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The prob lem of the lam i nar up ward mixed con vec tion heat trans fer for ther mally de -
vel op ing air flow in the en trance re gion of a ver ti cal cir cu lar cyl in der un der buoy -
ancy ef fect and wall heat flux bound ary con di tion has been nu mer i cally in ves ti gated.
An im plicit fi nite dif fer ence method and the Gauss elim i na tion tech nique have been
used to solve the gov ern ing par tial dif fer en tial equa tions of mo tion (Navier Stocks
equa tions) for two-di men sional model. This in ves ti ga tion cov ers Reynolds num ber
range from 400 to 1600, heat flux is var ied from 70 W/m2 to 400 W/m2.
The re sults pres ent the dimensionless tem per a ture pro file, dimensionless ve loc ity
pro file, dimensionless sur face tem per a ture along the cyl in der, and the lo cal Nusselt
num ber vari a tion with the dimensionless ax ial dis tance Z+. The dimensionless ve loc -
ity and tem per a ture pro file re sults have re vealed that the sec ond ary flow cre ated by
nat u ral con vec tion have a sig nif i cant ef fect on the heat trans fer pro cess. The re sults
have also shown an in crease in the Nusselt num ber val ues as the heat flux in creases.
The re sults have been com pared with the avail able ex per i men tal study and with the
avail able an a lyt i cal so lu tion for pure forced con vec tion in terms of the lo cal Nusselt
num ber. The com par i son has shown sat is fac tory agree ment.

Key words: numerical combined convection, thermally developing flow, finite
difference, vertical cylinder

In tro duc tion

Com bined forced and free con vec tion in the en trance re gion of tubes oc curs in many
en gi neer ing in stal la tions such as heat exchangers, nu clear re ac tors, and so lar col lec tors, etc. [1].
The in ter nal heat trans fer char ac ter is tics in mixed con vec tion not only de pend on whether the
flow is hy dro dy nam i cally or ther mally de vel op ing, lam i nar or tur bu lent, and on duct ge om e try,
but also on whether the fluid is cooled or heated and on duct ori en ta tion (hor i zon tal, in clined,
and ver ti cal up ward or down ward flow). In up ward flow the nat u ral and forced con vec tion cur -
rents act in the same di rec tion, the fluid will be ac cel er ated in the re gion close to the tube wall
due to mass con ti nu ity [2]. The full un der stand ing of the pre vail ing ve loc ity and tem per a ture
fields, as well as heat trans fer co ef fi cient, are nec es sary for the proper de sign and to es ti mate the
mag ni tude of the ther mal shock that some en gi neer ing sys tems wall will suf fer from [3].

