, since the ex per i men tal re sults ob tained by many au -
thors dif fers sig nif i cantly be tween each other and re ly ing on em pir i cal and semi-em pir i cal ex -
pres sions is un re li able.

The ba sic aim of the ex per i men tal in ves ti ga tion is the de ter mi na tion of the tem per a ture 
pro files for in ter sti tial gas, and solid par ti cles along the height of fluidized bed un der un steady
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heat trans fer con di tion, as well as their de pend ence on dif fer ent pa ram e ters. The spe cial at ten -
tion is paid to the de ter mi na tion of the height of ac tive heat trans fer zone in which prac ti cally the 
com plete heat trans fer is re al ized. 

Ex per i men tal in ves ti ga tion of air to par ti cle heat trans fer in fluidized bed was car ried out 
un der un steady ther mal re gime in ap pa ra tus of 120 mm in di am e ter and 900 mm in height with
three dif fer ent sand par ti cles frac tions of equiv a lent di am e ters: dp = 0.250, 0.500, and 0.850 mm.
For  each of these frac tions the ba sic char ac ter is tics were ex per i men tally de ter mined, as fol lows:
dp –  equiv a lent  par ti cle di am e ter, rp–  sand den sity, rn – vol u met ric den sity, emf – po ros ity, and
Umf – min i mal fluidization ve loc ity. The min i mal fluidization ve loc ity is also cal cu lated from ex -
pres sion by Stojiljkovi} in [15].

The ob tained re sults ac cord ing to [15] are given in tab. 1.

Ta ble 1. Sand char ac ter is tics

Frac tion
Equiv a lent 
di am e ter

Den sity
Vol u met ric

den sity
Po ros ity

Minimal fluidization ve loc ity

Ex per i men tal Cal cu lated

[mm] dp [mm] rp [kgm–3] rn [kgm–3] emf [–] Umfexp [ms–1] Umfcal [ms–1]

0.2-0.3 0.250 2654 1383 0.48 0.11 0.111

0.4-0.6 0.500 2632 1446 0.45 0.32 0.318

0.8-1.0 0.850 2632 1492 0.43 0.55 0.551

Spe cific heat trans fer and ther mal con duc tiv ity of sand, are taken to be cp = 712 J/kgK
and l = 0.930 W/mK from ap pro pri ate lit er a ture.

In or der to de fine the in flu ence of par tic u lar pa ram e ters on the air to par ti cle heat trans fer 
co ef fi cient, the ex per i ments were con ducted in such a way that for each sand frac tion there dif fer -
ent stag nant bed heights Ho = 25, 50, and 100 mm and two fluidization ve loc i ties were var ied. The
first fluidization ve loc ity was »3 Umf for all frac tions. The sec ond fluidization ve loc ity was »5 Umf

for par ti cles of dp = 0.250 and 500 mm, while for par ti cles of dp = 0.850 mm it is »4,5 Umf, due to
lim ited ca pac ity of fan. For the case when the small est sand frac tion dp = 0.250 mm was fluidized,
the  in let  air  tem per a ture  was var ied within the in ter val of 65-72 °C and for big gest frac tion, dp =
= 0.850 mm within the in ter val of 72-77 °C. For mid dle sand frac tion dp = 0.500 mm, the ex per i -
ments were car ried out for two tem per a ture re gimes of in let air: 56-64 °C, and 79-86 °C.

For mea sur ing of air and par ti cles tem per a tures in fluidized bed the four tem per a ture
probes were made, which de scrip tion is given in [15]. The probe has two chromel-alumel
thermocouples con ducted through one small tube. The hot end of one ther mo cou ple is pro tected
by fine grid pro tect ing con tact of par ti cles. The other ther mo cou ple hot end is not pro tected, in
such a way the pro tected ther mo cou ple mea sures the air tem per a ture while un pro tected the par -
ti cle tem per a ture.

The probes are po si tioned at dif fer ent heights through the holes (first at 3-4 mm above
the dis tri bu tion plate, sec ond 8-9 mm, third 13-14 mm, and fourth at 19-20 mm). For mea sure -
ments the in let and out let air tem per a ture, the un pro tected thermocouples were used. The first
was placed just be neath the dis trib u tor and sec ond at the height cor re spond ing to the height of
free board for a given ex per i men tal run. 

In or der to de ter mine the air to par ti cle heat trans fer co ef fi cient, five zones have been
de fined within the fluidized bed. Height from dis tri bu tion plate up to cor re spond ing ther mo cou -
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ple, is de fin ing the zone. De pend ing on the par tic u lar ex per i men tal run the heights of the zones
are as fol low is: first 3-4 mm, sec ond 8-9 mm, third 13-14 mm, and fourth 19-20 mm. The fifth
zone height is equal to the height of en tire fluidized bed, Hf. 

