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The ef fect of uni form mag netic field on the Dufour-driven thermosolutal
con vec tion of an elec tri cally con duct ing fluid com pletely con fined in an ar -
bi trary re gion bounded by rigid walls is con sid ered.  Some gen eral qual i ta -
tive re sults con cern ing the char ac ter of mar ginal state, sta bil ity of os cil la -
tory mo tions and lim i ta tions on the os cil la tory mo tions of grow ing
am pli tude, are de rived. The re sults for the hor i zon tal layer ge om e try in the
pres ent case fol low as a con se quence.
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Introduction

The sta bil ity prop er ties of bi nary flu ids are quite dif fer ent from pure flu ids be -
cause of Soret and Dufour [1, 2] ef fects.  An ex ter nally im posed tem per a ture gra di ent
pro duces a chem i cal po ten tial gra di ent and the phe nom e non, known as the Soret ef fect,
arises when the mass flux con tains a term that de pends upon the tem per a ture gra di ent. 
The anal o gous ef fect that arises from a con cen tra tion gra di ent de pend ent term in the heat
flux is called the Dufour ef fect. Al though it is clear that the thermosolutal and
Soret-Dufour prob lems are quite closely re lated, their re la tion ship has never been care -
fully elu ci dated.  They are in fact, for mally iden ti cal and this is done by means of a lin ear
trans for ma tion that takes the equa tions and bound ary con di tions for the lat ter prob lem
into those for the for mer.  Re cently, Hari Mohan [3] mol li fied the nas tily be hav ing gov -
ern ing equa tions of Dufour-driven thermosolutal con vec tion of the Veronis [4] type by
the con struc tion of an ap pro pri ate lin ear trans for ma tion and de rived the de sired re sults
concerning the lin ear growth rate and the be hav ior of os cil la tory mo tion on the lines sug -
gested by Banerjee et. al [5].

Al most all the pa pers that are writ ten on the sub ject are con fined to hor i zon tal
layer ge om e try on ac count of com plex ity of the prob lem for ar bi trary ge om e try.  How -
ever, there do ex ist a class of re sults in the do main of hy dro dy namic and hydromagnetic
sta bil ity the ory that pos sess the sparks of their gen er al iza tion to con tain ers of ar bi trary
shape [6].
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The pres ent pa per in ves ti gates the in sta bil ity of Dufour-driven thermosolutal
con vec tion of an elec tri cally con duct ing fluid com pletely con fined in an ar bi trary re gion
bounded by rigid walls in the pres ence of a uni form mag netic field ap plied in an ar bi trary
di rec tion and de rives some gen eral qual i ta tive re sults con cern ing the char ac ter of mar -
ginal state, sta bil ity of os cil la tory mo tions and lim i ta tions on the os cil la tory mo tions of
grow ing am pli tude. The re sults for the hor i zon tal layer geometry in the present case
follow as a consequence.

Mathematical formulation and analysis

The rel e vant gov ern ing non-di men sional linearized per tur ba tion equa tions in
the pres ent case with time de pend ence of the form exp(pt) (p = pr + ipi) are given by:

p
q p q h

s

r r r
l= -Ñ - + - + ´( ) $ $ ( ) $curl curl R R Q curlT Sqb fb (1)

( ) $Ñ - + Ñ = - ×2
3

2p R qq g f b
r

(2)

( ) $tÑ - = - ×2 p qf b
r

(3)

curlcurl curl
r

r
r

lh
p h

q+ = ´
s

s
1 ( $) (4)

and
Ñ × = =Ñ ×

r r
q h0 (5)

In the above equa tions 
r
q x y z x y z x y z x y z( , , ), ( , , ), ( , , ), ( , , )r q f , and 

r
h x y z( , , ) re -

spec tively  de note the per turbed ve loc ity, pres sure, tem per a ture, con cen tra tion, and mag -
netic field and are com plex val ued func tions de fined on V, R gT = ab knd 4 /   is the ther -
mal Reyleigh num ber, R gS = ¢ ¢ ¢a b k nd 4 /  is the con cen tra tion Ray leigh num ber, 
Q =m r nheH d0

2 2
04/ p  is the Chandrasekhar num ber, t = ¢k k/  is the Lewis num ber, V > 0

is re ferred here as Dufour num ber, and $b is a unit ver ti cal vec tor.  Fur ther, with d as the
char ac ter is tic length, the equa tions have been cast into dimensionless forms by us ing the
scale fac tors k k b ruk/ , / , , / ,d d d d2 2  b'd, and k hH0 /  for ve loc ity, time, tem per a ture, 
pres sure, con cen tra tion and mag netic field re spec tively.