Con fined mixed con vec tion in ducts of dif fer ent ge om e tries has been stud ied ex ten -
sively both ex per i men tally and nu mer i cally. Early stud ies [4-8] for lam i nar mixed con vec tion in 
cir cu lar ducts es tab lished the main dif fer ences be tween such flow fields and the cor re spond ing
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ones for forced con vec tion in [4, 5]. Kemeny and Somers [6] stud ied ex per i men tally the ef fect
of prop er ties vari a tion on fully de vel oped flow heat trans fer and pres sure drop in cir cu lar ver ti -
cal tubes for wa ter and oil as work ing flu ids. Marner and McMillan [7] stud ied the o ret i cally
fully de vel oped air flow in a ver ti cal tube sub jected to a sud den change in wall tem per a ture (a
step func tion). Zeldin and Schmidt [8] car ried out ex per i ments to de ter mine the in flu ence of
grav ity on the hy dro dy nam ics and ther mal char ac ter is tics of forced lam i nar flow in a long tube
main tained at uni form tem per a ture. They have also nu mer i cally pre dicted the ve loc ity pro files
and the Nusselt num ber with Gr/Re = –30 and were com pared with their coun ter parts for pure
forced con vec tion and for air with Re = 500. Jack son et al. [9] pre sented com pre hen sive re views 
of ex per i men tal, an a lyt i cal, and nu mer i cal stud ies for ver ti cal tubes. The sub stan tial change of
the Nusselt num ber in both de vel op ing and fully de vel oped re gions has been stud ied in [10, 11].
Wang et al. [12] in ves ti gated by a nu mer i cal anal y sis the ef fects of both hy dro dy namic and ther -
mal char ac ter is tics for lam i nar con vec tion flow at low Peclet num ber in the ther mal en trance re -
gion of ver ti cal pipes by us ing fi nite dif fer ence method. Joye and Jacobs [13] in ves ti gated ex -
per i men tally the flow pat terns gen er ated by buoy ancy ef fects for wa ter tur bu lent flow mixed
con vec tion heat trans fer in a steam jack eted in a ver ti cal tube. They found that the back flow of
hot, large-scale tur bu lent ed dies ex isted in both the bound ary layer and the bulk flow near the
en trance (top) of the heated sec tion of the tube. Nesreddine et al. [14-15] have in ves ti gated the
vari able-prop erty ef fect in lam i nar aid ing and op pos ing mixed con vec tion of air in ver ti cal tubes 
and the ef fects of ax ial dif fu sion on lam i nar heat trans fer with low Peclet num bers in the en -
trance re gion of thin ver ti cal tubes. Laplante and Bernier [16] pre sented a nu mer i cal study of the
ef fects of wall con duc tion on lam i nar wa ter flow mixed con vec tion in ver ti cal pipes at a uni form 
wall heat flux bound ary con di tion. EzEddine et al. [17] pre sented a nu mer i cal study of the in ter -
ac tion be tween ther mal ra di a tion and lam i nar mixed con vec tion for as cend ing flows of emit ting
and ab sorb ing gases such as H2O, CO2, and H2O-CO2 mix tures in ver ti cal tubes. Su and Chung
[18] pre sented a nu mer i cal study on the lin ear sta bil ity of mixed con vec tion flow in a ver ti cal
pipe with con stant heat flux with par tic u lar em pha sis on the in sta bil ity mech a nism and the
Prandtl num ber ef fect us ing liq uid mer cury, wa ter, and oil as work ing flu ids. Nguyen et al.
[19-20] stud ied nu mer i cally the si mul ta neously de vel op ing up ward tran sient, lam i nar flow of
air, by us ing a full 3-D-tran sient-model and Boussinesq’s as sump tions, in side a uni formly
heated ver ti cal tube that is sub mit ted to a uni form but time-de pend ent heat flux at the tube wall.
The flow re ver sal ef fect and its lo ca tion along the tube and the flow sta bil ity have been in ves ti -
gated. The  re sults  have shown that the  flow seems to re main sta ble and unique up to the level of 
Gr = 5·105 and 106.

In the pres ent work, the dimensionless ve loc ity pro file, the ther mal field, and the heat
trans fer co ef fi cient for a ther mally de vel op ing lam i nar mixed con vec tion air flow un der up ward
buoy ancy ef fect with con stant wall heat flux bound ary con di tion in side a ver ti cal cir cu lar cyl in -
der has been nu mer i cally stud ied. The re sults have also been com pared with the ex per i men tal
work done by the same au thors [21].

Math e mat i cal mod el ing

Gov ern ing equa tions

The pres ent work is con cerned with the nu mer i cal sim u la tion of two-di men sional
model to de scribe the mixed con vec tion heat trans fer in a ver ti cal cir cu lar cyl in der, with the con -
fig u ra tion shown in fig. 1. The gov ern ing equa tions of mo tion have been de vel oped based on the 
fol low ing as sump tions: the flow is as sumed to be lam i nar and up ward (as sist ing flow), steady
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state flow, fully de vel oped ve loc ity pro file at the en trance
of the test sec tion, ax i ally sym met ric, con stant wall heat
flux bound ary con di tion, and Cp and k are con stants ex -
cept the den sity in the buoy ancy term, ne glect ing the vis -
cous dis si pa tion. The fol low ing dif fer en tial equa tions rep -
re sent ing con ti nu ity, con ser va tion of mo men tum (Navier
Stocks equa tions in both ax ial and ra dial di rec tions), and
con ser va tion of en ergy equa tion have been writ ten as fol -
lows [8].

