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Start ing from the Navier-Stokes and the con ti nu ity equa tions of a vis cous in -
com press ible fluid, a sta tis ti cal the ory is de vel oped for the pre dic tion of tran -
si tion and break down to tur bu lence in a lam i nar bound ary layer ex posed to
small, sta tis ti cally sta tion ary axisymmetric dis tur bances. The trans port equa -
tions for the sta tis ti cal prop er ties of the dis tur bances are closed us ing the
two-point cor re la tion tech nique and in vari ant the ory. By con sid er ing the lo -
cal equi lib rium to ex ist be tween pro duc tion and vis cous dis si pa tion, which
forces the en ergy of the dis tur bances in the bound ary layer to be lower than
that of the free stream, the tran si tion cri te rion is for mu lated in terms of the
ani so tropy of the dis tur bances and a Reynolds num ber based on the in ten sity
and the length scale of the dis tur bances. The tran si tion cri te rion de ter mines
con di tions that guar an tee main te nance of the lam i nar flow re gime in a flat
plate bound ary layer. It is shown that pre dic tions of the tran si tion on set de -
duced from the tran si tion cri te rion yield the crit i cal Reynolds num ber, which
is in good agree ment with the ex per i men tal data ob tained un der well-con -
trolled lab o ra tory con di tions re ported in the lit er a ture. For the pre ferred
mode of the axisymmetric dis tur bances, for which the in ten sity of the dis tur -
bances in the streamwise di rec tion is larger than in the other two di rec tions,
the anal y sis shows that the ani so tropy in creases the crit i cal Reynolds num -
ber. The o ret i cal con sid er ations yield the quan ti ta tive es ti mate for the min i -
mum level of the ani so tropy of the free stream re quired to pre vent tran si tion
and break down to tur bu lence. The nu mer i cal da ta bases for fully de vel oped
tur bu lent wall-bounded flows at low and mod er ate Reynolds num bers were
uti lized to dem on strate the sta bi liz ing and destabilizing role of the ani so tropy
in the dis tur bances on the de vel op ment of the tran si tion pro cess in
wall-bounded flows. The sta bi liz ing role of in creased ani so tropy in a free
stream on the bound ary layer de vel op ment was suc cess fully tested ex per i -
men tally in a large wind tun nel by main tain ing the sta ble lam i nar re gime in a
flat plate bound ary layer up to (Rex)T @ 4·106.

Key word: transition, flow control, boundary layer theory, turbulence

 Introduction

The ques tion of whether the lam i nar flow re gime in a flat plate bound ary layer
can per sist at high Reynolds num bers is of fun da men tal and prac ti cal im por tance. Tay lor
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[1] con cluded, from the anal y sis of the bound ary layer equa tions, that in ab sence of any
ex ter nal dis tur bances the lam i nar re gime can per sist up to in fi nite Reynolds num ber. The
ex per i men tal work car ried out by Dryden [2] showed that the point of tran si tion from
lam i nar to tur bu lent flow de pends on the level of tur bu lence of the free stream. For small
in ten si ties of tur bu lence he found that the bound ary layer re mained lam i nar up to (Rex)T  =  
= x1U4 /n @ 1.1·106, where x1 is the dis tance from the lead ing edge of the plate, U4 is the
ve loc ity of the free stream and n is the ki ne matic vis cos ity of the fluid. Later in ves ti ga -
tions by Schubauer and Skramstad [3] con ducted in the Dryden wind tun nel (which is
still in use at the Uni ver sity of South ern Cal i for nia) with a very low level of the back -
ground tur bu lence  re vealed  that  the tran si tional Reynolds num ber can be in creased up
to (Rex)T  @ 2.8·106. They found that the tran si tion point moved pro gres sively to wards
higher Reynolds num bers with de creas ing the free stream tur bu lence un til the rel a tive
value of 0.08% was at tained. Fur ther re duc tion of free stream tur bu lence did not re sult in
an in crease of (Rex)T . In the sub se quent ex per i ments, Wells [4] and Spangler and Wells
[5] ob tained the tran si tion Reynolds num ber (Rex)T @ 5.25·106, which was nearly dou ble
that of Schubauer and Skramstad. They ar gued that not only the level of tur bu lence but
also the en ergy spec trum and the na ture of the dis tur bances has to be taken into con sid er -
ation. Ex cep tion ally large val ues of the tran si tion Reynolds num ber were also re ported
by Saric and Reynolds [6], who ob tained (Rex)T  @ 3.4·106 in a for mer NASA-Langley sta -
bil ity tun nel (cur rently un der op er a tion at the Vir ginia Poly tech nic In sti tute,
Blacksburg), Kachanov, Kozlov and Levchenko [7] (Rex)T @ 4.3·106 in the ITAM-
-Novosibirsk tun nel spe cially de signed for in ves ti ga tions of the lam i nar tur bu lent tran si -
tion pro cess and by S. Bake (1999, per sonal com mu ni ca tion) (Rex)T  @ 3.6·106 in the lam i -
nar wind tun nel of the Herman-Föttinger In sti tute of the Tech ni cal Uni ver sity Berlin.

The most care ful work to date was car ried out by Pfenninger [8]. In a se ries of
ex per i ments, he man aged to re duce the dis tur bances in the en try re gion of the pipe flow to 
an ex tremely low level and reach the high est value of the tran si tion Reynolds num ber of
(Rex)T @ 50·106, which is close to the cor re spond ing val ues of the wing sec tions of com -
mer cial air craft. In in ter pre ta tion of the above re sult one must, how ever, ac count for the
sta bi liz ing ef fect of the flow ac cel er a tion in the en try re gion of the pipe. Hinze [9] es ti -
mated that ow ing to this sta bi liz ing ef fect the above value of (Rex)T should be de creased
by at least a fac tor of ten in or der to be com pa ra ble to the data ob tained in flat plate
bound ary lay ers.

All of the ev i dence men tioned above sug gests that the lam i nar re gime in a
bound ary layer can be main tained at very high Reynolds num bers. Al though there has
been an ex plo sion of ac tiv ity dur ing the last two de cades, ex plor ing the o ret i cal, ex per i -
men tal, and nu mer i cal ca pa bil i ties, the over all prog ress achieved in un der stand ing the in -
ter ac tion mech a nisms be tween the free stream dis tur bances and the bound ary layer is dis -
ap point ingly slow. The sys tem atic quan ti ta tive pre dic tion of tran si tion is a pain ful is sue
and tech niques ca pa ble of controling tran si tion ra tio nally are lack ing. An at tempt is
made here to shed new light on this ba sic prob lem of the bound ary layer re cep tiv ity by
con sid er ing the influence of the ani so tropy in the free stream dis tur bances on the evo lu -
tion of the lam i nar-tur bu lent tran si tion pro cess and at the same time pro vide use ful hints
about how to al ter the ani so tropy in the free stream dis tur bances in or der to achieve
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effective con trol over the tran si tion pro cess in a bound ary layer and in this way achieve
sig nif i cant drag re duc tion at high Reynolds num bers.

The the ory of tran si tion and break down to tur bu lence in the bound ary layer can
be worked out for small sta tis ti cally sta tion ary dis tur bances pro ceed ing from the ba sic
equa tions that gov ern the “ap par ent” stresses and by us ing (but not mis us ing) the clo sure
based on the ap pli ca tion of the two-point cor re la tion tech nique and in vari ant the ory [19].
Con clu sions emerg ing from the the ory can be tested by di rect com par i sons with nu mer i -
cal sim u la tions or ex per i ments. The mech a nism re spon si ble for tran si tion can be iden ti -
fied with out ap peal to the em pir i cal in put or ad hoc ap prox i ma tion. How ever, its de scrip -
tion might not be di gest ible for those who rea son about tran si tion in a de ter min is tic
fash ion and ex clu sively in the phys i cal space where ob ser va tions usu ally take place: ex -
po si tion and use of ar gu ments and re sult ing de duc tions may there fore seem at first glance 
su per fi cial, shal low, un rea son able, con fus ing or en tirely wrong. If the mat ter is an a lyzed
(with an open mind) in the func tional space formed by the two sca lar invariants which
em pha size the ani so tropy in the dis tur bances, the prob lem of tran si tion and break down to 
tur bu lence un der most com mon cir cum stances turns out to be the first one to at tack be -
cause of its sim plic ity. Spe cific and un con ven tional use of ar gu ments then ap pear log i cal
and trans par ent. By ar gu ing in the real space and the func tional space it was pos si ble to
ex tract the cri te rion for tran si tion on set in terms of the sta tis ti cal prop er ties of the free
stream dis tur bances. This was the way which led us to a pro found un der stand ing and
parametrization of the chief mech a nism in volved in poly mer drag re duc tion [10] and we
will fol low a sim i lar path in at tack ing the prob lem of the lam i nar to tur bu lent tran si tion.