As so ci ated with the sys tem of eqs. (1)-(5) is a set of ho mo ge neous and time in -
de pend ent bound ary con di tions.  We shall limit our con sid er ation to the re gion g com -
pletely con fined by rigid walls, which may be ther mal, and con cen tra tion-wise con duct -
ing or in su lat ing and to see the case when the elec tri cal con duc tiv ity of the wall is large in
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com par i son to the field (see [6]).  Thus we seek so lu tions of eqs. (1)-(5) in the sim ply con -
nected sub set V of R3 sub ject to the fol low ing bound ary con di tions:

either curl on
r r
q n h S= = = = ´0 q j $ (6)

or curl on
r r r r r
q n n n h S= =Ñ =Ñ = ´0 q f (7)

where $n is a unit vector in the direction of the normal to boundary surface S.
Equa tions (1)-(5) to gether with bound ary con di tions (6)-(7) con sti tute an

eigenvalue prob lem for p for given val ues of other pa ram e ters. The sys tem is sta ble, neu -
tral or un sta ble ac cord ing to the sign of pr (neg a tive, zero or pos i tive). Fur ther:
(a) pi ¹ 0 and pr ³ 0 describe oscillatory motion of neutral or growing amplitude,
(b) RT < 0, RS < 0, g  > 0, and Q = 0 describe Stern [7] thermohaline configuration in the

present generalized set up which for convenience is epitomized in abbreviated form
as GSTHC, and

(c) G = R RS T  takes care of initial density gradient of the configuration.
Fi nally if pr = 0 Þ pi = 0, then the prin ci ple of ex change of sta bil i ties (PES) is

valid, oth er wise, we have overstability.
We now, prove the fol low ing lem mas and the o rems.

Lemma 1:  (Poincare : Inequality) – If f (x, y, z) is any smooth function which vanishes on
S, and l is the smallest distance between two parallel planes which just contains V, then
there exists a constant l(> 2) such that:

Ñ ³ò òF f
2

2

2
dV dV

V

l

l
(8)

Proof: See Joseph [8].

Lemma 2: If ( , , , , )p q h
r r

q f  is a non-trivial solution of eq. (1)-(5) together with either of the
boundary conditions, then the following integral relations hold:

r r r
q q q* × = òò curlcurl dV curl dV

VV

2
(9)

r r
l

r
l

r
q q q* curlcurl(q )dV curl curl dV

VV

× ´ = ´òò
$ ( $) * (10)

r r
q q* ( $ ) * ( $ )× = = ×òò curlcurl dV curlcurl dV

VV

qb fb0 (11)

r r
l

r r
lq h h q* [( ) $] ( * $)× = - ×òò curl dV curlcurl dV

VV

(12)

r
l

r r r
lq h h q* [ $ ] ( * $)× = - ×òcurlcurlcurl dV curlcurl curl

VV

dVò (13)

r r r r r
h h h h h* * *× = - = ×curlcurlcurl dV curl dV curlcurl dV

V

2

òòò
VV

(14)

r
q P* ( )×Ñ =ò dV

V

0 (15)
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r r
q q* [ ( $ )] * [ ( $ )]× Ñ = = × Ñòò div dV dV

VV

qb fb0 (16)

r
l

r
q h* [ ( $ )]× Ñ × =ò curlcurl dV

V

0 (17)

q q q q q* dV dV * *dV2

VV

Ñ = - Ñ = Ñòòò
2

(18)

and
f f f f f* * *Ñ = - Ñ = Ñòòò

2 2
dV dV dV

V

(19)

where ‘*’ denotes complex conjugate and 
r r r
A A A

2
= × * for any vector 

r
A.