Con ti nu ity equa tion: 
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r r mv
u

r
u

u

x

p

x

u

x r

u

r

u

r

¶

¶

¶

¶

¶

¶

¶

¶

¶

¶

¶

¶
+

æ

è
ç

ö

ø
÷ = - ± + + +

æ
g

2

2

2

2

1

è
ç

ö

ø
÷ +

æ

è
ç

ö

ø
÷ + +

æ

è
ç

ö

ø
÷2

¶

¶

¶

¶

¶

¶

¶

¶

¶

¶

u

x

u

x r

v

x

u

r

m
(2)

Mo men tum equa tion in ra dial di rec tion:
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En ergy equa tion: 
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The sign in the buoy ancy term of eq. 2 (+) re fers to up ward flow and (–) for down ward
flow. In ad di tion the in te gral con ti nu ity equa tion can be used in the fol low ing form: 
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The vis cos ity and den sity vari a tion with tem per a ture are taken to be:

m = mi(C1 + C2t – C3t
2) (6)

and

r =  ri(C4 – C5t + C6t
2) (7)

where C1, C2, …….., C6 are con stant.
The bound ary con di tions, which have been used in the nu mer i cal so lu tion, are:

– entry condition: u = 2um[1 –(r/r1)
2], v = 0, p = pi, t = ti 

– cylinder axis: v = 0, ¶u/¶r = 0, ¶t/¶r = 0
– wall flow condition: u = 0, v = 0
– wall thermal condition: q = k(¶t/¶r)r1 = constant heat flux.
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By set ting the fol low ing dimensionless pa ram e ters:
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The phys i cal prop er ties vis cos ity and den sity vari a tion, eq. (6) and (7), in
dimensionless form be come:
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By sub sti tut ing the dimensionless pa ram e ters and eqs. (8) and (9), the eqs. (1)-(5) can
be writ ten in the fol low ing dimensionless form.

Con ti nu ity equa tion, eq. (1), be comes:
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Mo men tum equa tion in ax ial di rec tion, eq. (2), be comes:
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Mo men tum equa tion in ra dial di rec tion, eq. (3), be comes:
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En ergy equa tion, eq. (4), be comes: 
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In te gral con ti nu ity equa tion, eq. (5) be comes:
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The bound ary con di tions in dimensionless form are:
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– entry condition: U = 2 (1 – R2), V = 0, P = 0, T = 0,
– cylinder axis: V = 0, ¶U/¶R = 0, ¶T/¶R = 0,
– wall flow condition: U = 0, V = 0, and
– wall thermal condition: q = k ( / ) (¶ ¶T R vR =1

2 /r
1
4 /C5g) = constant heat flux.

Nu mer i cal so lu tion

In the ther mal en trance length, the prob lem of air flow with con stant phys i cal prop er ties
ex cept the den sity in buoy ancy term is that the en ergy equa tion eq. (13) is cou pled with the con ti -
nu ity and mo men tum eqs. (10)-(12). This en ables the prob lem to be di vided into two parts, the
equa tion of en ergy can be solved to de ter mine the tem per a ture pro file af ter which the con ti nu ity
equa tion and mo men tum equa tion can be solved to de ter mine the hy dro dy namic char ac ter is tics of
the en try length by us ing the tem per a ture pro file pre vi ously ob tained from ther mal cal cu la tions. In 
the fol low ing nu mer i cal ap prox i ma tion method, the en ergy equa tion will be solved by a di rect im -
plicit tech nique and the hy dro dy namic part of the prob lem will be solved by means of ex ten sion to
the linearized im plicit fi nite dif fer ence tech nique. A rect an gu lar grid was used with suf fices “n”,
and “m” for the ax ial and ra dial di rec tions, re spec tively. A uni form ra dial spac ing has been used
and the ra dial mesh points dis tri bu tions along the cyl in der were shown in fig. 2, but the march ing
pro ce dure per mit ted a dou bling of the ax ial step size at ar bi trary lo ca tion and any num ber of times. 
Ba si cally, the un known so lu tion grid point is de fined by suf fices (n + 1, m) and the fi nite dif fer -
ence method is used to give sets of lin ear equa tions for the vari able U, V, P, and T at the un known
ax ial po si tion “n + 1”. Where the prod uct of two un knowns oc curs, lin ear ity in the set of equa tions
is achieved by putt ing one un known at its value at the pre vi ous known step “n”. The bound ary
con di tions in fi nite dif fer ence form be come:
– entry condition: U1 m = 2[1 – (m – 1)2/M 2], V1 m = 0, P1 m = 0, T1 m = 0,
– cylinder axis: Un 1 = Un 2 , Vn 1 = 0 , Pn 1 = Pn 2, Tn 1 = Tn 2,
– wall flow condition: Un M+1 = 0, Vn M+1 = 0, and
– wall thermal condition: Tn M+1 = Tn M + (qr C

1
4

5g/n2 Mk ).