In a re cent study, Jovanovi} and Pashtrapanska [11] used sta tis ti cal tech niques
for the treat ment of the tran si tion pro cess and de rived an ap prox i mate set of closed equa -
tions for the be hav ior of the sta tis ti cal prop er ties of small, two-com po nent, three-di men -
sional dis tur bances in a lam i nar bound ary layer. By con sid er ing the lo cal equi lib rium to
ex ist be tween pro duc tion and vis cous dis si pa tion, which forces the level of the dis tur -
bances in the bound ary layer to be lower than that of the free stream, the tran si tion cri te -
rion was for mu lated in terms of a Tay lor Reynolds num ber:

(Re )l crit »10 5 (1)

based on the in ten sity q and the Tay lor length-scale l of the dis tur bances Rel = ql/n. The
tran si tion cri te rion emerges from the qual i ta tive anal y sis of the dis si pa tion rate equa tion,
which was re stricted to be valid only in a cer tain range of Tay lor Reynolds num bers in or -
der to pre vent any pos si bil ity that the dis si pa tion rate in the bound ary layer as sumes neg -
a tive val ues, which is phys i cally im pos si ble. The ex per i men tal and nu mer i cal da ta bases
for fully de vel oped tur bu lent flows at low Reynolds num bers were uti lized to dem on -
strate the va lid ity of the de rived tran si tion cri te rion for the es ti ma tion of tran si tion on set
and break down to tur bu lence in wall-bounded flows. By ex trap o lat ing the trends in these
da ta bases to wards the de rived tran si tion cri te rion, the crit i cal Reynolds num bers for
chan nel, pipe, and bound ary layer flows were ob tained in close agree ment with accu-
mulated ob ser va tions avail able from ei ther nu mer i cal sim u la tions or ex per i ments.
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The two-com po nent con sid er ations can be ex tended to more re al is tic sit u a tions
in volv ing sta tis ti cally axisymmetric dis tur bances. Axisymmetry is the most com mon
state of the dis tur bances in na ture, since such dis tur bances can sat isfy con straints dic tated 
by the con ti nu ity equa tion close to the wall and also the bound ary con di tions in the free
stream. The sta tis ti cal anal y sis of the dy namic equa tions for axisymmetric dis tur bances
per mits the identification of the role which the ani so tropy in the free stream dis tur bances
plays dur ing the tran si tion pro cess. We in tend to ap proach the out stand ing ques tion of
tran si tion in a lam i nar bound ary layer by study ing the influence of the ani so tropy on the
dy nam ics of small axisymmetric dis tur bances in a lam i nar bound ary layer and in this way 
learn some thing more fun da men tal about tran si tion and break down to tur bu lence that has 
been over looked in pre vi ous stud ies of the sub ject.

The aim of this pa per is to con trib ute fur ther to the the o ret i cal and more im por -
tantly to the prac ti cal un der stand ing of the tran si tion pro cess us ing sta tis ti cal tech niques. 
An effort is made to pro vide a quan ti ta tive de scrip tion of lam i nar to tur bu lent tran si tion
us ing sto chas tic tools suit able for de scrib ing ran dom, three-di men sional flow fields. We
shall pro vide ra tio nal ap prox i ma tions for the mech a nisms in volved dur ing the tran si tion
pro cess us ing the two-point cor re la tion tech nique and in vari ant the ory and finish with a
closed set of ap prox i mate equa tions from which it is pos si ble to for mu late the cri te rion
for the de ter mi na tion of tran si tion on set in a flat plate bound ary layer. An ac count is
given of an an a lyt i cal in ves ti ga tion which dem on strates the sta bi liz ing and destabilizing
role of the ani so tropy in the dis tur bances on the tran si tion pro cess. An ex per i men tal in -
ves ti ga tion car ried out in the large wind tun nel of the Lehrstuhl für Strömungsmechanik
(LSTM) in Erlangen in which the ani so tropy in the free stream dis tur bances was
sufficiently high confirmed all es sen tial fea tures of the tran si tion pro cess pre dicted by the 
de vel oped the ory. This pro vided sup port for the re sults emerg ing from the the ory in re -
spect of flow con trol and main te nance of a sta ble lam i nar re gime in a flat plate bound ary
layer at very high Reynolds num bers.

Basic equations for small disturbances

Start ing from the Navier-Stokes and the con ti nu ity equa tions of a vis cous in -
com press ible fluid:
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and introducing the conventional method of separating the instantaneous velocity ui and
the pressure p into the mean laminar flow and a disturbance ¢ui  and ¢p  superimposed on it:

u U u p P pi i i= + ¢ = + ¢, (4)
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one obtains the equations for the disturbances:
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In the der i va tion of the above equa tions, it is as sumed that the dis tur bances are
much smaller than the cor re spond ing quan ti ties of the mean lam i nar flow:

¢ ¢u U p Pi in n, (7)

and that it satisfies the Navier-Stokes and the continuity equations:
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By sys tem atic ma nip u la tion of eqs. (5) and (6), it is pos si ble to ob tain equa tions
for the “ap par ent” stresses – see, for ex am ple, [9 (pp. 323-324)]:
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In the above equa tions, one can iden tify two dif fer ent types of un known cor re la -
tions: the ve loc ity-pres sure gra di ent cor re la tions Pij and the dis si pa tion correlations eij

These cor re la tions must be ex pressed in terms of known quan ti ties Ui and ¢ ¢u ui j  in or der to 
close the re sul tant eq. (10) for the “ap par ent" stresses.

The closure problem for small axisymmetric disturbances

Let small dis tur bances be sta tis ti cally axisymmetric so that all cor re la tions in -
volved in eq. (10) are in vari ant un der ro ta tion about the com mon axis defined by the ar -
gu ments of the unit vec tor 

r
l [12]:
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where A-F are scalar functions that need to be constructed from analytical considerations. 
For such disturbances, it is possible to attack the closure of eq. (10) using the two-point
correlation technique developed by Chou [13] and the invariant theory introduced by
Lumley and Newman [14].

Ap pli ca tion of the two-point cor re la tion tech nique per mits the sep a ra tion of the
inhomogeneous effects in treat ment of the un known terms in volved in eq. (10) and re -
cast ing of the inhomogeneous prob lem into the cor re spond ing one of a sta tis ti cally ho -
mo ge neous flow field.Then, us ing in vari ant the ory, it is pos si ble to iso late the effects of
ani so tropy in the “ap par ent” stresses from all other flow prop er ties, which al lows ra tio nal 
con struc tion of the clo sure ap prox i ma tions that in clude all phys i cally re al is tic states of
axisymmetric dis tur bances.

Application of the two-point correlation
technique for interpretation of eij

Let us first con sider clo sure for the terms which are re lated to the dis si pa tion
pro cess:

e nij
i

k

j

k

u

x

u

x
=

¢ ¢¶

¶

¶

¶
(12)

that appear in eq. (10). The most efficient procedure to treat these correlations is based on
the two-point correlation technique that was originally developed by Chou [13] and
subsequently refined by Kolovandin and Vatutin [15] and Jovanovi}, Ye and Durst [16].
However, application of this technique to the study of the dynamics of the disturbances is
complicated, tedious and very demanding for the reader. Here we shall provide only a
brief account of the parts of the subject which are relevant for the present study.

