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Time de pend ent Navier-Stokes and en ergy equa tions have been solved to in -
ves ti gate the fluid flow and heat trans fer char ac ter is tics in wavy chan nels.
Three dif fer ent types of two di men sional wavy ge om e tries (e. g. sine-
-shaped, tri an gu lar, and arc-shaped) are con sid ered. All of them are of sin -
gle wave and have same geo met ric di men sions. Pe ri odic bound ary con di -
tions are used to at tain fully de vel oped flow. The flow in the chan nels has
been ob served to be steady up to a crit i cal Reynolds num ber, which de pends 
on the geo met ric con fig u ra tion. Be yond the crit i cal Reynolds num ber a
self-sus tained os cil la tory flow has been ob served. As a re sult of this os cil la -
tion, there is in creased mix ing be tween core and the near-wall flu ids,
thereby in creas ing the heat trans fer rate. For the same geo met ric di men -
sions, flow be comes un steady at rel a tively lower Reynolds num ber in the
arc-shaped chan nel.
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Introduction

For well over a cen tury, ef forts have been made to pro duce more ef fi cient heat
exchangers by em ploy ing var i ous meth ods of heat trans fer aug men ta tion. The study of
en hanced heat trans fer has gained se ri ous mo men tum dur ing re cent years due to in -
creased de mands by in dus try for heat ex change equip ment that is less ex pen sive to build
and op er ate. Sav ings in ma te ri als and en ergy use also pro vide strong mo ti va tion for the
de vel op ment of im proved meth ods of en hance ment. When de sign ing heat exchangers for 
air con di tion ing and re frig er a tion ap pli ca tions, it is im per a tive that they are made as com -
pact and light weight as pos si ble. This is es pe cially true for cool ing sys tems in au to mo -
biles and spacecrafts, where vol ume and weight con straints are par tic u larly im por tant.

The wavy pas sage is a spe cial sur face that can be used to pro mote heat trans fer.
This is ac com plished due to com plex recirculatory flows and bound ary layer sep a ra tion.
Nishimura et al. [1] in ves ti gated flow char ac ter is tics such as flow pat tern, pres sure drop,
and wall shear stress in a chan nel with sym met ric si nu soi dal wavy wall. This study re -
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ported that at Reynolds num ber greater than 700, tur bu lent flow oc curred ow ing to the
on set of un steady vor tex mo tion. Spar row et. al. [2, 3] pre sented the ef fect of in let con di -
tion, inter wall spac ing and pro trud ing edge on fluid flow and heat trans fer. Vanka et. al.
[4, 5] have pre sented nu mer i cal re sults on de vel op ing flow and heat trans fer char ac ter is -
tics in a fur rowed wavy chan nel. They found that at low Reynolds num bers, the flow in
the wavy pas sage was steady, char ac ter ized by steady sep a ra tion bub bles in the troughs
of the waves. How ever, as the Reynolds num ber is in creased be yond a mod est value, the
flow be comes un steady, with the roll ing up of the shear lay ers on the chan nel walls.
When the flow be comes un steady, there is in creased mix ing be tween the core and
near-wall flu ids, re sult ing in en hanced heat trans fer rates and pres sure drops. Niceno and
Nobile [6] in ves ti gated the fluid flow and heat trans fer char ac ter is tics in si nu soi dal and
arc-shaped chan nels nu mer i cally through a time-ac cu rate, un struc tured covolume
method. They found that the fric tion fac tors for both chan nels were con sis tently higher
than that of the par al lel-plate chan nels, and heat trans fer rates in crease in un steady re -
gimes.

Com pu ta tions for fully de vel oped flow are less trou ble some, be cause pe ri odic
bound ary con di tions al low the com pu ta tional do main to be re duced to a sin gle wave -
length. Here, the fully de vel oped flow cal cu la tions are used to ex pand the space pa ram e -
ters un der con sid er ation. Three dif fer ent ge om e tries (sine-shaped, tri an gu lar, and
arc-shaped) of the wavy pas sage are cho sen, and their ef fects on flow and heat trans fer
be hav ior are ob served. 