Com pu ta tional method and sim u la tion pro gram

In the pres ent nu mer i cal work a com pu ta tional model has been de vel oped to study
the ef fect of var i ous pa ram e ters such as the heat flux and the Reynolds num ber on the ve loc ity
and tem per a ture pro files and on the heat trans fer co ef fi cient in a ver ti cal cir cu lar cyl in der. The 
com puter pro gram method to solve the above equa tion is as fol lows: en ergy equa tion, eq. (13), 
(for tem per a ture) has been writ ten for each ra dial po si tion at first ax ial step. This gives a set of
“M – 1” equa tions for the un knowns “T’s” that were solved by Gauss elim i na tion method.
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Figure 2. Radial mesh points



Then, eq. (10)-(12) and with in te gral con ti nu ity equa tion, eq. (14), were sim i larly writ ten and
solved for the un knowns U, V, and P and these gives “3M – 2” equa tions for U, V, and P un -
knowns. The known val ues of T, U, V, and P where then used as in put data to solve the next ax -
ial step. The in tro duc tion of sec ond de riv a tive of ve loc ity and tem per a ture in the ax ial di rec -
tion means that three ax ial po si tions were in volved in the fi nite dif fer ence ap prox i ma tion, two
po si tions (suf fices “n – 1” and “n”) were known and one (suf fix “n + 1”) was un known. Af ter
so lu tion of a given step, the old val ues at “n” and “n + 1” be come the new val ues at “n – 1” and
“n”, re spec tively, and old “n – 1” data re dun dant. Know ing the tem per a ture pro files from the
nu mer i cal so lu tion of en ergy, the mix ing cup tem per a ture and the lo cal Nusselt num ber at any
cross-sec tion can be cal cu lated. The mix ing cup tem per a ture at any cross-sec tion is de fined
by:
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The lo cal Nusselt num ber at any cross-sec tion is de fined by:
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where Tsx is the dimensionless lo cal cyl in der sur face tem per a ture and Tmx is the dimensionless
lo cal mix ing cup tem per a ture.

Re sults and dis cus sion 

The nu mer i cal study has been mainly con ducted to study com bined con vec tion heat
trans fer for up ward air flow in a heated ver ti cal cyl in der. The dimensionless tem per a ture pro file
evo lu tion, dimensionless ve loc ity pro file evo lu tion, vari a tion of the sur face tem per a ture, and
the ax ial lo cal Nusselt num ber evo lu tion along the cyl in der have been in ves ti gated and pre -
sented in this sec tion for dif fer ent Reynolds num bers as well as dif fer ent heat fluxes.

Dimensionless tem per a ture pro file

The vari a tion of tem per a ture pro files along the ver ti cal cyl in der for se lected runs are
shown in figs. 3 and 4, which are rep re sented for two Re num bers, Re = 400 and Re = 1600, with
two dif fer ent wall heat fluxes. The fig ures show a steep tem per a ture gra di ent near the heated
sur face and the thick ness of the ther mal bound ary layer grad u ally in creases as the flow moves
from cyl in der in let to ward cyl in der exit. It can be seen that there is rel a tively high tem per a ture
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vari a tion near the heated sur face causes an ap pre cia ble den sity change, which cre ates a rapid
growth of ther mal bound ary layer along cyl in der length. 

The tem per a ture pro files along the cyl in der axis, for Re = 1600 is shown in fig. 4. It
was found from these fig ures that the thick ness of the ther mal bound ary layer is lower than that
ob tained in fig. 3 as the forced con vec tion is be ing the dom i nat ing fac tor on the heat trans fer
pro cess.

Dimensionless ve loc ity pro file

The  dimensionless  ve loc ity pro files de vel op ment along the cyl in der axis, for  Re =
= 1600 and for dif fer ent heat flux rates, are shown in figs. 5 and 6. For high Re num ber the pro -
files have re vealed a small ef fect of buoy ancy forces and show a sim i lar to pure forced con vec -
tion be hav ior. The max i mum ve loc ity oc curs at dimensionless ra dial dis tance (R) equal to
zero (cyl in der cen ter line). 