Proof: If 
r
A, 

r
B, and 

r
C are smooth vector-valued functions and Y is a smooth scalar-valued

function on V such that 
r r
A B´ , and Y

s
C vanish on S, then using Gauss’ divergence theorem 

and the vector identities:

div curl curl( )
r r r r r r
A B B A A B´ = × - ×

and
div div( )Y Y Y

r r r
C C C=Ñ +

it follows that:
r r r r
B A A B× = ×òò curl dV curl dV

VV

(20)

and
Ñ × = òò Y Y

r r
C CdV div dV

VV

(21)

Now in te gral re la tions (9)-(14) fol low from eq. (20) by choos ing 
r
A and 

r
B ap pro -

pri ately and in te gral re la tions (15)-(19) fol low from eq. (21) by choos ing Y and 
r

C ap pro -
pri ately.

This com pletes the proof of the lemma.

Theorem 1 :  If (p, 
r
q, 

r
h, q j, ), p = pr + ipi, 0 < g < t/R3 is a non-trivial solution of eqs. (1)-(5) 

together with either of the boundary conditions (6)-(7), RT < 0, RS < 0 and
R RS T£ -t g t1 3R , then pr = 0 Þ pi ¹ 0.

Proof: Taking R R R RT T S S= - = -,  and supposing pr = 0 Þ pi = 0 then p = 0, and
therefore eqs. (1)-(5) become:

Ñ + = - + + ´P q k hcurlcurl R R Q curlT S

r r
lq fb$ $ ( ) (22)

Ñ + Ñ = - ×2
3

2q fR q kg
r $ (23)

and
Ñ = - ×2 ( ) $tf

r
q k (24)
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curlcurl curl
r r

lh q= ×( $) (25)

If  z q f= - -
æ

è
ç

ö

ø
÷t

g

t
1 3R

  then it fol lows from equa tions:

Ñ =2 0z (26)

Fur ther, in view of bound ary con di tions (6)-(7), we have ei ther:

z z= Ñ × =0 0or on$n S (27)

The only so lu tion of equa tion in V sub ject to ei ther of the bound ary con di tion in
eq. (27) is z = 0.  Con se quently eq. (22) as sumes the form:

Ñ + = - -
æ

è
ç

ö

ø
÷+

é

ë
ê

ù

û
ú +P q

R
hcurlcurl R R Q curlT S

r r
t

t
1 3 fb$ ( ) $´ l (28)

Tak ing dot prod uct of eq. (28) with 
r
q *, in te grat ing the re sult ing equa tion over

the do main V and us ing Lemma 2, we get:

curl dV curl dV R RS T

r r r
lq Q h q

R2 31+ ´ = - -
æ

è
ç

ö

ø
÷

é

ë
ê

ù

û
ú( ) t

g

t
f b( * $ )

r
q ×òòò dV

VV

(29)

Equa tion (29) upon us ing eqs. (24) and (25) and then ap peal ing to Lemma 2
yields the equa tion:

curl V Q curl dV R R dVS T

r r
q d h

R2 2
3 2

1+ = - -
æ

è
ç

ö

ø
÷

é

ë
ê

ù

û
ú Ñt

g

t
f

VVV
òòò (30)

It fol lows from eq. (30) that:

R RS T> -
æ

è
ç

ö

ø
÷t

g

t
1 3R

a result contrary to the given hypothesis of the theorem. Hence pr = 0 Þ pi ¹ 0. This
completes the proof of the theorem. 

The o rem 1, in the par lance of lin ear sta bil ity the ory, may be stated as fol lows.
PES is not valid for the hydromagnetic GSTHC if:

R RS T£ -
æ

è
ç

ö

ø
÷t

g

t
1 3R

The fol low ing cor ol lar ies are di rect con se quences of The o rem 1:

Cor. 1 – PES is not valid for GSTHV if  R RS T£ -
æ

è
ç

ö

ø
÷t

g

t
1 3R

 ,
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Cor. 2 – PES is not valid for hydromagnetic ini tially top heavy GSTHC if 

t
g

t
1 13-

ì
í
î

ü
ý
þ

>
R

, and

Cor. 3 – PES is not valid for ini tially top heavy GSTHC if t
g

t
1 13-

ì
í
î

ü
ý
þ

>
R

.