Problem formulation

The gov ern ing equa tions for un steady, in com press ible and lam i nar flow are:
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The dimensionless temperature q is defined as, q = (T – Tw)/(Tb in  – Tw) where Tw is the
temperature prescribed uniformly along the wall, and Tbin  the bulk mean temperature
evaluated at the inlet section of the computational domain.
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Geometry

All the ge om e tries con sid ered in this study are shown in fig. 1. The di men sions
of each of the chan nels are cho sen to cor re spond ex actly with those used in the ex per i -
ments of Nishimura, et. al [1], as well as sev eral sub se quent ex per i men tal and nu mer i cal
stud ies. The chan nels con sist of two curved wavy walls that are ar ranged with a mean
spac ing (Havg) of 1.3 dimensionless units. Each wave has a min i mum height (Hmin) of 0.6
units, a max i mum height (Hmax) of 2.0 units and the am pli tude (a) of the si nu soi dal walls
is 0.35 units. Each pe ri odic wave length (l) spans 2.8 units in the stream wise di rec tion.

Boundary conditions

Along the walls of the chan nels, no-slip bound ary con di tions are pre scribed for
the Car te sian ve loc i ties, along with a con stant iso ther mal tem per a ture dis tri bu tion i. e.: 
uw = 0, vw = 0, and    qw = 1.

For the pres sure equa tion, no bound ary con di tions are nec es sary at the walls
since the cell face fluxes are known (to be zero) di rectly. A uni form ve loc ity is pre scribed
at the in let. To at tain the fully de vel oped flow in the stream wise di rec tion, the fol low ing
pe ri odic bound ary con di tions are used for a wave of length l:

u(0, y, t) = u(l, y, t)     v(0, y, t) = v(l, y, t)    q(0, y, t) = q(l, y, t) (5)

The above bound ary con di tions in eqs. (5) are en forced by sim ply swap ping val -
ues be tween the in flow and out flow bound aries.

Numerical solution

In this study, the stan dard Fi nite Vol ume (FV) method is used. The FV method
starts from the con ser va tion equa tion in in te gral form. The in te gral forms of gov ern ing
equa tions are discretized us ing con trol vol ume based FV method [7]. The so lu tion do -
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Figure 1. Geometric configurations of (a) sinusoidal, (b) triangular, and (c) arc-shaped
channel



main is first sub di vided into a fi nite num ber of con tig u ous con trol vol umes (CVs), and
the con ser va tion equa tions are ap plied to each CV. At the cen troid of each CV lies a com -
pu ta tional node at which the vari able val ues are to be cal cu lated. Col lo cated ar range ment 
is used for all vari ables, i. e. all vari ables are cal cu lated at the same CV cen ter. The fi nal
discretized forms of gov ern ing equa tions are solved iteratively us ing TDMA solver.
Time in te gra tion is done us ing three time level method [7]. It er a tion is con tin ued un til
dif fer ence be tween two con sec u tive field val ues of vari ables is less than or equal to 10–5.
For fur ther sta bi li za tion of nu mer i cal al go rithm, un der-re lax ation fac tors of 0.4-0.7 for u,
v, and T, and of 0.1-0.2 for p are used. A time step of 0.001 units is used for all of the flow
cal cu la tions. A nu mer i cal ve loc ity probe is ar bi trarily placed at a height of 0.75 Hmax in
the tall est part of each of the ge om e try in or der to mon i tor the fluc tu a tions in the flow
through out the do main. Time sig nals of the fluc tu a tions of u-ve loc i ties are mon i tored at
the probe lo ca tion. Time sig nals are also gen er ated for the av er age fric tion fac tor and
Nusselt num bers across the wave. These val ues are in te grated to pro duce time-av er aged
quan ti ties, which are in di ca tion of the av er age dimensionless heat trans fer and pres sure
drop across each wave of the pas sage. All cal cu la tions are per formed us ing a non-or -
thogo nal curvilinear body fit ted grid con tain ing 64 ´ 64 in ter nal cells. A grid in de pend -
ence test is per formed us ing 32 ´ 32, 48 ´ 48, and 64 ´ 64 grids [8]. All sim u la tions are
per formed us ing Pentium III PC. A sin gle sim u la tion takes up to 8 hours of real time for
500 time steps for 64 ´ 64 grids.