Fig ures 7 and 8 show the dimensionless ax ial ve loc ity pro files de vel op ment for Re = 400 
and for var i ous heat flux rates. The pro files at x/d = 0 are ex actly sim i lar to those for pure forced
con vec tion. How ever, in far ther down stream, the cen ter line ve loc ity de creases un til it reaches a
min i mum value. The cen ter line ve loc ity re treats grad u ally at x/d = 30 in fig. 8 but in fig. 7 the cen -
ter line ve loc ity re treats grad u ally and start ing ear lier at x/d = 20. The max i mum ve loc ity does not
oc cur at the cyl in der cen ter line where as the max i mum ve loc ity moves tward the cyl in der wall cre -
ates a con cave down at the cyl in der core. The cen tral con cav ity of ve loc ity pro files di min ishes as
x/d in creases but does not com pletely van ish. It can be seen that the pro files moves slightly to ward
the heated sur face, and the max i mum ve loc ity for the last pro files at x/d = 30 oc curs in fig. 8 at R =
= 0.58 but it oc curs at R = 0.67 in fig. 7. 

It can be con cluded from the re sults pre sented, that the dis tor tion of ve loc ity pro files
in creases as the heat flux in creases due to free con vec tion dom i na tion.The rea son for these be -
hav iors can be ex plained as fol lows: con sider the air in the cross-sec tion of the cyl in der at some
ar bi trary lo ca tion and let that Ts > Ta. The tem per a ture of the air must in crease in the ra dial di rec -
tion; this leads to de crease the air den sity with R. There fore, the ef fect of the grav i ta tional body
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Figure 3. Temperature profile development
 along the cylinder

Figure 4. Temperature profile development
 along the cylinder



forces, which is pro por tional to the den sity, de creases in the ra dial di rec tion. As a re sult, the air
will tend to rise more rap idly near the walls and has a higher ax ial ve loc ity and tends to slow up
near the cen ter line and has ax ial ve loc ity must be cor re spond ingly lower. The air tem per a ture
ap proaches to Ts as x/d in creases. Thus, the ef fect of the grav i ta tional body forces cause sig nif i -
cant changes in the ve loc ity pro files as has been ob served by Zeldin and Schmidt [8]. Fig ure 9
shows the ax ial ve loc ity pro files, for Re = 200 and q = 87 W/m2, the dimensionless ve loc ity pro -
files de vel op ment show a com plete bias to the heated sur face and the max i mum ve loc ity for the
last pro file at x/d = 30 oc curs at R = 0.59. It is ev i dent from this fig ure that the de gree of cen tral
con cav ity de creases as Re num ber in creases. The re sults have also re vealed that the free con vec -
tion has a tre men dous ef fect of on the main forced con vec tion.
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Figure 5. Axial velocity profile development
along the cylinder

Figure 6. Axial velocity profile development
along the cylinder

Figure 7. Axial velocity profile development
along the cylinder

Figure 8. Axial velocity profile development
along the cylinder



A com par i son, of the ex per i men tal re sults by 
Zeldin and Schmidt for lam i nar mixed con vec -
tion for air in an iso ther mal ver ti cal pipe [8]; and 
with the cor re spond ing an a lyt i cal re sults re -
ported by Kakac [22] for iso ther mal flow, with
the cur rent cor re spond ing nu mer i cal re sults
shows good agree ment for both ve loc ity (figs. 7
and 8) and tem per a ture (fig. 3) pro files ex cept
for the tem per a ture pro file near the heated re -
gion in let (x/d < 1). How ever, as ex plained by
Zeldin and Schmidt [8] the mea sured tem per a -
tures in that re gion were in flu enced by up stream 
con duc tion through the walls of the ex per i men -
tal setup.