In or der to sep a rate the ef fect of lo cal char ac ter from global, large-scale fluid
mo tion, we must first ex press the dis si pa tion cor re la tions eij in a co or di nate sys tem rel a -
tive to two closely sep a rated points A and B in space as fol lows:
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Ex press ing the par tial dif fer en tial op er a tors in correlation (13) at points A and B
as func tions of the po si tion in space and the rel a tive co or di nates be tween these two
points:

xk = (xk)B – (xk)A (14)
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and taking the limit A ® B yields [16]:
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where the double prime ('') indicates a value of the two-point correlation function at point
B, ( ) ( )¢ ¢ º ¢ ¢¢u u u ui j i jA B , the subscript (0) represents zero relative separation in space, r
x = 0, and D corresponds to the Laplace operator (Dx º ¶2/¶xk¶xk, Dx º ¶2/¶xk¶xk).

Equa tion (15) shows that eij is com posed of an inhomogeneous part 1/4nD x i ju u¢ ¢
and a ho mo ge neous part e n xij

h
i ju u= - ¢ ¢¢( )D 0. Since the ten sor eij is sym met ri cal, from (15) 

it fol lows that:

( ) ( )D Dx x¢ ¢¢ = ¢ ¢¢u u u ui j j i0 0 (16)

the two-point velocity correlation of second rank in the limit when 
r
x ® 0 satisfies the

same relationship as in a statistically homogeneous flow field. This peculiarity of the
two-point velocity correlation, deduced only from kinematic considerations, permits us
to introduce the concept of local homogeneity for the disturbances, which leads to radical 
simplifications of the dynamic equations for the dissipation correlations.

Since the inhomogeneous part of eij can be di rectly re lated to ¢ ¢u ui j  we need to
con sider only the ho mo ge neous part of (15). Us ing the two-point cor re la tion tech nique,
ki ne matic con straints, and the con ti nu ity equa tion, it can be shown [13, 15, 17] that the
com po nents of the ho mo ge neous part of (15) can be in ter preted an a lyt i cally in terms of
its trace e n xh s su u= - ¢ ¢¢( )D 0 and the “ap par ent” stresses ¢ ¢u ui j  and that eh is re lated to the
Tay lor microscale l as fol lows:
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There fore, only the equa tion for eh needs to be con sid ered. This equa tion is ob -
tained by op er at ing the dy namic equa tion for the two-point ve loc ity cor re la tion in a rel a -
tive co or di nate sys tem with re spect to –nDx and set ting 
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The ap prox i mate equa tion for the ho mo ge neous part of the dis si pa tion rate in -
volves only the de riv a tives of two-point ve loc ity cor re la tions. In the der i va tion of this
equa tion, the con cept of lo cal ho mo ge ne ity was uti lized by ap ply ing the re la tion ships for
the de riv a tives of the two-point cor re la tion func tions for zero sep a ra tion (

r
x = 0) that are

valid in a sta tis ti cally ho mo ge neous flow field.
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The first two terms on the right-hand side of the approximate eq. (18) are the
pro duc tion terms that orig i nate from the mean ve loc ity gra di ent. The firm an a lyt i cal clo -
sure for these terms can be for mu lated only for the case of axisymmetric dis tur bances.
For such dis tur bances, Jovanovi}, Oti}, and Bradshaw [18] showed that the above-men -
tioned terms are equal, and their sum is given by:
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where k º (1/2) ¢ ¢u uk k  º (1/2)q2 and A is the scalar function which depends on the
anisotropy in ¢ ¢u ui j  and e

ij
h , as specified in fig. 1, and will be discussed latter.

The third term on the right-hand side of eq. (18) rep re sents the vis cous de struc -
tion of eh and can be ap prox i mated us ing the re sult which holds in grid-gen er ated tur bu -
lence:
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and by introducing modifications which take into account the influence of the anisotropy
in the disturbances on y as shown in fig. 1 [18, 19 (pp. 51-64)].
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Figure 1. Anisotropy invariant map
and the asymptotic forms for the
unknown correlations involved in
the equations for the “apparent”
stresses



Construction of the closure approximations using invariant theory

We shall now ap ply the in vari ant the ory de vel oped by Lumley and Newman
[14] to for mu late the clo sures for par ti tion of the ho mo ge neous part of the dis si pa tion ten -
sor and also for the ve loc ity-pres sure gra di ent cor re la tions. These au thors in tro duced the
ten sor:

a
u u

q
ij

i j
ij=

¢ ¢
-

2

1

3
d (21)

and its scalar invariants:

IIa = aijaji,       IIIa = aijajkaki (22)

to quantify the anisotropy and define the limiting states of the disturbances. A cross plot
of IIa vs. IIIa for axisymmetric disturbances:

II IIIa a=
æ

è
ç

ö

ø
÷

3

2

4

3

2

3 (23)

and two-component disturbances:

II IIIa a= +
2

9
2 (24)

defines the anisotropy invariant map which, according to Lumley [20], bounds all
physically realizable disturbances. This plot is shown in fig. 1 along with the asymptotic
forms for scalar functions involved in the closure proposals for the unknown correlations
in eq. (10) that can be derived for axisymmetric disturbances.

For axisymmetric dis tur bances, Jovanovi} and Oti} [21] showed that all sec -
ond-rank correlation ten sors in volved in eq. (10) are lin early aligned in terms of each
other. For such dis tur bances we may write:

e aij ij
e

a

= =
æ

è
çç

ö

ø
÷÷A A,

II

II
(25)

where eij is the anisotropy tensor of the homogeneous part of eij:

eij
ij
h

h
ij= -

e

e
d

1

3
(26)

and
IIe = eijeji,     IIIe = eijejkeki (27)

For lim it ing states of the axisymmetric dis tur bances, i. e. the two-com po nent
iso tro pic state and the one-com po nent state it holds:

IIa = IIe (28)
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and therefore for these cases A is given by:

A2C–iso = 1 (29)

A1C = 1 (30)

For very small Reynolds num bers, when Rel ® 0, the dis si pa tion and en -
ergy-con tain ing ranges of the spec trum over lap, with lit tle sep a ra tion be tween the cor re -
spond ing length scales, and there fore we may as sume that [22]:

A ® 1,     Rel ® 0 (31)

holds for arbitrary anisotropy in the disturbances.
For van ish ing ani so tropy in the dis tur bances and large Reynolds num bers, when 

IIa ® 0 and Rel® 4, we may ex plore the hy poth e sis of lo cal iso tropy in the sense sug -
gested by Kolmogorov [23] and as sume that:

A ® 0,    IIa ® 0,   and   Rel ® 4 (32)

For van ish ing ani so tropy in the dis tur bances and large Rel, the ho mo ge neous
part of the dis si pa tion rate eh may be re lated to the “in te gral” length scale Lf of the en -
ergy-con tain ing range [23, 24] by:

e lh
f

q

L
@ 0192 1

3

. , Re o (33)

At very low Reynolds num bers, the re la tion ship be tween l and Lf can be de rived 
an a lyt i cally to yield ([9] p. 210):

L f =
1

2 2
1

p
l l, Re n (34)

Us ing the above ex pres sion and  expression (17), eh can be writ ten as:

e n lh

f

q

L
@1959 1

2

2
. , Re n (35)

Fol low ing the sug ges tion of Rotta [22], we com bine the above as ymp totic forms 
for eh to ob tain the in ter po la tion equa tion valid for low and high Reynolds num bers:

e nh

f f

q

L

q

L
@ +1959 0192

2

2

3

. . (36)

With expresions (17) and (36) we can ex press the length scale ra tio l/Lf in terms
of the Reynolds num ber:
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l
l lL f

@ - + +00489
1

2
000956 101862. Re . Re . (37)

which attains a maximum value of 1.595 when Rel ® 0 and vanishes for Rel ® 4. It is
suitable to normalize the above relation and introduce the function:

W = =
1

1595
0626

.
.

l l

L Lf f

(38)

which can be used to match the limiting properties of invariant functions A and y in the
limit IIa ® 0 for very low and very high Reynolds numbers specified in fig. 1:
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Us ing (39), we find:
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The val ues of A and y at the lim it ing states of the dis tur bances shown in fig. 1
can be matched to (40) uti liz ing prop er ties of the pa ram e ter J in tro duced by Lumley
[20]:

J a a= - -
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÷1 9
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II III (41)

where J = 0 in di cates the two-com po nent dis tur bances and J = 1 cor re sponds to the state
of van ish ing ani so tropy in the dis tur bances. Thus we may write ap prox i mate ex pres -
sions for A and y for axisymmetric dis tur bances as:
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Tak ing re la tion (23), into ac count we ob tain:

A

W

@

+ - -
æ

è
ç

ö

ø
÷

é

ë

ê
ê

ù

û

ú
ú

ì

í
ï

îï

ü

ý
ï

þï
-1 1 9

1

2

3

4

2

3
1

3

II IIa a ( ) III

II II

a

a a

>

+ - +
æ

è
ç

ö

ø
÷

é

ë

ê
ê

ù

û

ú
ú

ì

í
ï

îï

ü

ý
ï

þï

0

1 1 9
1

2

3

4

2

3

3

(W - <

ì

í

ï
ï
ï

î

ï
ï
ï

1 0) IIIa

(44)
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On the ba sis of above an a lytic con sid er ations, we may sug gest an ex pres sion for
par ti tion of the dis si pa tion ten sor eij for axisymmetric dis tur bances as fol lows:

e n e dij x i j h ij
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It can be shown that a Tay lor se ries ex pan sion near the wall for in stan ta neous
dis tur bances leads to re la tions for the as ymp totic be hav ior of the com po nents of eij in
close agree ment those with ob tained from ex pres sion (46) [19 (p. 71)].