Within the frame of ex per i men tal in ves ti ga tion of the air to par ti cle heat trans fer in
fluidized bed the fol low ing pa ram e ters are de ter mined: Hf – height of fluidized bed, d – frac tion
of bub ble phase vol ume, pro files of the in ter sti tial phase and solid par ti cle tem per a tures along
the height of fluidized bed in func tion of time, height of heat trans fer ac tive zone, and air to par -
ti cle heat trans fer co ef fi cient. The in flu ence of pa ram e ters as: dp, Uo, tg in, and Ho on the vari a -
tions of pre vi ous quan ti ties has been shown in [15].

On the ba sis of ex per i men tal data the fol low ing vari a tions are shown in the di a gram
t-H: air and solid par ti cles tem per a tures along fluidized bed height for dif fer ent times mea sured
from the start of ex per i ment. For il lus tra tion pur poses, in fig. 1 two such di a grams are show for
one ex per i men tal run, for dif fer ent time in ter vals. On each di a gram the time from start of ex per i -
men tal run as well as ba sic quan ti ties (dp, Ho, Uo, K) are pointed out.

Also, the di a grams show ing the air and par ti cle tem per a tures vs. time (t-t di a grams)
are shown. In fig. 2 one of such di a gram is shown for il lus tra tive pur pose. The quan ti ties char ac -
ter iz ing each ex per i men tal run are given also in such di a grams.

In t-t di a grams mea sured air tem per a tures at bed in let and out let are shown, as well as
par ti cle tem per a tures mea sured by the sec ond ther mo cou ple. Tem per a tures mea sured by the
third and fourth ther mo cou ple are not shown in these di a grams, since at these bed heights they
are very close be tween each other and al most equal to air tem per a ture at bed out let, as it can be
seen from t-H di a grams.
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Also, the val ues of air to par ti cle heat trans fer co ef fi cients for par tic u lar zones and for
the whole bed have been de ter mined [15]. On the ba sis of ex per i men tal data ob tained re sults, the 
criterial equa tion for air to par ti cle heat trans fer has been sug gested.

Re sults of the au thor’s own re search have shown that al most en tire air to par ti cle heat
trans fer in fluidized bed has been re al ized al most en tirely within the zone up to 20 mm above the 
dis tri bu tion plate. Con se quently this value is as sumed to be the height oh heat trans fer ac tive
zone.

Math e mat i cal model

Pre sented math e mat i cal model, has been de vel oped for un steady gas-to-solid par ti cles 
heat trans fer in fluidized bed with pe ri od i cal heat ing of solid par ti cles. A three phase bed model
that de fines bed phases as bub ble phase, in ter sti tial gas phase, and solid phase, has been used in
the de vel op ment of this model. Each phase has been con sid ered as pseudo ho mo ge neous me dia
char ac ter ized by ef fec tive trans port co ef fi cients.

In this model one di men sional prob lem has been con sid ered, i. e. it is as sumed the vari -
a tion of the an a lyzed quan ti ties (such as gas tem per a ture in bub bles, in ter sti tial gas tem per a ture,
tem per a ture of solid par ti cles) only in lon gi tu di nal di rec tion while its vari a tions in transversal
di rec tion have been ne glected.

The ba sic char ac ter is tic of the pre sented model is that it takes into con sid er ation the in -
flu ence of both the bub ble-to-emul sion phase heat trans fer and the solid par ti cles mix ing on the
gas to solid par ti cles heat trans fer. The pre vi ous mod els have not in cluded these ef fects.

In de vel op ment of this model the fol low ing as sump tions are used [15]:
– emulsion phase is in the state of minimal fluidization, and excess air above the needed

quantity for minimal fluidization, flows through the bed in the form of bubbles,

60 Stojiljkovi}, M. M. et. al.: Mathematical Model of Unsteady Gas to ...

Fig ure 2. Vari a tions of gas and solid par ti cles tem per a tures in func tion of time



– bubbles are spherical and consist of no solid particles,
– bubbles are uniform in size at a given height of bed, growing of bubbles during rising in bed

is at the expense of coalescence,
– bubble phase is in plug flow with no axial dispersion, gas temperature in bubble is uniform

throughout the bubble and depends only on the vertical position, 
– interstitial gas can be considered to be in plug flow i. e. there is no backflow mixing,
– solid particles are uniform in size, shape and density and its thermo-physical properties are

independent on temperature variation,
– gas-to-particles heat transfer occurs only on the particle surface, since the particles are small, 

the temperature gradient inside the particles can be neglected, and
– radiation heat transfer is not included into consideration.