Sur face tem per a ture

The sur face tem per a ture dis tri bu tion along a
ver ti cal cyl in der is shown in figs. 10 and 11.
The gen eral shape is as fol lows: at the cyl in der en trance the sur face tem per a ture grad u ally in -
creases since the bound ary layer thick ness is zero af ter which it in creases to reach max i mum
value at spe cific ax ial po si tion due to the ax ial con duc tion, af ter that the sur face tem per a ture
slightly de creases at cyl in der exit due to the buoy ancy ef fect. The sur face tem per a ture dis tri bu -
tion along the cyl in der, for dif fer ent heat fluxes and for con stant Reynolds num bers of 400 is
shown in fig. 10. This fig ure re veals that the sur face tem per a ture in creases with the in creas ing of 
the heat flux. This can be at trib uted to the de vel op ing of the ther mal bound ary layer faster due to
buoy ancy ef fect as the heat flux in creases for the same Re num ber. A sim i lar trends has been ob -
tained for Re = 1600 (not shown). It has ben ob served that the sur face tem per a ture val ues for
high Re num ber are lower than for low Re num ber be cause of the forced con vec tion dom i na tion
on the heat trans fer pro cess. 
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Figure 10. Surface temperature variation along
the cylinder

Figure 9. Axial velocity profile development
 along the cylinder

Figure 11. Surface temperature variation along
the cylinder



Fig ure 11 shows the ef fect of Re num ber vari a tion on the cyl in der sur face tem per a ture
for high heat flux 273 W/m2. It is ob vi ous that the in creas ing of Re num ber re duces the sur face
tem per a ture, as the heat flux is kept con stant. It is nec es sary to men tion that as heat flux in -
creases the sur face tem per a ture in creases be cause of the free con vec tion cur rents are be com ing
the dom i nat ing fac tors on the heat trans fer pro cess. 

Lo cal Nusselt num ber (Nux) 

The ax ial evo lu tion of the lo cal Nusselt num ber (Nux) with the dimensionless ax ial
dis tance (Z+) for se lected runs is shown in figs. (12)-(15). Figs. 12 and 13 show the ef fect of the
heat flux vari a tion on the Nux dis tri bu tion for Re = 400 and Re = 1600, re spec tively. It can be
seen from these fig ures that the gen eral vari a tion of Nux re veals that at the in let of heated re gion
are very high val ues be cause of the thick ness of the ther mal bound ary layer is zero and it de -
creases con tin u ously due to the ther mal bound ary layer de vel ops and then near the exit of heated 
re gion the val ues in creases due to the laminarization ef fect in the near wall re gion (buoy ancy ef -
fect) and due to the up stream ax ial con duc tion in the solid walls. 

It is clear that the Nux value has the same shape for dif fer ent heat fluxes at the cyl in der 
en trance be cause the buoy ancy ef fect is weak at that re gion, but be yond ap prox i mately at Z+ =
= 0.015 the Nux value in creases as the heat flux in creases. This is due to the in crease in both the
ther mal bound ary layer thick ness and the sur face to bulk air tem per a ture dif fer ence which ac -
com pa nies with an in crease in the sur face heat flux and that ac cel er ate the de vel op ment of the
sec ond ary flow in the cyl in der down stream. While fig. 13 shows that there is no ef fect for in -
creas ing the heat flux on the Nux val ues be cause of the forced con vec tion dom i na tion on the
heat trans fer pro cess (no sec ond ary flow ef fect). 

Fig ures 14 and 15 show the ef fect of Re num ber vari a tion on the Nux for q = 112 W/m2

and q = 273 W/m2, re spec tively. These fig ures re veal that the ef fect of sec ond ary flow is small at 

98 Mohammed, H. A., Salman, Y. S.: Numerical Study of Combined Convection Heat ...

Figure 12. Axial evolution of the local Nusselt
number with the dimensionless axial distance

Figure 13. Axial evolution of the local Nusselt
number with the dimensionless axial distance



the cyl in der en trance (forced con vec tion is dom i nant at this re gion) and the Nux value in creases
in the cyl in der down stream as Re num ber de creases be cause of the free con vec tion is be ing
dom i nant on the heat trans fer pro cess.

The pres ent nu mer i cal pre dic tions of lo cal
Nusselt num ber have been com pared with ap -
prox i mately cor re spond ing sets of ex per i ments
done by the same au thors [21], and with the cor -
re spond ing an a lyt i cal and nu mer i cal data avail -
able in the lit er a ture for the case of steady, lam i -
nar mixed con vec tion up ward flow of air in a
uni formly heated ver ti cal tube [20, 24] as
shown in fig. 16. The fig ure re veals that the
pres ent nu mer i cal re sults fol low the same trend
as that re ported in the lit er a ture in spit of there
is a dis crep ancy about 15% be tween these stud -
ies which is ac cepted in heat trans fer sit u a tions.
This is may be at trib uted to some ex per i men tal
un cer tain ties in the mea sure ments of sur face
tem per a ture and the ac cu racy of equip ment
used in the ex per i men tal work. Some of the as -
sump tions used in the nu mer i cal method might
be af fected the re sults. The dot ted curve in this
fig ure rep re sents the o ret i cal pure forced con -
vec tion curve (TPFC) based on con stant prop -
erty anal y sis of Shah and Lon don [24]. As we can con clude that the math e mat i cal model as well
as the re li abil ity of the cho sen nu mer i cal method is ap pro pri ate for this case of study.
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Figure 14. Axial evolution of the local Nusselt
number with the dimensionless axial distance