We may fol low the same an a lyt i cal path as out lined above for the treat ment of
the ve loc ity pres sure gra di ent cor re la tions, which can be split into the pres sure-trans port
term and the pres sure-strain term:
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(47)

In wall-bounded flows, the pres sure-trans port con tri bu tion is usu ally small and
we may seek clo sure for the pres sure-strain part by con sid er ing the equa tion for the ani so -
tropy in the “ap par ent” stresses in a sta tis ti cally ho mo ge neous field:
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where P u u Uij i k j= - ¢ ¢ ¶ /¶ ¶ ¶x u u U xk j k i k- ¢ ¢ / . From this equa tion, we de duce the as ymp -
totic be hav ior of Pij as ¶aij /¶t ® 0 and eij ® aij, which cor re sponds to the cases when the
“ap par ent” stresses ap proach the lim it ing states of the axisymmetric dis tur bances lo cated
at the two-com po nent limit:
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Fol low ing the pro ce dure sug gested by Chou [13], the pres sure-strain cor re la -
tions can be eval u ated ex actly for sta tis ti cally iso tro pic dis tur bances by parameterizing
the vol ume integrals over two-point cor re la tions and by uti liz ing only ki ne matic con -
straints. Te dious der i va tions, which were elab o rated by Jovanovi} [19 ( pp. 87-89)],
yield:
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3
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The an a lytic be hav ior of Pij given by (49) and (50) sug gests an ap prox i ma tion
for Pij in the fol low ing form:
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Determination of the transition criterion

Us ing the sug gested forms for eij and Pij given by (46) and (51) and also those
for pro duc tion and de cay terms of the dis si pa tion rate equa tion given by eqs. (19) and
(20), the trans port equa tions for the evo lu tion of the sta tis ti cally axisymmetric dis tur -
bances can be writ ten as:
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(54)

If we con sider tran si tion of the flow in a flat plate bound ary layer with the aim of
ex tract ing a quan ti ta tive de scrip tion of the in ter ac tion mech a nism be tween the free
stream dis tur bances and the bound ary layer in the way pro posed by Tay lor [1], then the
en ergy equa tion for the dis tur bances:
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which is obtained by contraction of eq. (53), immediately suggests stability towards
small disturbances if the pro duc tion is bal anced by the dis si pa tion:

Pk @ eh (56)
where Pk = Pss/2.

The equi lib rium con straint (56) re duces the en ergy equa tion to:
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which is of boundary layer character and does not allow any amplification of statistically
stationary disturbances in the boundary layer [25 (pp. 278-284)]. We conclude from eq.
(57) that the energy k cannot grow in the boundary layer above the corresponding value
of the free stream k4and that the thick ness of the fluctuating layer is larger than the
bound ary layer thick ness.

In sert ing (56) into the dis si pa tion rate eq. (54):
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and specifying that the dissipation rate is always positive, e ³ 0, and at the critical point
follows the energy k (as emerges from the work of Kolmogorov [23]), we deduce the
transition criterion for small, statistically stationary and neutrally stable axisymmetric
disturbances:

2A – y ³ 0 (59)

in terms of the Reynolds number Rel and the anisotropy IIa in the disturbances.
Hence, the de rived tran si tion cri te rion sug gests the per mis si ble mag ni tudes for

the in ten sity q, the length scale l, and the ani so tropy IIa of dis tur bances that guar an tee
(56) (Pk @ eh with eh ³ 0) and there fore main te nance of the lam i nar flow re gime in the flat
plate bound ary layer. The con ser va tive cri te rion (59) re stricts the mag ni tudes of Rel and
IIa and pre vents neg a tive val ues of eh from de vel op ing lo cally within the bound ary layer.

Analysis of the transition process in wall-bounded flows

The de rived tran si tion cri te rion (59) per mits de duc tions to be made on the tran si -
tion Reynolds num ber (Rel)T in terms of the ani so tropy IIa in the dis tur bances. It should
be re mem bered that the cri te rion must be sat is fied across the en tire shear layer start ing
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from the wall up to the outer edge of the bound ary layer where the dis tur bances must
match those of the free stream.

For axisymmetric dis tur bances, the wall is lo cated in the ani so tropy map ei ther
at the two com po nent iso tro pic limit or at the one-com po nent limit, which cor re spond to
the con fig u ra tions of the stresses with IIIa > 0 and IIIa < 0, re spec tively. As sum ing that
the axisymmetry axis of the dis tur bances is aligned along the mean flow di rec tion, say x1

so that li = (1, 0, 0), the anal y sis of the in stan ta neous fluctuations about the wall:
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2
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ü

ý
ï
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ï

®as x2 0 (60)

in volv ing the con ti nu ity equa tion leads to the con clu sion that un der com mon cir cum -
stances the dis tur bances at the wall must ap proach the one-com po nent limit and that the
two-com po nent iso tro pic limit can be reached at the wall only un der very spe cial cir cum -
stances that can be con sid ered more as an ex cep tion than the rule.

The ques tion of tran si tion and break down to tur bu lence in duced by small
axisymmetric dis tur bances which lie at the right-hand bound ary of the ani so tropy map
and cor re spond to IIIa > 0 was par tially an swered in the study by Jovanovi} and

Hillerbrand [26]. Their anal -
y sis, based on ki ne matic con -
sid er ations, shows that all co -
ef fi cients of the Tay lor se ries
ex pan sion (60) must van ish
when the dis tur bances tend
to wards the one-com po nent
state: the dis tur bances at this
state must sat isfy the two-
com po nent limit and at the
same time axisymmetry at
large and small scales. The
cross-plot of the dis si pa tion
rate at the wall vs. the ani so -
tropy of tur bu lence at the
wall shown in fig. 2 dem on -
strates in part that the above-
-men tioned an a lyt i cal de duc -
tion is in agree ment with the
ex trap o lated trend from all
nu mer i cal sim u la tions of wall 
-bounded flows avail able.
From the con sid er ations out -
lined, we may con clude that
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Figure 2. Turbulent dissipation rate at the wall,  
e n= +(a c1

2
1
2), normalized with the wall shear velocity and 

the kinematic viscosity of the flow medium vs. the
anisotropy of turbulence IIIa at the wall. A best-fit line
through the numerical data extrapolates fairly well the
expected trend as the one-component limit (IIa = 2/3) is
approached



the near-wall re gion is ab so lutely sta ble to any level of the dis tur bances if (IIa)wall = 2/3
and that this is a nec es sary but not suf fi cient con di tion that must be ful filled for the per sis -
tence of a lam i nar re gime in a flat plate bound ary layer at in fi nite Reynolds num bers.