Results and discussion 

For sine-shaped wavy chan nel, it has been ob served that the flow be come un -
steady around Re = 205. Be fore this Re, the stream line plot shows sin gle trapped vor ti ces
in the cav i ties and al most per fectly straight core flow (fig. 2). This is the ex pected pat tern
for steady flow in a wavy chan nel [5]. At Re = 300, the time sig nal of u-ve loc ity (fig. 3)
rep re sents a si nu soi dal func tion cor re spond ing to the self-sus tained os cil la tory flow. The
growth of the in sta bil i ties is sat u rated by nonlinearities and the flow set tles into a
time-pe ri odic, self-sus tained os cil la tory flow with one fun da men tal fre quency of 20 with
some of its har mon ics as it is shown by the Fast Fou rier Trans form (FFT) anal y sis of the
u-ve loc ity. An un steady stream line plot at Re = 300 for the un steady flow in the si nu soi -
dal chan nel is given in fig. 4. The spe cific pat tern var ies with time, but the un steady flow

al ways pro duces in creased mix ing and heat
trans fer rates. This can be seen in fig. 5. For
steady flow, the Nusselt num bers vary very
lit tle with Reynolds num ber. Once the flow
be comes un steady, Nusselt num ber in -
creases rap idly with Reynolds num ber. Fig -
ure 5 also shows the time av er aged fric tion
fac tor at var i ous Re for both steady and un -
steady flow in the si nu soi dal chan nel. Af ter
slight in crease in fric tion fac tor when the
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Figure 2. Instantaneous streamline plot
(left) and isotherm (right) for sine-shaped
channel at Re = 180



flow first be comes un steady, time
av er aged fric tion fac tor con tin ues to
de crease with Re. How ever, the rate
of this de crease slows down as Re is
in creased. Hence, there co mes a
point where the in creas ing Re ren -
ders di min ish ing ben e fits in heat
trans fer per for mance. The op ti mal
value of Re de pends on the spe cific
cri te ria for eval u at ing per for mance,
and on the di men sions of the pas -
sage. But it is known that wavy pas -
sages gen er ally of fer the best en hance ment in the tran si tional re gime.
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Figure 3. Time signal of u-velocity at Re = 300 for sine-shaped channel (left)  
and corresponding FFT (right)

Figure 4. Instantaneous streamline plot (left) and
isotherm (right) for sine-shaped channel at
Re = 300

Figure 5. Time averaged Nusselt number (left) and friction factor (right) for sine-shaped
channel at various Re



A com par i son of the time mean fric -
tion fac tor av er aged over the wave
length is shown in fig. 6 for sine-shaped
chan nel. The pres ent pre dic tion slightly
un der pre dicts the ex per i men tal data of
Nishimura et al. [1] but shows a good
agree ment with the pre dicted val ues of
Wang & Vanka [4]. In the steady re gime 
the fric tion fac tor is ap prox i mately
twice that of the planer chan nel. In the
un steady re gime the fric tion fac tor is
even more.

For tri an gu lar chan nel, it has been
ob served that the flow be comes un -
steady around Re = 130 i. e. flow be -
comes un steady ear lier than that of
sine-shaped chan nel. Fig ure 7 shows the 
time evo lu tion of u-ve loc ity at the probe 
height for the tri an gu lar chan nel and the

cor re spond ing FFT anal y sis at Re = 200. At this Reynolds num ber it rep re sents a si nu soi -
dal func tion cor re spond ing to the self-sus tained os cil la tory flow as in the sine-shaped
chan nel, but it has a higher fre quency of fluc tu a tion though the Reynolds num ber is low.
The fun da men tal fre quency of 52 Hz as it is shown by the FFT anal y sis of the u-ve loc ity,
is quite high and more dom i nant. Cor re spond ing in stan ta neous stream line and iso therm
plots are shown in fig. 8. Iso therm plot shows lit tle mix ing of core and near wall flu ids.

Time av er aged fric tion fac tor and Nusselt num ber for tri an gu lar chan nel chang ing 
with Reynolds num ber are shown in fig. 9. In this fig ure com par i sons with cor re spond ing
sine-shaped chan nel are done as well. It has been ob served that fric tion fac tor de creases
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Figure 6. Comparison of present predicted
average friction factor with Nishimura et. al.
[1] and Wang & Vanka [4] for sine-shaped
channel

Figure 7. Time signal of u-velocity at Re = 200 for triangular channel (left) and
corresponding FFT (right)



with in crease in Re in the case of 
sine-shaped chan nel, but in case
of tri an gu lar chan nel up to
around Re = 200, it de creases
and af ter wards it starts in creas -
ing with in crease in Re. Val ues
of fric tion fac tor and Nusselt
num ber are lower than for the
sine-shaped chan nel up to
around Re = 200, af ter that both
in crease with in crease in Re. It

has been ob served that un steadi ness starts ear lier in tri an gu lar chan nel than in the
sine-shaped chan nel, and at Re=200, there oc curs no un steadi ness in the sine-shaped chan -
nel. Due to un steadi ness, more mo lec u lar in ter ac tions oc cur which may re sult in in creased
heat trans fer and fric tion fac tor. Here the val ues are re ported up to Re = 400, as be yond
these Re so lu tions of the gov ern ing equa tions be come di ver gent.