Figure 15. Axial evolution of the local Nusselt
number with the dimensionless axial distance

Figure 16. Comparison of the axial local Nusselt
number with the dimensionless axial distance
with available literature



Con clu sions

The fol low ing con clu sions have been made from the pres ent nu mer i cal in ves ti ga tion
which shows a sig nif i cant ef fect of com bined free and forced con vec tion on the tem per a ture
pro file evo lu tion, ve loc ity pro file evo lu tion, the vari a tion of the sur face tem per a ture, and ax ial
evo lu tion of the lo cal Nusselt num ber along a heated ver ti cal cyl in der. 
· The temperature profile along the cylinder shows a steep profile near the heated surface.
· For the same axial position and same Re number, the thermal boundary layer thickness

increases as the heat flux increases because the effect of buoyancy force is accelerating the
growth of the thermal boundary layer leading to heat transfer improvement. 

· For low Re number, the thermal boundary layer thickness is higher than that for high Re
number, due to free convection domination on the heat transfer process. 

· Near the cylinder entrance the velocity profiles or different heat fluxes were found to be
similar to those for pure forced convection behavior. But in the cylinder downstream the
velocity profiles were distorted and a high degree of central concavity appeared by the action 
of buoyancy forces. 

· For high Re number, the velocity profiles does not change with the increasing of heat flux,
from the pure forced convection trend and there is no effect of buoyancy forces.
Nevertheless, for low Re number the velocity profile changes with increasing the heat flux.
The central concavity of velocity profiles diminishes as x/d increases but does not
completely vanish. The degree of central concavity decreases as Re number increases. 

· The variation of the surface temperature along the cylinder has the same trend and behavior
as that obtained in the experimental work done by the same authors in their previous work
[21].

· At low Re number, the Nux value increases with the increase of the heat flux in cylinder
downstream due to increase of buoyancy effect. But at high Re number, there is no effect of
increasing the heat flux on the Nux values due to forced convection domination on the heat
transfer process.

· The Nux value increases at cylinder downstream for low Re number due to the free
convection domination on the heat transfer process.

· The present computer model has been successfully validated by comparing the results as
obtained for the development of the axial velocity component, and the development of the
temperature profile as well as that of the axial local Nusselt number (Nux), to the
corresponding experimental, analytical and numerical data available in the literature. The
agreement between our results and others is reasonable. Therefore, we can conclude with
confidence the appropriateness of the mathematical model as well as the reliability of the
chosen numerical method.
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No men cla ture

As –  cylinder surface area, [m2]
C1, C4 –  constants, eqs. 6 and 7, [–]
C2, C5 –  constants, eqs. 6 and 7, (°C–1)
C3, C6 –  constants, eqs. 6 and 7, (°C–2)
Cc1, Cc2, Cc3 –  constants, eq. 8, [–]
Cc4, Cc5, Cc6 –  constants, eq. 9, [–]
Cp –  specific heat at constant pressure,

–  [J kg–1°C–1]
D –  cylinder diameter, [m] 

g –  gravitational acceleration, [ms–2]
Gr –  Grashof number [=gbD3 (Ts – Ta)/n

2 ), [–]
Gz –  Graetz number (=RePrD/L), [–]
h –  heat transfer coefficient, [Wm–2°C–1]
k –  thermal conductivity, [Wm–1°C–1]
L –  cylinder length, [m] 
m –  radial mesh point, [–] 
M –  total radial mesh points, [–]
n –  axial mesh point, [–]
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–  (= p – pi/rum
2 ), [–]
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r –  radial coordinate, [m]
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Ti –  inlet (ambient) temperature, [°C]
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