Anal y sis of the tran si tion cri te rion which can be trans formed for IIIa > 0 as fol -
lows:
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forms the basis for the determination of the transition Reynolds number (Rel)T in terms of 
the anisotropy in the free stream disturbances. The distribution of (Rel)T as a function of
IIa obtained from (61) is displayed in fig. 3 and suggests that transition and breakdown to
turbulence can be avoided completely if the anisotropy in the free stream disturbances is
sufficiently large:

(IIa)4 ³  0.141 (62)

The tra jec tory in the in vari ant map, which cor re sponds to ab so lutely sta ble dis tur -
bances, i. e. those dis tur bances 
for which the lam i nar re gime
in a flat plate bound ary layer
will per sist up to very high
Reynolds num ber, is shown in
fig. 4. This fig ure also in -
cludes the re sults of di rect nu -
mer i cal sim u la tions of wall-
bounded flows at dif fer ent
Reynolds num bers. The trends 
in the nu mer i cal re sults at the
wall and at the chan nel cen ter -
line as Re ® Recrit in di cate
that these tend to wards the an -
a lyt i cal re sult very closely and
pro vide sup port for the the o -
ret i cal con sid er ations.

For IIIa > 0 and van ish ing
ani so tropy in the free stream
dis tur bances, we in fer from
the re sults shown in fig. 3 that
the tran si tional Reynolds
num ber is given by:
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Fig ure 3. The tran si tion Reynolds num ber (Rel)T as a
func tion of the ani so tropy IIa in the free stream dis tur -
bances



(Rel)T = 13.55   as   (IIa)4 ® 0 (63)

In or der to trans late (Rel)T into (Rex)T, the re la tion be tween the Tay lor mi -
cro-scale l and the bound ary layer thick ness d is re quired. Us ing the ex act ex pres sion 
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Figure 4. Anisotropy-invariant mapping of turbulence in a channel
flow. Data, which correspond to low Reynolds number, show the trend
as Re ® Recrit towards the theoretical solution valid for small, neutrally
stable, statistically stationary axisymmetric disturbances. The shading
on the right-hand boundary of the map indicates the area occupied by
the stable disturbances: for such disturbances it is expected that the
laminar regime in a flat plate boundary layer will persist up to very high 
Reynolds numbers. The shading on the left-hand boundary of the map
indicates the area occupied by the unstable disturbances: for such
disturbances it is expected that turbulence will appear in the boundary
layer at very low Reynolds numbers



l = ( ) /10 1 2
2x , which holds, how ever, only very close to the wall [16], the av er age value

of l across the bound ary layer can be re lated to d as fol lows:

l d»
10

2
(64)

Fig ure 5 shows that the above re sult to gether with relation (63) pre dicts vari a -
tion of the tran si tion Reynolds num ber with rel a tive in ten sity of the free stream dis tur -
bances in fair agree ment with the ex per i men tal data ob tained un der well-con trolled lab o -
ra tory con di tions by Spangler and Wells [5]. De tailed dis cus sion of the re la tion be tween
the o ret i cal de duc tions and other ex per i men tal re sults shown in fig. 5 is pro vided in sec -
tion Con clud ing re marks.

We have al ready in di cated that the axisymmetric dis tur bances cor re spond ing to
the con fig u ra tion of the “ap par ent” stresses with IIIa < 0, which re quire u u u

1
2

2
2

3
2< =  are

un likely to ap pear in a flat plate bound ary layer since such a form of the dis tur bances can -
not sat isfy the con ti nu ity equa tion in the re gion very close to the (smooth) wall. How ever, 
if the dis tur bances are forced to pro duce the above-men tioned form of the ani so tropy, the
tran si tion cri te rion (59) sug gests that for IIIa < 0 it can not be sat is fied for any value of Rel
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Figure 5. Comparison of the experimental data with prediction of the
effect of free-stream disturbances on boundary layer transition; ·,
Spangler and Wells [5]; ¼¼, Schubauer and Skramstad [3]; -----,
prediction of transition and breakdown to turbulence for vanishing
anisotropy in the disturbances (IIa @ IIIa @ 0, Recrit = 13.55) with 
l d» 10 21 2/ /  and d n@ 5 1

1 2( / ) /x U4



and we may there fore ex pect that un der such cir cum stances tur bu lence will ap pear in the
bound ary layer at very low Reynolds num bers.

In a re cent study, Lammers, Jovanovi}, and Durst [36] em ployed di rect nu mer i -
cal sim u la tions and suc ceeded in pro duc ing the ani so tropy in the fluc tu a tions cor re -
spond ing to IIIa < 0 and u u u

1
2

2
2

3
2< =  very close to the wall by plac ing in a plane chan nel

reg u larly spaced two-di men sional el e ments mounted at the wall and per pen dic u lar to the
flow di rec tion. Us ing the lat tice-Boltzmann nu mer i cal al go rithm, they showed the ex is -
tence of tur bu lence at a very low Reynolds num ber of Re @ 940 based on the cen ter line
ve loc ity and full chan nel height. Tur bu lence per sisted over the en tire com pu ta tion time,
which was sufficiently long to prove its self-main te nance. By ex am i na tion of the sta tis ti -
cal fea tures of the flow across the ani so tropy-in vari ant map, they found that these co in -
cide with ex pec ta tions emerg ing from the anal y sis of tran si tion and break down to tur bu -
lence in a lam i nar bound ary layer ex posed to small, sta tis ti cally sta tion ary axisymmetric
dis tur bances with the streamwise in ten sity com po nent lower than the in ten si ties in the
nor mal and spanwise di rec tions. Nu mer i cal ex per i ments, car ried out for different heights
and streamwise spac ing be tween rough ness el e ments, re vealed that it was pos si ble to
main tain tur bu lence at very low Reynolds num bers only if it reached the re gion close to
the left-hand bound ary of the ani so tropy-in vari ant map.

Experimental investigations

The pre ced ing the o ret i cal con sid er ations of tran si tion and break down to tur bu -
lence led to the con clu sion that, if the ini tially lam i nar bound ary layer is ex posed to
low-in ten sity free stream tur bu lence of suf fi ciently high ani so tropy, (IIa)4 ³ 0.14 and
(IIIa)4 > 0, the lam i nar re gime in the bound ary layer can be main tained up to very high
Reynolds num bers.

In or der to pro vide ex per i men tal sup port for the the o ret i cal con sid er ations,
which are based on sta tis ti cal tech niques, a se ries of ex per i ments were car ried out in a
wind tun nel in which the ani so tropy in the free stream dis tur bances was only slightly
lower than the cor re spond ing cri te rion which guar an tees sta bil ity of the bound ary layer
flow. How ever, the level of ani so tropy in the free stream could only be quantified for low
wind speeds and not for the high-speed range for which tran si tion and break down to tur -
bu lence ac tu ally oc curred in the bound ary layer. In spite of this short com ing, how ever,
the ex per i men tal re sults pre sented here can be con sid ered as ex plor atory and reflect in
many significant de tails the trends in ferred from the the o ret i cal anal y sis.

Wind tunnel facility

The ex per i ments were con ducted in the re turn-type wind tun nel at the LSTM in
Erlangen. Side and top views of the tun nel are shown in fig. 6. The flows driven by two
fans with 12 blades each with the roots at a di am e ter of 1.12 m and the tips at a di am e ter of 
2.0 m, yield ing a max i mum rpm value of 600. The fan was vibrationally iso lated from the
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rest of the tun nel. The 400 kW tun nel can be op er ated at a max i mum speed of al most 65
m/s in the empty test sec tion. Up to ve loc i ties of about 10 m/s there were no no tice able vi -
bra tions on the wind tun nel walls or the tra vers ing sys tem. If the ve loc ity was in creased
above 10 m/s how ever, a vi bra tion of the en tire tun nel could be de tected.