For arc-shaped chan nel, it has been ob served that the flow be comes un steady at
around Re = 80 i. e. flow be comes un steady ear lier than that of both sine-shaped and tri -
an gu lar chan nels. Fig ure 10 shows the time evo lu tion of the u-ve loc ity at the probe height 
for the arc-chan nel and the cor re spond ing FFT anal y sis at Re = 100. At this Reynolds
num ber it rep re sents a si nu soi dal func tion cor re spond ing to the self-sus tained os cil la tory
flow, but the am pli tudes of os cil la tions are var ied as well. The FFT anal y sis shows that
fun da men tal fre quency is 61 Hz, which is quite high and dom i nant. Cor re spond ing in -
stan ta neous stream line and iso therm plots are shown in fig. 11. The stream line plot shows 
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Figure 8. Instantaneous streamline plot (left) and
isotherm (right) for triangular channel at Re = 200

Figure 9. Time averaged friction factor (left) and Nusselt number (right) for triangular
channel at various Re; comparison with sine-shaped channel



lit tle un steady vor ti ces at the two
fur rows, and iso therm plot shows
lit tle mix ing of core and near wall
flu ids.

Time av er aged fric tion fac tor
and Nusselt num ber for arc-shaped
chan nel chang ing with Reynolds
num ber are shown in fig. 12. Here
the  val ues  are  re ported  up to Re =
= 100, as be yond these Re so lu tions
of the gov ern ing equa tions be come
di ver gent.
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Figure 10. Time signal of u-velocity at Re = 100 for arc-channel (left) and corresponding FFT 
(right)

Figure 11. Instantaneous streamline plot (lift) and
isotherm (right) for triangular channel at Re = 100

Figure 12. Time averaged friction factor (left) and Nusselt number (right) for arc-channel at
various Re



Conclusions

Three dif fer ent ge om e tries (sine-shaped, tri an gu lar, and arc-shaped) of the wavy 
pas sages are cho sen, and their ef fects on flow and heat trans fer be hav iors are ob served.
Among them for the same geo met ric di men sions, in the arc-shaped chan nel tran si tion
starts ear lier i. e. at rel a tively low Reynolds num ber, for the sine-shaped chan nel, it is rel -
a tively high, and for tri an gu lar chan nel, it is in be tween two. So lu tions for arc and tri an -
gu lar chan nels be come di ver gent af ter cer tain Reynolds num ber as some recirculation
and back flow oc cur at the out let, which change the bound ary con di tions and it is not pos -
si ble to han dle with the code used. The FFT anal y ses show that the fun da men tal fre -
quency of the self-sus tained os cil la tion of arc-chan nel is quite high.
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Nomenclature

a –  amplitude, [m]
Dh –  hydraulic diameter (Hmin + Hmax), [m]
f –  friction factor per wave length, [–]
H –  height of the channel, [m]
h –  convective heat transfer coefficient, [Wm–2K–1]
k –  thermal conductivity, [Wm–1K–1]
Nu –  Nusselt number, [hDh/k]
p –  pressure, [Pa]
Re –  Reynolds number, [=uavg inHmin/n], [–]
T –  temperature, [K]
Tb –  bulk mean temperature, [K]
t –  time, [s]
u –  X component of velocity, [ms–1]
uavg –  mean velocity, [ms–1]
v –  Y component of velocity, [ms–1]

Greek symbols

a –  thermal diffusivity, [Wm–2K–1]
q –  dimensionless temperature, (T – Tw)/(Tb in  –  Tw), [–]
l –  wavelength, [m]
m –  viscosity, [Nsm–1]
n –  kinematic viscosity, [m2s–1]
r –  density of fluid, [kgm–3]
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Subscripts

avg –  average
in –  value at inlet
max –  maximum value
min –  minimum value
w –  value at wall
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