Pre sented math e mat i cal model in cludes en ergy, con ti nu ity, and mo men tum equa tions
for each of three phases and equa tion of state for gas phase [15].

En ergy equa tion

En ergy con ser va tion equa tions for each of the phases are given be low.
For bub ble phase there is:
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where T xg
0 ( ) is the ini tial tem per a ture pro file of gas in emul sion phase.
For solid phase there is:
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where T xp
0 ( ) is the ini tial tem per a ture of solid par ti cles.
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In eq. (5) the last term ac counts for dif fu sion. In tro duc tion of the dif fu sion term into
en ergy equa tion for solid par ti cles has been aimed to tak ing into con sid er ation in this model (in
con trast to pre vi ous ones) the in flu ence of solid par ti cles mix ing on the gas-to-solid par ti cles
heat trans fer, since these pro cesses are cou pled. The co ef fi cient of ef fec tive ther mal con duc tiv -
ity in fluidized bed,  le, has been used for es ti ma tion of solid par ti cles mix ing in ten sity. 

Con ti nu ity equa tion

Vol umes of some phases in fluidized bed are de fined by the fol low ing re la tions.
Vol ume of bub ble phase:

Vb = dV (7)

Vol ume of in ter sti tial gas (gas in emul sion phase):

Vgef = (1 – d)emfV (8)

Vol ume of solid par ti cles:

Vp = (1 – d)(1 – emf)V (9)

 Mo men tum equa tion

Ris ing ve loc ity of a crowd of bub -
bles in bed can be de ter mined from
equa tion [2]:

U U U db o mf bg= - + 0 711. (10)

if the size of bub bles in bed is known.
If such in for ma tion is not avail -

able, the bub ble ve loc ity can be de ter -
mined from bal ance equa tion [15] de -
scrib ing the fact that the to tal mass
flow rate of gas through the bed can be
di vided into mass flow rates of gas
through emul sion phase and through
bub ble phase, fig. 3. From this re la tion 
one can ob tain:

U U
U U

b mf
o mf= +

-

d
(11)

Ve loc ity of the gas in emul sion phase (in ter sti tial gas) is equal to the ve loc ity achieved
at min i mum fluidization con di tions:

U
U

g
mf

mf

=
e

(12)

For the solid par ti cles ve loc ity is as sumed:

Up = 0 (13)

since there is no preferent di rec tion of par ti cle mo tion.
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Fig ure 3. Sche matic lay out of bub bling fluidized bed



Equa tion of state and ther mal prop er ties of gas

In or der to com plete the math e mat i cal model, the equa tion of state and the re la tions of
thermo-phys i cal prop er ties of gas phase have to be added to the above set of equa tions.

Nu mer i cal pro ce dure of so lu tion

Dif fer en tial equa tions (1), (3), and (5) ex press ing the vari a tion of tem per a ture for
some phases along the height of fluidized bed can be gen er al ized by the fol low ing form of dif -
fer en tial equa tion for gen eral vari able F:

¶

¶t
r r( ) ( ) ( )F F G F+ = +div U div grad

r
S (14)

From this equa tion for F = 1 and G = 0, one can ob tain the con ti nu ity equa tion:

¶

¶

r

t
r+ =div U( )

r
0 (15)

Dif fer en tial equa tion for gen eral vari able F, writ ten in Car te sian co or di nate sys tem,
for one di men sional prob lem, ob tains the form:

¶

¶

¶

¶

¶

¶

¶

¶t
r r( ) ( )F F G

F
+ =

æ

è
ç

ö

ø
÷ +

x
U

x x
S (16)

and the con ti nu ity equa tion be comes:

¶

¶

¶

¶

r

t
r+ =

x
U( ) 0 (17)

The fact, that the fore go ing equa tions ex press ing the vari a tion of tem per a ture for some 
phases along the height of fluidized bed can be re duced in the same form eq. (14), en ables the
sim pler nu mer i cal so lu tion.

In or der to solve the fore go ing equa tions in a nu mer i cal way, the discretization method 
based on con trol vol ume pro ce dure has been used. This method is a mod i fi ca tion of the fi nite
dif fer ence method [18].

Fluidized bed do main by us ing or thogo nal grid is di vided into fi nite num ber of con trol
vol umes, fig. 4. In the discretization points lo cated in side con trol vol umes, the val ues of de -
pend ent vari ables from the con sid ered dif fer en tial equa tions have to be de ter mined. The grid
den sity in flu ences ac cu racy and econ omy of the nu mer i cal pro ce dure. It is ob vi ous that denser
grid gives more ac cu rate field of de pend ent vari able but in the same time de mands the stron ger
com put ers. There fore, the grid must be denser where the greater de pend ent vari able gra di ents
are ex pected.