All diffusers in the wind tun nel cir cuit are de signed to pre vent flow sep a ra tion.
In the first dif fuser up stream of the fan, a change from cir cu lar to rect an gu lar cross-sec -
tion is re al ized. A heat exchanger is sit u ated down stream of the sec ond dif fuser af ter the
fan. It has a ca pac ity that al lows a con stant tem per a ture (±0.1%) to be main tained at all
op er at ing speeds. To elim i nate flow dis tur bances from en ter ing the test sec tion, the set -
tling cham ber was equipped with a hon ey comb to sup press swirl com po nents while other
flow dis tur bances were damped with a se ries of screens. The hon ey comb has a depth of
200 mm and is com posed of ir reg u lar hexa gons with a wall thick ness of 0.4 mm and an
in ner width of 25 mm. The mesh size of the screens is 0.71 mm (wire di am e ter 0.22 mm),
yield ing a block age ra tio of 57.08%. The dis tance be tween the three consecutive screens
that are lo cated on the down stream side of the hon ey comb is 550 mm, which cor re sponds
to more than 750 times the mesh size.
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Figure 6. Side and top views of the return-type wind tunnel at the LSTM



The shape of the con trac tion was de ter mined from cri te ria of good flow uni for mity 
and min i mum risk of bound ary layer sep a ra tion near the in ner cor ners. The smooth con trac -
tion of area ra tio 5:1 is fol lowed by a slight ex pan sion. The con trac tion shape for height and
width of the tun nel that re duces the cross-sec tion from 3.13 × 4.17 to 1.40 ×1.86 m2 is
shown in fig. 7. The 2.0 m long test sec tion is 1.86 m wide and 1.4 m high at the en trance.
For ex per i men tal in ves ti ga tions with dif fer ent mea sur ing tech niques there is a 3-D tra vers -
ing sys tem avail able that cov ers the en tire test sec tion. Ad di tion ally, a turn ta ble is in stalled
in the floor of the test sec tion. The open test sec tion pro vides a free stream mean ve loc ity
that re mains con stant within ±0.2% with a free stream tur bu lence in ten sity of <0.3%. In or -
der to pro vide sat is fac tory con di tions for tran si tion mea sure ment, the test sec tion was
closed pro vi sion ally yield ing a low tur bu lence in ten sity and a mean ve loc ity an gu lar ity of
±0.2º.

Flat plate

The flat plate em ployed for tran si tion mea sure ments had the di men sions 1.2 ×
× 1.4 m2 and a thick ness of 10 mm. The plate, shown in fig. 8, was mounted ver ti cally
on the floor of the mea sur ing sec tion and ex tended over the height of the en tire mea sur -
ing sec tion (fig. 9). The lead ing edge was de signed to fol low the NACA 0009 pro file
while the trail ing edge re duces un der an an gle of 8º to a fi nal thick ness of 1 mm. The
plate had a pol ished sur face with sur face rough ness be low 0.64 mm. The plate was orig -
i nally used to test dif fer ent mea sure ment tech niques in a lam i nar bound ary layer dis -
turbed with a pur posely in duced dis tur bance. For this rea son there was a re mov able in -
lay of 0.2 × 0.7 m2 in the cen ter of the plate. Ad just ing this in lay to the small est pos si ble
step size re sults in re main ing step heights be tween 30 and 50 mm. The dimensionless
size of these steps de creases with in creas ing dis tance from the lead ing edge, yield ing a
max i mum value of  d+ = 2.7, when nor mal ized with wall fric tion ve loc ity ut and the
fluid vis cos ity n, at a free stream speed of 60 m/s.
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Figure 7. Shape of the contraction nozzle. The rectangular cross-section is reduced from
3.13 × 4.17 to 1.40 × 1.86 m2 over a distance of 3.3 m, where the form of the contraction is
different for height and width of the channel



Two rows of holes can be found on the up per half of the plate. These were orig i -
nally used to fix an LDA probe. These holes were cov ered with tape that had a thick ness
of 60 mm. Two strips of tape were placed along the plate in the flow di rec tion start ing at
130 and 140 mm af ter the lead ing edge and ex tend ing un til the end of the trail ing edge. At 
a free stream speed of 60 m/s the tape thick ness cor re sponds to a max i mum dime-
nsionless thick ness of d+ = 5.1 at a dis tance of x = 130 mm from the lead ing edge. Ow ing
to these dis tur bances on the plate, it was de cided to take the mea sure ments not in the cen -
ter of the plate but at a dis tance of 0.4 m from the lower edge where the least influence of
the sur face roughnesses was de tect able (see fig. 8).

Pressure distribution

Along the plate there are two rows of pres sure taps in stalled that al low the de ter -
mi na tion of the lo cal pres sure gra di ent as shown in fig. 8. By mount ing the plate on a
turn ta ble, which is lo cated in the floor of the mea sur ing sec tion, the an gle of at tack can be 
ad justed. The cri te ria for best ad just ment of the plate were de ter mined by the larg est pos -
si ble con stant pres sure area in the flow di rec tion. For the pres ent in ves ti ga tion the pres -
sure taps along the cen ter line of the plate were em ployed. Fig ure 10 shows the mea sured
pres sure gra di ent along the plate. Af ter a dis tance of 200 mm from the lead ing edge, the
de vi a tion from a zero pres sure gra di ent is be low ±0.5%.
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Figure 8. Flat plate used for transition investigation



To de ter mine the in flu ence of the pres sure gra di ent on the de vel op ment of the
bound ary layer, the dimensionless L pa ram e ter (that can be in ter preted phys i cally as the
ra tio of pres sure forces to vis cous forces) was cal cu lated. It is given by:

L =
d
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d
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where d is the boundary layer thickness according to the Blasius solution of the boundary
layer equations. The velocity gradient dU4/dx1 can be expressed in terms of the measured
pressure gradient dP/dx1:
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The value of the L pa ram e ter can serve as an in di ca tor of the influence of the pres -
sure gra di ent on the tran si tion Reynolds num ber. For an ad verse pres sure gra di ent (L < 0),
the tran si tion Reynolds num ber is de creased whereas for fa vor able pres sure gra di ents it is
in creased. The de pend ence of the Reynolds num ber as so ci ated with in sta bil ity in the
bound ary layer on the L fac tor can be found in Schlichting [25 (p. 471)]. For L = 0, the
Reynolds num ber which corresponds to in sta bil ity based on the free stream ve loc ity U 4
and the dis place ment thick ness d1, Re /d d n

1 1=U 4 is given by (Re d1
)i = 645. For L = 1 it

in creases to (Re )d1 i = 800 and for L = –1 it de creases to (Re )d1 i  = 400.
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Figure 9. Flat plate vertically aligned in the closed test section of
the LSTM wind tunnel



Fig ure 11 shows the L val ues ob tained in the pres ent ex per i ment. It can be seen
that they are sig nif i cantly be low L = 0.2 af ter a 200 mm dis tance from the lead ing edge.
Ac cord ing to the lin ear the ory of hy dro dy namic sta bil ity [25], the re sult ing influence of
the ex ist ing de vi a tion from zero pres sure gra di ent on (Re )d1 i  is there fore of the or der of
max i mum 3%.
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Figure 11. Value L as a function of downstream distance from the leading
edge of the plate

Figure 10. Deviation from zero pressure gradient along the flat plate



Free stream intensity

Since the effect of free stream tur bu lence was ex pected to play an im por tant role
in the pres ent in ves ti ga tion, spe cial em pha sis was placed on its mea sure ments in or der to
ex am ine the in flu ence of ani so tropy in the free stream dis tur bances on the bound ary layer 
tran si tion. The in ten sity of tur bu lence in the free stream was mea sured us ing three
different hot-wire sys tems: DANTEC 55M, DANTEC 56C, and DANTEC Stream Line.
Ow ing to its high sig nal-to-noise ra tio, most of the mea sure ments were per formed with a
DANTEC 55M sys tem op er ated with a 55M10, stan dard bridge which pro vides re li able
tur bu lence in ten sity mea sure ments down to 0.015% of the freee stream at 10 kHz band -
width and 10 m/s [37]. In or der to min i mize elec tronic noise from the hot-wire read ings,
the an e mom e ters were care fully ad justed for op ti mum re sponse by choos ing ap pro pri ate
set tings for gain and band width of the servo amplifier. Ad di tion ally, the out put from the
an e mom e ters was low-pass filtered at 15 kHz, which was significantly higher than the
en ergy-con tain ing range of the free stream dis tur bances.

All mea sure ments were con ducted us ing a stan dard DANTEC 55P61
X-hot-wire probe op er ated at an over heat ra tio of 0.8. In or der to ver ify the low-in ten sity
tur bu lence mea sure ments ob tained with the X-hot-wire probe, some con trol mea sure -
ments of the streamwise in ten sity com po nent were per formed us ing a par al lel DANTEC
55P71 hot-wire probe and em ploy ing the cross-cor re la tion tech nique. The out put sig nals
from the an e mom e ters were passed through back-up amplifiers, low-pass filtered and
finally dig i tized us ing a 16-bit A/D con verter.