Theorem 2: If ( , , , , ),p q h p p ipr i

r r
q j = + , is a non trivial solution of eqs. (1)-(5) with either 

of the boundary conditions (6)-(7), RT < 0, RS < 0 and t   < d £ 1, then for large Q (or for
large RS  if Q = 0):

p pr i³ Þ =0 0

d=

< =

£ >

ì

í
ï

îï

1 0 0

0 0

, ,

,

if R and Q

if R and Q

S

1
S

s

s

where 

Proof: Taking R R R RT T S S= = -,  and using the transformations:

~

~

~

~

q q f

f f

=
-

+

=

=

=

ü

ý

ï
ï
ï

þ

ï
ï
ï

1

3

t

gR

q q

h h

r r

r r

(31)

eq. (1)-(7) assume the forms:

p
q P q h

s

r r r
l= -Ñ - - ¢ + ¢ × + ´curlcurl R R Q curlT Sqb f b$ $ ( ) $ (32)

( )Ñ - = - ×2 p Bqq b
r r

(33)

( )tÑ - = - ×2 p qf b
r r

(34)

curlcurl curl
r r r

lh
p

h q+ = ´
s

s
1 ( $) (35)

Ñ × = Ñ × =
r r
q h0 0, (36)

with
r r
q n h S= = = = ´0 q f $ curl on (37)

or
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r r
q n n n h S= =Ñ × =Ñ × = ´0 q f$ $ $ curl on (38)

where ¢ = -R RT TR3 1g t( ), ¢ = + ¢ = - -R R RS S T , { ( )B R1 1 3t g}, and the sign ‘~’ has been
omitted for simplicity. Operating on eq. (32) by (d curl curl +p) and using the vector
identities:

curl curl( )Y Y Y
r r r
A A A= +Ñ +

curl div( ) ( ) ( )
r r r r r r r r
A B B A A B A B´ = ×Ñ - ×Ñ +

and

Ñ ´ = ×Ñ + ×Ñ + + ´( ) ( ) ( )
r r r r r r r r r r
A B B A A B B A A Bcurl curl

with an appropriate choice of Y, ,
r r
A Band , it follows that:

p q
p

q p P1
2

+
æ

è
ç

ö

ø
÷ + + Ñ -

- ¢ Ñ -Ñ

d

d fb

s s
curlcurl

R divS

r r

{ [ ( $ ) 2

2

fb fb

d qb qb

d

$ ] $}

{ [ ( $ ) $ ]}

[ $

+ -

- ¢ Ñ -Ñ +

´

p

R div

+Q{ curlc

T

l urlcurl curlcurl curl

= curlc

r
l

r r
lh h p h-Ñ ´ - ´ =

-

( $ ) ( ) $]}

d urlcurlcurl
r
q

(39)

Tak ing the dot prod uct of eq. (39) with 
r
q *, in te grat ing the re sult ing equa tion

over the do main V and Lemma 2, we have:

p q
p

q p q1
2

2
2 2+

æ

è
ç

ö

ø
÷ + - ¢ Ñ - ×òò

d
d q q b

s s
curl dV RT

VV

r r
( )( * $ )

( )( * $ ) ( $)

dV

R dV Q curl dV +
V

S
V

+

+ ¢ Ñ - × + ×

ò

òd f f b2 p q p h q
r r r

l
V

V

+Q curlcurl curl dv =

= curlcurlcurlcu

ò

ò ×

-

d

d

r r
l

r

h q

q

( $)

rl dV
V

r
qò

(40)

Since Q (the ra tio of mag netic to vis cous forces) is very large, the ef fect of vis -
cos ity is thus sig nif i cant near the bound ing sur faces and in the above equa tion the in te -
gral on the right hand side (re sult ing from the vis cous forces) is neg li gi ble in com par i son
with the last in te gral on the left hand side (re sult ing from the mag netic force) [6].  Con se -
quently, tak ing the right hand side of eq. (40) to zero, elim i nat ing ( * *)

r
q b  and ( * *)

r
lq ´

from the re sult ing equa tion by us ing eqs. (33)-(35) and then ap peal ing to Lemma 2, we
get:

145

Mohan, H., Kumar P., Singh P.: On Generalized Hydromagnetic Thermosolutal ...