From eq. (16) by us ing discretization method based on the method of con trol vol umes,
the discretization (al ge braic) equa tion for con trol vol ume sur round ing point P and for one-di -
men sional prob lem, is ob tained in the form [18]:

aPFP = aEFE + aWFW + b (18)

THERMAL  SCIENCE: Vol. 13 (2009), No. 1, pp. 55-68 63

Fig ure 4. Nu mer i cal grid



where
a a a a S x

b a S x

P E W P
o

P

P
o

P
o

C

= + + -

= +

D

DF
(19)

The main discretization co ef fi cients aE and aW in eq. (18) are de pend ent on con vec tive
and dif fu sion heat trans fer be tween neigh bor ing grid points (E, P, W).

Equa tion of type (18) is con structed for each con trol vol ume of the do main. For each
vari able F it is nec es sary to solve a set of al ge braic equa tions which num ber is equal to the num -
ber of grid points [18].

In the pre dic tion of the un steady gas-to-solid par ti cles heat trans fer in fluidized bed,
the com puter pro gram FLURT (for de tailed de scrip tion of al go rithm see [15]) is used.

Re sults and dis cus sions

The ba sic con cept of this model as sumes that gas-to-solid par ti cles heat trans fer in
fluidized bed is com posed of two in di vid ual par al lel mech a nisms: gas-to-solid par ti cles heat
trans fer in emul sion bed phase (oc cur ring in the same way as in packed bed) and heat trans fer
due to mix ing of solid par ti cles.

It is started from the ba sic state ment of two-phase fluidization the ory that the emul sion 
phase is al ways at min i mum fluidization con di tions and all ex cess gas above the needed quan tity 
for min i mal fluidization flows through the bed in the form of bub bles, fig.1. Since the voidage
and height of bed at min i mal fluidization con di tions are ap prox i mately equal to the same pa ram -
e ters for packed bed, there fore the bed at min i mal fluidization con di tions can be treated as
packed bed with gas flow ve loc ity equal to min i mal fluidization ve loc ity. In that case
gas-to-solid par ti cles heat trans fer in emul sion phase can be treated in the same way as heat
trans fer in packed bed. That is the rea son why in eqs. (3) and (5) the gas-to-solid par ti cles heat
trans fer co ef fi cient for packed bed is in tro duced. This co ef fi cient is de ter mined from re la tions:

Nu forp p= + >2 18 1001 2 1 3. Pr Re , Re/ /
p (20)

Nu forp p= <00114 1001 3 1 625. Pr Re , Re/ .
p (21)

In the same time, in con trast to packed bed, there is in fluidized bed a heat trans fer due
to in ten sive solid par ti cles mix ing, caused by mo tion of bub bles through the bed. This ef fect is
taken into ac count in dif fu sion term in eq. (5). For de ter mi na tion of the ef fec tive co ef fi cient of
ther mal con duc tiv ity in lon gi tu di nal di rec tion le a  the fol low ing re la tion is used:

le a  =    Da rp(1 – emf)cp (22)

In re la tion (22) the co ef fi cient of lon gi tu di nal dif fu sion of solid par ti cles Da is de ter -
mined on the base of Todes and Citovic model [19] by the fol low ing ex pres sion:

D L
U

U
a

o

mf

g= -
æ

è
çç

ö

ø
÷÷

1

60
13 (23)

where L rep re sents the height of packed bed Ho.
The bub ble-emul sion phase heat trans fer co ef fi cient, Hbe, is de ter mined from the ex -

pres sion [20]:
1 1 1

H H Hbe bc ce

= + (24)

64 Stojiljkovi}, M. M. et. al.: Mathematical Model of Unsteady Gas to ...



where the bub ble to cloud heat trans fer, Hbe, is taken into ac count ac cord ing to re la tion:

H
U c

d

c

d
bc

mf g g

b

g g g

b

g
= +45 585

4

54
. .

r r l
(25)

while the cloud to emul sion heat trans fer, Hce, is ne glected, since the uni form tem per a ture field
in the cloud is achieved very quickly.

Bub ble di am e ter, db, is de fined ac cord ing to Darton’s ex pres sion [21]:

d
U U H A

b
o mf o

g
=

- +054 40 4 0 8

0 2

. ( ) ( ). .

.
(26)

Val ues for other quan ti ties ex ist ing in model equa tions: dp, rp, rn, Ho, Hf, d, emf, Umf,
and Uo are taken from the ex per i men tal data [15]. Some of them are given.