The hot-wires were cal i brated in situ in the wind tun nel by fit ting the an e mom e -
ter out put volt age E to the ef fec tive cool ing law E2 = A + BU

eff
0 45. . The coeffcients A and B

were de ter mined from the lin ear re gres sion of the cal i bra tion data. Ow ing to small tur bu -
lence lev els en coun tered in the free stream, the co sine law for the ef fec tive colling ve loc -
ity Ueff was used for split ting the sig nals from the X-hot-wire into the ve loc ity com po -
nents. For yaw cal i bra tion, the method pro posed by Bradshaw [38] was em ployed.

By ori ent ing the probe holder in such a way that the hot-wires were ly ing in the
x1-x2 plane, mea sure ments of the streamwise ¢u1 and the nor mal ¢u2 com po nents of the ve -
loc ity fluc tu a tions were per formed. Ro ta tion of the probe holder by 90º placed the
hot-wires in the x1-x3 plane so that the streamwise and spanwise ¢u3 com po nents of the ve -
loc ity fluc tu a tions could be mea sured.

At low free stream ve loc i ties (U4 @ 6-7 m/s), no no tice able vi bra tions of the test
sec tion walls and the tra vers ing sys tem were de tected. For this wind speed range the free
stream tur bu lence level in the empty test sec tion was ap prox i mately ( ) . %/u U

1
2 1 2 0074 @

in the streamwise di rec tion and ( ) ( ) . %/ /u U u U
2
2 1 2

3
2 1 2 0044 4@ @  in the nor mal and lat -

eral di rec tions. Since tur bu lence of the free stream was al most axisymmetric, the above
val ues of the in ten sity com po nents yield the fol low ing es ti mate for the ani so tropy of tur -
bu lence in the free stream:

(IIa)4 @ 0.11 (67)

(IIIa)4 @ 0.015 (68)
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For the above-men tioned wind speed range of the tun nel, Ye [39] and Schenck
[40] mea sured, apart from the tur bu lence in ten sity com po nents, also the tur bu lent dis si -
pa tion rate of the free stream. From their mea sure ments, which were ob tained us ing spe -
cially de signed ar rays of X-hot-wire probes, one may ob tain the value of the tur bu lent
Reynolds num ber (Rel)4 as:

(Rel)4 @ 0.29 (69)

The o ret i cal con sid er ations of the tran si tion pro cess in wall-bonnded flows and
the mea sured data of the ani so tropy of tur bu lence in the free stream sug gest that if the ani -
so tropy is pre served at higher free stream ve loc i ties it would be pos si ble to main tain a sta -
ble lam i nar re gime in the bound ary layer up to ex cep tion ally high Reynolds num bers.

Transition detection and results

The ar range ment of the wind tun nel test sec tion with the model of a flat plate and 
as so ci ated in stru men ta tion em ployed for in ves ti ga tions of lam i nar to tur bu lent tran si tion
were ex ten sively tested by Fischer [41]. Us ing a stan dard DANTEC 55P15 bound ary
layer probe he ver i fied that the flow de vel op ment along the plate fol lows closely the
Blasius so lu tion of the bound ary layer equa tions [25]. Re sults of Fischer's mea sure ments
ob tained for the free stream ve loc ity U4 @ 14 m/s are shown in fig. 12.
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Figure 12. Velocity profiles measured in a laminar boundary layer over the flat
plate, from Fischer [41]. Plotted is the normalized velosity U/U4 vs.  normalized 
wall  distance  h = x x U2 1

1 2( ) /n 4 . The solid line corresponds to the Blasius
solution of the boundary layer equations



For tran si tion de tec tion, a sin gle DANTEC 55P11 hot-wire probe was glued on
a ra zor blade of 0.4 mm thick ness which was fixed to the flat sur face with ad he sive tape.
No cal i bra tion was nec es sary since the level of fluctuations and not the ac tual ve loc ity
was of in ter est. For a lam i nar flow state there are only fluctuations aris ing from back -
ground tur bu lence ob served in the sig nal and re main at a very low level. Intermittency
and hence start ing tran si tion and break down to tur bu lence are de tected by a jump in the
fluctuation level.

For the first set of ex per i ments, the sur face-mounted hot-wire as sem bly was
placed at a dis tance of 1 m from the lead ing edge. It was placed 1.3 mm from the sur face
and 0.4 m from the lower edge of the plate (see fig. 8). A cen tral place ment of the hot-wire 
on the plate was not cho sen be cause of the sur face rough ness at this po si tion caused by
the tape that was used to cover ex ist ing holes in the plate. While the free stream ve loc ity
in the wind tun nel was grad u ally in creased from rest up to 61.6 m/s (the max i mum speed
that could be ob tained with the plate placed in side the test sec tion), the hot-wire sig nals
were re corded with a sam pling fre quency of 40 kHz and stored on a PC. At each in ter me -
di ate ve loc ity the hot-wire sig nals were re corded for 1 s af ter the ve loc ity had been kept
con stant for about 15-20 min utes.

In a sec ond set of ex per i ments, the hot-wire as sem bly was moved along the plate 
with an in creas ing dis tance from the lead ing edge while the free stream ve loc ity was kept
con stant at U 4 = 55 m/s. Thus the Reynolds num ber was in creased by mov ing the
hot-wire as sem bly fur ther down stream. The sig nals were re corded at 0.3, 0.6, 0.9, 1.0,
and 1.1 m dis tances from the lead ing edge. As in the first set of ex per i ments, the hot-wire
traces were re corded for 1 s at a sam pling fre quency of 40 kHz.

Since the en tire test sec tion started to vi brate at free stream ve loc i ties above 
U 4 = 10 m/s, ad di tional mea sure ments were per formed by plac ing the hot-wire as sem bly 
on one of the side walls of the tun nel out side the test sec tion. The hot-wire as sem bly was
cov ered with a small box so that it was pos si ble to dis tin guish be tween the influence of
flow fluctuations and sys tem vi bra tions. The hot-wire traces that were re corded out side
the tun nel, and there fore at zero ve loc ity, are shown in fig. 13. It is ob vi ous from these
traces that the ap par ent noise level which orig i nates from sys tem vi bra tions in creases
with in creas ing free stream ve loc ity. The pe ri odic sig nal that was rec og nized as typ i cal
for sys tem vi bra tions had a fre quency of about 300 Hz.
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Figure 13. Hot-wire traces recorded outside the test section in order to determine the level of
noise introduced by vibrations of the entire set-up



The re sults from the first set of mea sure ments with fixed down stream lo ca tion of 
the hot-wire as sem bly and in creas ing free stream ve loc i ties can be seen in fig. 14. With
in creas ing free stream ve loc ity, the sig nal grad u ally be came nois ier so that the thick en ing 
of the base line can be at trib uted to the sys tem vi bra tion as out lined above. On top of the
sig nal car ry ing back ground tur bu lence and sys tem vi bra tions, weak long-wave dis tur -
bances can also be seen but these show no ten dency to or ga nize in the way pre dicted by
the lin ear the ory of hydromechanic sta bil ity. At a free stream ve loc ity of  U 4 = 55 m/s the 
first signs of intermittency, char ac ter ized by the ap pear ance of iso lated spikes in the sig -
nal were ob served. For this free stream ve loc ity, the intermittency fac tor de fined as:

g =
® òlim ( )

T

T

T
I t t

4

1

0

d (70)

where I(t) is the intermittency function:
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was fairly low at  g @ 3.7%. Figure 14 shows that with further increase in the free stream
velocity, the number of intermittently appearing spikes in the signal increases. At the
maximum free stream velocity of U 4 = 61.1 m/s a turbulent state is reached at the
measuring location on the plate. From the hot-wire traces shown in fig. 14, we may
conclude that the Reynolds number which corresponds to transition and breakdown to
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Figure 14. Hot-wire traces recorded at a distance of 1 m from the leading edge for increasing
free stream velocities. The vertical and horizontal scales are the same as in fig. 13



turbulence can be estimated based on a free stream velocity of U 4 = 60 m/s, yielding a
value of (Rex)T @ 4·106. The results from the second set of measurements in which the free 
stream velocity was kept constant and the hot-wire assembly was placed at various
locations along the plate are shown in fig. 15. We may note, by inspection of the hot-wire
traces, that the noise level due to the background turbulence and the system vibrations
remains constant. At a distance of 1 m from the leading edge of the plate, first evidence of
intermittency is observed with rather isolated spikes in the signal. The observed spikes
appear only in a very small time fraction of the signal, corresponding to g @ 3-4%. At a
distance of 1.1 m from the leading edge, the number of spikes in the signal increased
significantly, so that the transition Reynolds number based on this value can be estimated
as the same value of (Rex)T @ 4·106 that was obtained in the first set of experiments.