p q
p

q d p1
2

2
2 2 2 2 2

+
æ

è
ç

ö

ø
÷ + + ¢ Ñ +ò

d
d q q

s s
curl dV V R d

V

T

r r
[ ( ) ] V R

dV R dV R

T

VV

S

V

+ ¢ + ×

× Ñ - ¢ Ñ +
æ

è
ç

ö

ø
÷ - ¢

òò

ò

( * )p p

p

d

q d q f
2 2

2 2 2
S

VV

dV +

+Q curl curl 

( * )p p

h
p

h

d t f

d

+ Ñ

+
é

ë

ê
ê

ù

û

òò
2

2
2

1 2r rs

s
ú
ú

+
é

ë
ê

ù

û
ú =

ò

ò

dV +

+Q curl dV

V

V

p
p h

* ds

s
1

2
0

r
(41)

Equat ing the imag i nary past of eq. (41) to zero and as sum ing  pi ¹ 0, we get:

1
2

1
2 2 2

+
æ

è
ç

ö

ø
÷ + + ¢ - Ñò òò

d
d q

s s
curl dV dV R dV +

V

T

VV

r r
q

p
qr ( )

+ R dVS

V

¢ - Ñ =ò( )d ft
2

0 (42)

Equa tion (42) can not ob vi ously be sat is fied un der the con di tions of the the o rem. 
Hence we must have pi = 0

This comples the proof of the the o rem.
The o rem 2 im plies that the hydromagnetic GSTHC on ar bi trary neu tral or un sta -

ble mode is def i nitely non-os cil la tory in char ac ter and in par tic u lar PES is valid if 
ts s s1 1< £ .  Fur ther, this the o rem also im plies the va lid ity of this re sult for the GSTHC
if t < 1.

Theorem 3: If ( p q h, , , ,
r r
q f ), p = pr + ipi,  pr ³ 0, pi ¹ 0 is a non-trivial solution of eqs. (1)-(5)

together with the boundary conditions (6) and RT < 0, RS < 0, and d > 1 then for large Q
(or for large RS  if Q = 0):

p R B RT S< ¢ - + ¢$[ ( ) ]d d 1 2

where $ ( ),d s l s d= +l2  d is as in The o rem 2 and l and  l are as in Lemma 1.

Proof: It follows from eq. (23) that:

( )( * * *) $Ñ - Ñ - = ×òò
2 2 2 2
q q q r q bp qdV dV

VV

B
r

(43)

Equa tion (43) upon us ing Lemma 2 gives:

Ñ + Ñ + = ×òòòò
2

VVVV

dV dV dV dVq q q b
2 2 2 2 2

2 p p qr

r $ (44)
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Equa tion (44), upon us ing pr ³ 0, pi ¹ 0 give:

q b
2

2

2

2 2

2

2
dV dV dV

VVV

< × £ òòò
B

p
q

B

p
q

r r$ (45)

Again mul ti ply ing eq. (33) by q*, in te grat ing over the do main V, us ing Lemma
2 and equat ing the real parts of the re sult ing equa tion, we have:

Ñ + = × × £

£ × ×

ò òò q q q b

q

2 2
dV dV Real part of dV

B * (

V VV

p B q

q

r * $r

r $ ) $b q bdV dV

V V
ò ò£ × ×B q

r

which upon using Schwartz’s inequality and the fact that pr ³ 0, gives:

Ñ £ ×
é

ë
ê
ê

ù

û
ú
ú

× ×
æ

è

ç
ç

ö

ø

÷
÷

é

ë

ê
ê

ù

û

úò òq q
2 2 2
dV dV dV

V V

B B q k

½

$r

ú
£

£
é

ë
ê
ê

ù

û
ú
ú

×
æ

è

ç
ç

ö

ø

÷
÷

é

ë

ê
ê

ù

û

ú
ú

ò

ò ò

½

½ ½
V

V V

dV dVB B qq
2 2r

(46)

Com bin ing in equal i ties (45) and (46), we get:

Ñ <
×

òò q
2 2
dV dV

VV

B B

p
q
r

(47)