On the ba sis of pre sented math e mat i cal model and by us ing al ready de scribed com -
puter pro gram, the nu mer i cal ex per i ments were car ried out un der the same con di tions as in real
ex per i ments. From the nu mer i cal ex per i ments the data as: gas tem per a ture in bub ble, in ter sti tial
gas tem per a ture, and solid par ti cles tem per a ture along the fluidized bed height, have been ob -
tained. The re sults of only one nu mer i cal ex per i ment are shown in figs. 5-9. On each fig ure, in
the in ter est of clar ity, the vari a tions of both the in ter sti tial gas tem per a ture and the solid par ti cles 
tem per a ture in func tion of time for a given bed height (H). On the same fig ures, for the pur pose
of com par i son, val ues of the in ter sti tial gas tem per a ture and the solid par ti cles tem per a ture ob -
tained from ex per i men tal mea sure ments at the same bed height (H) are shown. On each fig ure,
the quan ti ties dp, Ho, Uo, and K that char ac ter ize each ex per i ment are shown, as well as bed
height mea sured from the dis tri bu tion plate (h) to which cal cu lated and mea sured tem per a ture
val ues are re lated.

Since the mea sure ment of gas tem per a ture in bub bles was not pos si ble due to ex per i -
men tal dif fi cul ties, the com puted val ues of gas tem per a ture in bub bles have not been com pared
to ex per i men tal ones.

By an a lyz ing of pre sented di a grams one can con clude that com puted val ues for both
the in ter sti tial gas tem per a ture and the solid par ti cles tem per a ture are in good agree ment with
the mea sured val ues of same pa ram e ters. Es pe cially good agree ment be tween ex per i ment and
pre dic tion one can see in the steady re gion of pro cess. There is gen er ally a better agree ment be -
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Fig ure 5. Com par i son of ex per i ment and 
pre dic tion

Fig ure 6. Com par i son of ex per i ment and 
pre dic tion



tween pre dicted and mea sured val ues of in ter -
sti tial gas tem per a ture than for the val ues of
solid par ti cles tem per a ture. The pre dic tion
method gives the lower val ues of solid par ti cles
tem per a ture in com par i son to the mea sured
ones. This dis crep ancy is more sig nif i cant at
lower heights in bed, while at greater heights in
bed (h) it can be ne glected. These dis crep an cies 
are not so sig nif i cant and they are the re sult of
some as sump tions dur ing the math e mat i cal
mod el ing of pro cess.

Con clu sions

Com par i son of the re sults ob tained from the
de vel oped math e mat i cal model to the au thors

ex per i men tal re sults, shows a good agree ment. On the ba sis of the fore go ing con sid er ations one
can con clude:
– the assumed concept of the physical model is correct,
– the presented mathematical model and computer program FLURT can be used in prediction

of heat transfer in fluidized bed and determination of temperature profiles of certain phases
along the height of the fluidized beds in thermal devices with fluidized beds in practical
applications,

– Todes and Citovich equation (23) for Da, given in [19], gives satisfactory results for solid
particles mixing in fluidized bed, and is recommended for determination of the coefficient of 
longitudinal diffusion of solid particles in fluidized bed, and

– the developed mathematical model is conceptualized in such a way that an easy extension is
possible to the case when heat transfer is accompanied with mass transfer and chemical
reaction, but it is necessary to apply the results of additional researches related to a given
problem.
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Figure 7. Comparison of experiment and
prediction

Figure 8. Comparison of experiment and
prediction

Figure 9. Comparison of experiment and
prediction
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–  [= 6(1 – emf)(1 – d)/jdp], [m

2m–3] 
aP, aW, aE – main discretization coefficients, [–]
aP

o
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–  point with respect to time, [–]
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Hbe –  bubble to emulsion heat transfer

–  coefficient per unit bubble volume,
–  [Wm–3K–1]

Hce –  cloud to emulsion heat transfer coefficient
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hpg –  gas to particle heat transfer coefficient,
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K –  fluidization number (= Uo/Umf), [–] 
Kbe –  bubble to emulsion mass transfer

–  coefficient per unit bubble volume, [s–1] 
kw –  overall heat transfer coefficient for

–  apparatus wall, [Wm–2K–1]
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Greek let ters
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m –  dynamic viscosity, [kgm–1s–1]
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t –  time, [s]
F –  general variable
j –  shape factor, [–]

Sub scripts
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e –  effective
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f –  fluidized bed
g –  gas
in –  inlet
mf –  minimal fluidization
o –  packed bed
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