Concluding remarks

It is a gen er ally ac cepted (dog matic) view now a days that much is known about
early stages of tran si tion and break down to tur bu lence from pre vi ous the o ret i cal and ex -
per i men tal in ves ti ga tions which ac count for tran si tion from sta bil ity con sid er ations in
which amplification or damp ing of infinitesimal dis tur bances is de ter mined from the
Orr-Sommerfeld equa tion in terms of the Reynolds num ber and the fre quency or the
wave length of the dis tur bances. In this re spect, early the o ret i cal work of Tollmien [42]
and Schlichting [43] to gether with the ex per i men tal study of Schubauer and Skramstad
[3] form the start ing point and a solid ba sis for pro vid ing un der stand ing of the ba sic
mech a nism in volved, so that lit tle fur ther in ves ti ga tion is re quired. Much of the cur rent
work fol lows this line of think ing about tran si tion and the or i gin of tur bu lence in the
bound ary layer.

We do know, how ever, that the the ory of small dis tur bances falls into
difficulties when an at tempt is made to pro vide an ex pla na tion for the na ture of tran si -
tions in confined wall-bounded flows such as chan nel or pipe flows. For the lat ter case,
the the ory leads to the sur pris ing re sult that the pipe flow is sta ble for infinitesimal dis tur -
bances at all Reynolds num bers. Schlichting [25] was quite right in point ing out that:
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Figure 15. Hot-wire traces recorded at various distances from the leading edge for a fixed
free stream velocity of U4 = 55 m/s



“We have to re con sider the re la tion be tween the the ory of small dis -
tur bances as to whether tran si tion can al ways be said to be due to an 
am pli fi ca tion of small dis tur bances”.

Ani so tropy-in vari ant map ping of bound ary layer os cil la tions us ing re sults de -
duced from the the ory of small dis tur bances shown in figs. 16 and 17 re veals that the
mech a nism re spon si ble for in sta bil ity and there fore for the ini tial phase of tran si tion dis -
plays an an oma lously com plex tra jec tory across the ani so tropy-in vari ant map which is
in con sis tent with the trend in the be hav ior of tur bu lence as the crit i cal Reynolds num ber
is ap proached (see fig. 4): the tra jec tory sweeps along the two-com po nent state back and
forth be tween the one-com po nent limit and the iso tro pic two-com po nent limit. Such a
ten dency in the in vari ant do main im plies that so lu tions ob tained from the the ory of small
dis tur bances can ex plain an ex cep tional sce nario of tran si tion rather than the rule and as
such can be ex pected to be ap pli ca ble in un usual cir cum stances only.

With re spect to the anal y sis of the tran si tion pro cess in wal-bounded flows, we may
note that the en ergy com po nents of the dis tur bances, shown in fig. 16, do not ex hibit the
ex pected trend which matches the ki ne matic con strains valid for the one-com po nent state 
of the dis tur bances: the slopes of both of the dis tri bu tions shown in fig. 16 must de crease
and van ish at the wall so that the dis si pa tion rate also van ishes at the wall and thereby sat -

is fies con straints valid at the
one-com po nent limit (see fig. 2).

An im por tant is sue as so ci ated 
with the na ture of tran si tion in the 
bound ary layer is re lated to the
role of sound dis tur bances, which 
ac counted for ap prox i mately
90% of the to tal dis tur bance en -
ergy in the wind tun nel ex per i -
ments of Schubauer and Skram-
stad [3]. By con duct ing a sim i lar
study in a spe cially de signed test
fa cil ity in which noise due to
sound dis tur bances as well as me -
chan i cal vi bra tions could be com -
pletely elim i nated, Spangler and
Wells [5] were able to show that
the ef fect of acous tic noise leads
to mis lead ing eval u a tion and in -
ter pre ta tion of the ex per i men tal
data. By ex am i na tion of the en -
ergy spec tra of the free stream
dis tur bances, they con cluded that 
the re sults re ported by Schubauer
and Skramstad [3] on nat u ral
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Figure 16. Distributions of component energies 
¢ =u u1 1

2 1 2( ) / and ¢ =u u2 2
2 1 2( ) /  normalized with the free

stream velocity U4 of boundary layer oscillations
according to Schlichting [42]. Points are labeled with
numbers in order that the position can be identified
on the trajectory across the anisotropy invariant map
shown in fig. 17



tran si tion cor re spond to the sta bil ity
of lam i nar bound ary layer ex posed
to in tense acous tic dis tur bances.

The above-dis cussed in flu ence
of the acous tic noise in the free
stream dis tur bances may there fore
ex plain in part com pletely dif fer ent
trends in the re sults shown in fig. 5,
which dis play the ef fect of free
stream tur bu lence on the tran si tion
Reynolds num ber from var i ous pub -
lished re sults. In con trast to the data
ob tained in the pres ence of an in -
tense acous tic field, which show
nearly a con stant value of (Rex)T for
a low tur bu lence level, for the ex per -
i men tal data which cor re spond to
flow con di tions al most with out any
acous tic dis tur bances the tran si tion
Reynolds num ber dis plays a con tin -
u ous in crease with de creas ing free
stream tur bu lence level. Fig ure 5
dem on strates that the lat ter data are
in close agree ment with pre dic tions
ob tained from the pre sented the o ret -
i cal anal y sis of the tran si tion pro cess in the bound ary layer.

The re sults of tran si tion mea sure ments pre sented for (Rex)T @ 4·106, which are
in cluded in fig. 5, agree very well with the data of Spangler and Wells [5] and lie close to
the an a lyt i cal pre dic tion ob tained for van ish ing ani so tropy of free stream dis tur bances.
This sug gests that the level of free stream tur bu lence re mained un changed and that the
ani so tropy de creased with in creas ing free stream ve loc ity for the ex per i ments de scribed
(sec tion Ex per i men tal in ves ti ga tions).

The re sults pre sented in fig. 5 show that two sets of mea sure ments which were
ob tained in the for mer NASA-Langley sta bil ity tun nel and at the Herman-Föttinger In sti -
tute in Berlin lie un der the curve show ing the pre dicted vari a tion of (Rex)T with the in ten -
sity of free stream tur bu lence and there fore dis play a lower value of (Rex)T than ex pected
for (IIa)4 = 0. We do not know the true ef fec tive level of ex ter nal tur bu lence Tu = 
= ¢ + + ¢ + ¢[( / )( )] //1 3

1
2

2
2

3
2 1 2u u u U 4  and the ac tual level of the ani so tropy in the free

stream for these ex per i ments and can only sus pect that ow ing to high con trac tion ra tios of 
the wind tun nels men tioned, 9:1 and 18:1 re spec tively, the char ac ter of the ani so tropy
was (IIIa)4 < 0 for which the the o ret i cal con sid er ation in sec tion Anal y sis of the tran si tion 
pro cess in wall-bounded flows, pre dict tran si tion to oc cur ear lier than for (IIIa)4 > 0.

Rea son ing sim i lar to that pre sented above may be ap plied for the in ter pre ta tion
of the tran si tion data ac quired in the ITAM wind tun nel in Novosibirsk, Rus sia. Fig ure 5
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Fig ure 17. Ani so tropy-in vari ant map ping of
bound ary layer os cil la tions on a flat plate us ing re -
sults ob tained from the sta bil ity anal y sis to wards
small dis tur bances dis played in fig. 16



shows that these data lie above the an a lytic pre dic tion and dis play a higher value of
(Rex)T than ex pected for (IIa)4 = 0. The the o ret i cal con sid er ations in the same sec tion sug -
gest that this might be due to the small fa vor able ani so tropy (IIIa)4 > 0 pres ent in the free
stream dis tur bances.
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