Fur ther, the so le noi dal char ac ter of the ve loc ity field 
r
q namely div 

r
q =0, im plies

that:
curl dV curlcurl dV dV

VVV

r r r r r
q q q q q

2 2= = - Ñòòò ( * ) *

which upon taking 
r
q u v w= ( , , ) gives:

curl dV dV

VV

r
q u v w

2 2 2 2
= Ñ + Ñ + Ñòò ( ) (48)

Equa tion (48) to gether with Lemma 1 yields the in equal ity:

r l r
q qdV curl dV

VV

< òò
2

2

l
(49)

Inequalities (47) and (49) im plies that:
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Ñ < òò q
l

2
2 2

2
dV curl dV

VV

B

p
q

l r
(50)

Sim i larly pro ceed ing from eq. (34), and em u lat ing the steps in the der i va tion of
in equal ity (50), we have:

Ñ < òò f
l

2
2

2
dV curl dV

VV

l

t p
(51)

Us ing inequalities (5) and (51) in eq. (42), we get:

s

s

s

+æ

è
ç

ö

ø
÷ - ¢ - + ¢ +

+

ò
d

d d{ $ ( ) }p B q

p
q

R R curl dV

e

T S
V

1

2

2 2

2

r

r
dV R dVS

VV

+ ¢ Ñ <òò d f
2

0 (52)

Inequalities (52) clearly im plies that:

p B$[ ( ) ]d d¢ - + ¢R RT S1 2

This com pletes the proof of the the o rem.

Theorem 3 implies that the complex growth rate of an arbitrary oscillatory perturbation
which may be neutral or unstable for the hydromagnetic GSTHC lies inside a semi-circle
with centre origin and:

Radius R RT S= ¢ - + ¢ =
æ

è
çç

ö

ø
÷÷d d d[ ( ) ],1 2

1

B
s

s

in the right half of the complex p-plane.

Conclusion

The pres ent pa per in ves ti gates the in sta bil ity of Dufour-driven thermosolutal
con vec tion of a fluid com pletely con fined in an ar bi trary re gion bounded by rigid walls in 
the pres ence of a uni form mag netic field ap plied in an ar bi trary di rec tion. It has been
found that Prin ci ple of ex change of sta bil i ties is not valid for the hydromagnetic gen er al -
ized Stern’s thermohaline con fig u ra tion if R RS T£ -t g t[ ( )]1 3R . Sec ondly, for large
Chandrasekhar num ber and  t <  d < 1, a neu tral or un sta ble mode is def i nitely non os cil la -
tory in char ac ter and in par tic u lar PES is valid. Fi nally the com plex growth rate of an ar -
bi trary os cil la tory per tur ba tion which may be neu tral or un sta ble lies in side a semi-cir cle
with cen tre or i gin and ra dius = $[ ( ) ]d d¢ - + ¢R RT S1 2B  in the right half of the com plex
p-plane. Fur ther, the re sults for the hor i zon tal layer ge om e try in case of sin gle-dif fu sive
or dou ble dif fu sive flu ids fol lows as a con se quence by tak ing l = p2, l = 1 re spec tively.
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Nomenclature

d –  depth of layer, [m]
g –  acceleration due to gravity, [m/s2]r
h –  magnetic field, [Gs]
P –  pressure, [Pa]
p –  growth rate, [1/s]
Q –  Chandrasekhar number, [–]r
q –  velocity, [m/s]
RS –  solutal Rayleigh number, [–]
RT –  thermal Rayleigh number, [–]
R3 –  gradient ratio, (= b'/b), [–]
t –  time, [s]

Greek letters

a –  coefficient of thermal expansion, [1/K]
a' –  coefficient of solute expansion, [1/K]
b –  uniform temperature gradient, [K/m]
b' –  uniform concentration gradient, [K/m]
G –  ratio of two Rayleigh numbers, [–]
g –  Dufour number,  [–]
d –  ratio of two Prandtl numbers, [–]
h –  electrical resistivity, [m2/s]
q –  perturbation in temperature, [K]
k –  thermal diffusivity, [m2/s]
k' –  mass diffusivity, [m2/s] 
n –  kinematic viscosity, [m2/s]
s –  Prandtl number, (= n/k), [–]
s1 –  magnetic Prandtl number, (= n/h), [–]
r –  density, [kg/m3]
t –  Lewis number, (= k'/k), [–]
f –  perturbation in concentration, [Kg]
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